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Real-variable theory of matrix-weighted
weak Triebel-Lizorkin spaces

Yanli Mo and Jingshi Xu

Abstract. We introducematrix-weightedweakTriebel-Lizorkin spaces and
establish the equivalence between the corresponding weak discrete sequence
spaces. In the scalar unweighted case, we first prove the boundedness of
almost diagonal operators on the weak discrete Triebel-Lizorkin space and
then extend this result to the matrix-weighted setting. Furthermore, we pro-
vide a characterization of these spaces in terms of molecules. Additionally,
we demonstrate the equivalence between the continuous function spaces de-
fined via a sequence of reducing operators and those defined directly by ma-
trix weights. These results ultimately establish a complete connection be-
tweenmatrix-weighted weak Triebel-Lizorkin spaces and their discrete or se-
quence space analogues. Within this framework, we develop several charac-
terizations of matrix-weighted weak Triebel-Lizorkin spaces: First, using the
doubling property of matrix weights and the Fefferman-Stein inequality, we
obtain the characterization of matrix-weighted weak Triebel-Lizorkin spaces
in terms of the Peetre maximal function. Second, combining the Peetre max-
imal function with the Fefferman-Stein inequality, we derive the Lusin area
function characterization of matrix-weighted weak Triebel-Lizorkin spaces.
Third, we utilize reducing operators and the Fefferman-Stein inequality to
provide theLittlewood-Paley 𝑔∗𝜆-function characterization ofmatrix-weighted
weak Triebel-Lizorkin spaces. Finally, as an application, the boundedness of
the classical Calderón-Zygmund operator on these spaces is obtained.
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1. Introduction
Lizorkin [22, 23] and Triebel [32] have independently studied what is now

known as Triebel-Lizorkin space since the 1970s. Besov spaces first appeared in
the 1960s, introduced by the Soviet mathematician Oleg Vladimirovich Besov.
Many classical function spaces such as Lebesgue spaces, Hardy spaces, Sobolev
spaces, Lipschitz spaces, etc., are special cases of (homogeneous) Besov spaces
or (homogeneous) Triebel-Lizorkin spaces (see [33] for details). More theories
and applications of these two types of spaces can be found in [11, 13]. In [17],
Danqing He considered the characterization of the square function of weak
Hardy spaces. In [16], Grafakos and Danqing He discussed various character-
izations of maximal functions for these spaces and presented an interpolation
theorem for𝐻𝑝,∞ from the initial strong𝐻𝑝0 and𝐻𝑝1 estimates (𝑝0 < 𝑝 < 𝑝1),
as well as they introduced the weak Triebel- Lizorkin spaces. Obviously, the
usual Triebel-Lizorkin spaces are subsets of weak Triebel-Lizorkin spaces. In
[36], Xianjie Yan, Dachun Yang, Wen Yuan, and Ciqiang Zhuo introduced vari-
ableweakHardy spaces and obtained the characterizations of atoms,molecules,
Lusin area functions, Littlewood-Paley 𝑔-functions, or 𝑔∗𝜆-functions of variable
weak Hardy spaces. Wenchang Li and Jingshi Xu [20] obtained the equivalent
quasi-norms of the Peetre maximal functions for weak Triebel-Lizorkin spaces,
as well as atomic decompositions. After that, they established vector-valued
estimates for variable exponent weak Lebesgue spaces in [21], and then intro-
duced weak Triebel-Lizorkin spaces with variable integrability, summability,
and smoothness. They provided equivalent quasi-norms for these spaces using
Peetre maximal functions and obtained the boundedness of the 𝜑-transform
and their atomic and molecular decompositions on these spaces.
On the other hand, the theory of scalar 𝐴𝑝 weights originated from Muck-

enhoupt [24] and Hunt, Muckenhoupt, and Wheeden [19]. It has now been
extended to matrix weights. Matrix weights were developed in the 1990s, and
scalar methods cannot be directly applied in matrix-weighted spaces. In 1997,
in order to address some meaningful problems related to multivariate station-
ary stochastic processes and Toeplitz operators (see [31]), Treil and Volberg [30]
introduced Muckenhoupt 𝐴2 matrix weights and extended the Hunt–Mucken-
houpt–Wheeden theorem to the vector-valued case. Subsequently, Nazarov and
Treil [25] introduced Muckenhoupt 𝐴𝑝 matrix weights, extended the theory
from 𝑝 = 2 to 1 < 𝑝 < ∞, and obtained the boundedness of the Hilbert
transform on the matrix-weighted Lebesgue space 𝐿𝑝(𝑊). Volberg [34] pro-
vided an alternative proof using methods from classical Littlewood-Paley the-
ory. In 2016, Cruz-Uribe et al. [7] applied the theory of 𝐴𝑝 matrix weights on
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Euclidean spaces to study degenerate Sobolev spaces. For more research on
matrix-weighted function spaces and their applications, see [6, 8, 9, 10].
In recent years, Frazier and Roudenko [15] introduced the homogeneous

Triebel-Lizorkin spaceswithmatrixweights, denoted by 𝐹̇𝛼,𝑞𝑝 (𝑊), where𝛼 ∈ ℝ,
𝑝 ∈ (0,∞), and 𝑞 ∈ (0,∞], through the discrete Littlewood-Paley 𝑔-function.
Frazier and Roudenko [15] proved that for any given 𝑝 ∈ (1,∞), 𝐿𝑝(𝑊) =
𝐹̇0,2𝑝 (𝑊); and for any𝑘 ∈ ℕ,𝐹𝑘,2𝑝 (𝑊) coincideswith thematrix-weighted Sobolev
space𝐿𝑝𝑘 (𝑊). Frazier andRoudenko [15] also demonstrated that a vector-valued
function 𝑓 belongs to 𝐹̇𝛼,𝑞𝑝 (𝑊) if and only if its 𝜑-transform coefficients belong
to the sequence space 𝑓̇𝛼,𝑞𝑝 (𝑊). As an application of the above results, Fra-
zier and Roudenko [15] obtained the boundedness of Calderón-Zygmund op-
erators on 𝐹̇𝛼,𝑞𝑝 (𝑊). Qi Wang, Dachun Yang, and Yangyang Zhang et al. [35]
provided several real-variable characterizations of 𝐹̇𝛼,𝑞𝑝 (𝑊). As an application,
they proved the boundedness of Fourier multipliers on this space under the
generalized Hörmander condition.
In addition, Dachun Yang et al. [37, 38] introduced Besov-type spaces 𝐵̇𝑠,𝜏𝑝,𝑞

and Triebel-Lizorkin-type spaces 𝐹̇𝑠,𝜏𝑝,𝑞 with a newMorrey parameter 𝜏 ∈ [0,∞)
anddeveloped the real-variable theory for these spaces. They also demonstrated
that when 𝜏 = 0, these spaces not only include the well-known Besov and
Triebel-Lizorkin spaces 𝐵̇𝑠𝑝,𝑞 and 𝐹̇𝑠𝑝,𝑞, but also encompass other function spaces
such as Morrey spaces and 𝑄 spaces. In recent years, for any 𝐴 ∈ {𝐵, 𝐹}, 𝑠 ∈ ℝ,
𝜏 ∈ [0,∞), 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and Muckenhoupt 𝐴𝑝 matrix weight 𝑊,
Bu Fan et al. [1, 2, 3] introduced the matrix-weighted Besov-Triebel-Lizorkin-
type spaces 𝐴̇𝑠,𝜏

𝑝,𝑞(𝑊) on ℝ𝑛 and developed their real-variable theory, includ-
ing 𝜑-transform characterizations, molecular and wavelet characterizations, as
well as the boundedness of pseudo-differential operators, trace operators, and
Calderón-Zygmund operators. In particular, 𝐴̇𝑠,0

𝑝,𝑞(𝑊) coincideswith thematrix-
weighted Besov-Triebel-Lizorkin space 𝐴̇𝑠

𝑝,𝑞(𝑊). Recently, for any 𝐴 ∈ {𝐵, 𝐹},
𝑠 ∈ ℝ, 𝜏 ∈ [0,∞), 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and any matrix 𝐴𝑝,∞ weight𝑊, Bu
Fan et al. [4] studied the matrix-weighted Besov-Triebel-Lizorkin-type spaces
𝐴𝑠,𝜏
𝑝,𝑞(𝑊) onℝ𝑛. Subsequently, inspired by the invariance of integrability indices

in Triebel-Lizorkin spaces, Dachun Yang et al. [5] introduced the generalized
matrix-weighted Besov-Triebel-Lizorkin-type spaces 𝐴̇𝑠,𝜈

𝑝,𝑞(𝑊) onℝ𝑛 with broad
generality, where 𝐴 ∈ {𝐵, 𝐹}, 𝑠 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], 𝜈 is a growth
function, and 𝑊 is a matrix 𝐴𝑝,∞ weight. They developed the real-variable
theory for these spaces. Building on [5], they established the boundedness of
pseudo-differential operators, trace operators, and Calderón-Zygmund opera-
tors on the space 𝐴̇𝑠,𝜈

𝑝,𝑞(𝑊) in [39]. Moreover, the space 𝐴̇𝑠,𝜈
𝑝,𝑞(𝑊) includes the

matrix-weighted Besov-Triebel-Lizorkin-type spaces 𝐴̇𝑠,𝜏
𝑝,𝑞(𝑊), and in particu-

lar, the matrix-weighted Besov-Triebel-Lizorkin spaces 𝐴̇𝑠
𝑝,𝑞(𝑊). However, the

weak Triebel-Lizorkin spaces with matrix weights have not yet been studied
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in the literature. Based on this gap, this paper will introduce the weak Triebel-
Lizorkin spaceswithmatrixweights andprovide real-variable characterizations
of these spaces.
The organization of this paper is as follows:
In Section 2 we begin by providing definitions of fundamental concepts and

establishing notational conventions. In Section 3 we recall properties of classi-
cal scalar 𝐴𝑝 weights and the 𝐴𝑝 matrix weight class. In Section 4 we intro-
duce the definition of homogeneous matrix-weighted weak Triebel-Lizorkin
spaces 𝐹̇𝛼,𝑞𝑝,∞(𝑊) and 𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}), along with their discrete norms ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄})
and ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊). Here, 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝑊 is an 𝐴𝑝 matrix
weight, and {𝐴𝑄} is its associated sequence of reducing operators. This section
presents several key lemmas essential for proving the main results of the pa-
per and establishes the norm equivalence ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊). In Section
5 we prove the boundedness of scalar, unweighted almost diagonal operators
on the scalar, unweighted weak discrete Triebel-Lizorkin space 𝑓̇𝛼,𝑞𝑝,∞. Subse-
quently, this result is extended to establish the boundedness of almost diago-
nal operators on the weighted space 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}). Section 6 is molecular and
atomic characterizations of these spaces. In Section 7 we prove the equivalence
of the spaces 𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) and 𝐹̇

𝛼,𝑞
𝑝,∞(𝑊). In Section 8 we characterize the space

𝐹̇𝛼,𝑞𝑝,∞(𝑊) using the Peetre maximal function, the Lusin area function, and the
Littlewood-Paley 𝑔∗𝜆-function. Finally, in Section 9 we establish the bounded-
ness of classical convolution-type Calderón-Zygmund operators on the matrix-
weighted weak Triebel-Lizorkin spaces.

2. Preliminaries
To state the following results, we first introduce some notation. Let 𝑓 ≲ 𝑔

mean 𝑓 ≤ 𝐶𝑔 for some positive constant 𝐶. Let 𝑓 ∼ 𝑔 denote 𝑓 ≲ 𝑔 and 𝑔 ≲ 𝑓.
Let ℕ ∶= {1, 2, …}, ℤ+ ∶= ℕ ∪ {0}, and ℤ𝑛

+ ∶= (ℤ+)𝑛. For any measurable set
𝐸 ⊂ ℝ𝑛, let |𝐸| be its measure. Define

ffl
𝐸 𝑓(𝑥) d𝑥 ∶= 1

|𝐸|

´
𝐸 𝑓(𝑥) d𝑥. Define

𝑔(𝑥) ∶= 𝑔(−𝑥). Let 𝐵(𝑥, 𝑟) ∶= {𝑦 ∈ ℝ𝑛 ∶ |𝑥 − 𝑦| < 𝑟}, 𝐵 ∶= 𝐵(𝑥𝐵, 𝑟𝐵),
and 𝑎𝐵 ∶= 𝐵(𝑥𝐵, 𝑎𝑟𝐵). For 𝑝 ∈ [1,∞], let 𝑝′ denote its conjugate exponent,
i.e., 1∕𝑝 + 1∕𝑝′ = 1. For a measurable set 𝐸 ⊂ ℝ𝑛, let 𝟏𝐸 be its characteristic
function. For any 𝑗 ∈ ℤ, define 𝜑𝑗(𝑥) ∶= 2𝑗𝑛𝜑(2𝑗𝑥). Define the dyadic cubes
𝑄𝑗𝑘 ∶=

∏𝑛
𝑖=1[2

−𝑗𝑘𝑖, 2−𝑗(𝑘𝑖 + 1)), 𝒟 ∶= {𝑄𝑗𝑘 ∶ 𝑗 ∈ ℤ, 𝑘 ∈ ℤ𝑛}, and 𝒟𝑗 ∶=
{𝑄 ∈ 𝒟 ∶ 𝓁(𝑄) = 2−𝑗}, where 𝓁(𝑄) denotes the side length of the dyadic cube
𝑄. For 𝑄 = 𝑄𝑗𝑘, define

𝜑𝑄(𝑥) ∶= 2𝑗𝑛∕2𝜑(2𝑗𝑥 − 𝑘) = |𝑄|−1∕2𝜑((𝑥 − 𝑥𝑄)∕𝓁(𝑄)),

where 𝑥𝑄 = 2−𝑗𝑘 denotes the lower-left corner of the dyadic cube 𝑄. Similarly,
define 𝜓𝑄(𝑥). For a vector-valued function 𝑓, define

⟨𝑓, 𝑔⟩ ∶= (⟨𝑓1, 𝑔⟩, … , ⟨𝑓𝑚, 𝑔⟩)𝑇.
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𝒮(ℝ𝑛) denotes the space of Schwartz functions on ℝ𝑛. 𝒮′(ℝ𝑛) is its topologi-
cal dual space.

𝒮∞(ℝ𝑛) ∶= {𝜑 ∈ 𝒮(ℝ𝑛) ∶
ˆ
ℝ𝑛
𝜑(𝑥)𝑥𝛾d𝑥 = 0, 𝛾 ∈ ℤ𝑛

+},

it is a subspace of 𝒮(ℝ𝑛). 𝒮′∞(ℝ𝑛) denotes the topological dual space of 𝒮∞(ℝ𝑛).
𝒫(ℝ𝑛) denotes the set of all polynomials onℝ𝑛. Then 𝒮′∞(ℝ𝑛) = 𝒮′(ℝ𝑛)∕𝒫(ℝ𝑛).
For any𝑚 ∈ ℕ,

(𝒮′∞(ℝ𝑛))𝑚 ∶= {𝑓 ∶= (𝑓1, … , 𝑓𝑚)𝑇 ∶ 𝑖 ∈ {1, … ,𝑚}, 𝑓𝑖 ∈ 𝒮′∞(ℝ𝑛)}.

For any 𝜑 ∈ 𝒮(ℝ𝑛), 𝜑̂ denotes its Fourier transform, and for any 𝜉 ∈ ℝ𝑛, it is
defined as follows:

𝜑̂(𝜉) ∶= (2𝜋)−𝑛∕2
ˆ
ℝ𝑛
𝜑(𝑥)𝑒−𝑖𝑥𝜉d𝑥.

For any 𝑓 ∈ 𝒮′(ℝ𝑛), ⟨𝑓, 𝜑⟩ ∶= ⟨𝑓, 𝜑̂⟩. For any 𝑓 ∈ 𝒮(ℝ𝑛), 𝑓 denotes its inverse
Fourier transform, and it is defined as follows:

𝑓(𝑥) ∶= (2𝜋)𝑛∕2
ˆ
ℝ𝑛
𝑓(𝜉)𝑒𝑖𝜉𝑥d𝜉.

For any 𝜑 ∈ 𝒮(ℝ𝑛), denote supp𝜑 ∶= {𝑥 ∈ ℝ𝑛 ∶ 𝜑(𝑥) ≠ 0}. Let 𝑓 and 𝑔 be
measurable functions on ℝ𝑛. The convolution of 𝑓 and 𝑔 is defined by (𝑓 ∗
𝑔)(𝑥) =

´
ℝ𝑛 𝑓(𝑥 − 𝑡)𝑔(𝑡) d𝑡. Define 𝜑𝑗 ∗ 𝑓 ∶= (𝜑𝑗 ∗ 𝑓1, … , 𝜑𝑗 ∗ 𝑓𝑚)𝑇.

The Lebesgue space 𝐿𝑝(ℝ𝑛) is defined as the set of all measurable functions
𝑓 on ℝ𝑛 such that ‖𝑓‖𝐿𝑝(ℝ𝑛) < ∞, where

‖𝑓‖𝐿𝑝(ℝ𝑛) ∶=
⎧

⎨
⎩

(´
ℝ𝑛 |𝑓(𝑥)|𝑝 d𝑥

) 1
𝑝 , 𝑝 ∈ (0,∞),

ess sup𝑥∈ℝ𝑛 |𝑓(𝑥)|, 𝑝 = ∞.

Let 0 < 𝑝 ≤ ∞, denote the weak Lebesgue space by 𝐿𝑝,∞(ℝ𝑛), which is the set
of Lebesgue measurable functions 𝑓 on ℝ𝑛 satisfying

‖𝑓‖𝐿𝑝,∞(ℝ𝑛) ∶= sup
𝜆>0

𝜆|{𝑥 ∈ ℝ𝑛 ∶ |𝑓(𝑥)| > 𝜆}|
1
𝑝 < ∞.

For brevity, we shall henceforth abbreviate the weak-𝐿𝑝 space 𝐿𝑝,∞(ℝ𝑛) as 𝐿𝑝,∞.

Remark2.1. For 0 < 𝐴 < ∞, by definition it follows that, ‖|𝑓|𝐴‖𝐿𝑝,∞ = ‖𝑓‖𝐴𝐿𝑝𝐴,∞ .

Let 𝑝 ∈ (0,∞], 𝑞 ∈ (0,∞], the space 𝐿𝑝,∞(𝓁𝑞) is defined as the set of all
complex-valued measurable function sequences {𝑓𝑗}𝑗∈ℤ on ℝ𝑛 satisfy

‖‖‖‖{𝑓𝑗}
‖‖‖‖𝐿𝑝,∞(𝓁𝑞) ∶=

‖‖‖‖‖{𝑓𝑗}‖𝓁𝑞
‖‖‖‖𝐿𝑝,∞ =

‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

||||𝑓𝑗
||||
𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

< ∞.
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3. Muckenhoupt matrix weights

Let 𝐿1loc(ℝ
𝑛) be the set of all locally integrable functions on ℝ𝑛 (functions

that are integrable on every compact subset). Given a function 𝑓 ∈ 𝐿1loc(ℝ
𝑛),

the Hardy-Littlewood maximal operatorℳ is defined as

ℳ𝑓(𝑥) ∶= sup
𝑥∈𝑄

1
|𝑄|

ˆ
𝑄
|𝑓(𝑦)|d𝑦, ∀𝑥 ∈ ℝ𝑛,

where the supremum is taken over all cubes 𝑄 centered at 𝑥 with sides parallel
to the coordinate axes.
Next, we first review the concept of the classical 𝐴𝑝(ℝ𝑛)-weights.

Definition 3.1. Let 1 < 𝑝 < ∞ and 𝜔 be a positive measurable function on ℝ𝑛.
If

sup
𝑄
( 1
|𝑄|

ˆ
𝑄
𝜔(𝑥) d𝑥)( 1

|𝑄|

ˆ
𝑄
𝜔(𝑥)1−𝑝′ d𝑥)

𝑝−1

< ∞,

where the supremum is taken over all cubes𝑄, then 𝜔 is called an𝐴𝑝 weight func-
tion, denoted by 𝜔 ∈ 𝐴𝑝, or we say that 𝜔 satisfies the 𝐴𝑝 condition. If

ℳ𝜔(𝑥) ≤ 𝐶𝜔(𝑥)

for almost every 𝑥, then 𝜔 is called an 𝐴1 weight function, denoted by 𝜔 ∈ 𝐴1.
Here,ℳ is the Hardy-Littlewood maximal operator and 𝐴∞(ℝ𝑛) denotes the set⋃

1≤𝑝<∞
𝐴𝑝(ℝ𝑛).

Let 𝑚 ∈ ℕ, and let 𝐴 be an 𝑚 × 𝑚 complex-valued matrix. 𝐴 is said to be
positive definite if for any 𝑧 ∈ ℂ𝑚 ⧵{0}, (𝐴𝑧, 𝑧) > 0. 𝐴 is said to be non-negative
definite if for any 𝑧 ∈ ℂ𝑚⧵{0}, (𝐴𝑧, 𝑧) ≥ 0. 𝑀(ℂ𝑚) is denotes the set of all𝑚×𝑚
non-negative definite complex-valued matrix throughout this paper.
Regarding the matrix 𝐴 as a bounded linear operator on ℂ𝑚, we denote its

operator norm by ‖𝐴‖,

‖𝐴‖ ∶= sup
𝑧∈ℂ𝑚⧵{0}

|𝐴𝑧|
|𝑧|

,

where 𝑧 ∶= (𝑧1, … , 𝑧𝑚)𝑇 ∈ ℂ𝑚, and |𝑧| ∶=
( 𝑚∑

𝑗=1
|𝑧𝑗|2

)1∕2
. For any non-negative

definite matrices 𝐴, 𝐵 ∈ 𝑀(ℂ𝑚), we have ‖𝐴𝐵‖ = ‖𝐵𝐴‖. The norm here is the
same as the one defined above (see Lemma 2.3 in [3]).

Definition 3.2. Let 𝑚 ∈ ℕ, and let 𝐴 be a positive definite 𝑚 × 𝑚 complex-
valued matrix, satisfying that there exists an invertible 𝑚 × 𝑚 complex-valued
matrix 𝑃 and a diagonal matrix diag(𝜆1, … , 𝜆𝑚), where {𝜆1, … , 𝜆𝑚} ⊂ ℝ+, such
that 𝐴 = 𝑃 diag(𝜆1, … , 𝜆𝑚)𝑃−1. Then for any 𝛼 ∈ ℝ, 𝐴𝛼 is defined as

𝐴𝛼 ∶= 𝑃 diag(𝜆𝛼1 , … , 𝜆
𝛼
𝑚)𝑃−1.
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Remark 3.3. From the knowledge of algebra, it is known that the definition of𝐴𝛼

is independent of the diagonalization decomposition form. See Proposition 1.1 in
[18].

Next, we review the concept of matrix weights.

Definition 3.4. Let 𝑚 ∈ ℕ. A matrix-valued function 𝑊 ∶ ℝ𝑛 → 𝑀(ℂ𝑚)
is called a matrix weight if each entry of 𝑊 is a locally integrable function and
𝑊(𝑥) is invertible for almost every 𝑥 ∈ ℝ𝑛.

The concept of 𝐴𝑝 matrix weights is derived from the p.1226, (1.1) in [14]
and Definition 3.2 in [27].

Definition 3.5. Let 𝑚 ∈ ℕ, 𝑝 ∈ (0,∞). A matrix weight 𝑊 is called an 𝐴𝑝-
matrix weight, denoted by𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), if
(i) when 𝑝 ∈ (0, 1], there exists a positive constant 𝐶 such that for any cube
𝑄 ⊂ ℝ𝑛,

ess sup
𝑦∈𝑄

 
𝑄

‖‖‖‖‖‖‖
𝑊

1
𝑝 (𝑥)𝑊

− 1
𝑝 (𝑦)

‖‖‖‖‖‖‖

𝑝

d𝑥 ≤ 𝐶;

(ii) when 𝑝 ∈ (1,∞), there exists a positive constant 𝐶 such that for any cube
𝑄 ⊂ ℝ𝑛,

 
𝑄

⎛
⎜
⎝

 
𝑄

‖‖‖‖‖‖‖
𝑊

1
𝑝 (𝑥)𝑊

− 1
𝑝 (𝑦)

‖‖‖‖‖‖‖

𝑝′

d𝑦
⎞
⎟
⎠

𝑝
𝑝′

d𝑥 ≤ 𝐶.

The expression ‖𝑊1∕𝑝(𝑥)𝑊−1∕𝑝(𝑦)‖ in the above formula refers to thematrix
(operator) norm. The definition below is derived from the p.1230 in [14].

Definition 3.6. Let 𝑝 ∈ (0,∞). We say that amatrix weight𝑊 is a doublingma-
trixweight of order𝑝 if for all 𝑦 ∈ ℂ𝑚, the scalarmeasures𝜔𝑦(𝑥) ∶= |𝑊1∕𝑝(𝑥)𝑦|𝑝
are uniformly doubling: that is, there exists 𝐶 > 0 such that for all cubes 𝑄 ⊆ ℝ𝑛

and all 𝑦 ∈ ℂ𝑚, ˆ
2𝑄
𝜔𝑦(𝑥)d𝑥 ≤ 𝐶

ˆ
𝑄
𝜔𝑦(𝑥)d𝑥, (3.1)

where 2𝑄 is the cube concentric with 𝑄, having twice the side length of 𝑄.
If 𝐶 = 2𝛽 is the smallest constant for which (3.1) holds, then we say that 𝛽 is the
doubling exponent of𝑊.

The following lemma is obtained from Lemma 2.1 in [14] when 0 < 𝑝 ≤ 1,
and from Lemma 5.3 in [34] and p. 196 in [29] when 𝑝 > 1.

Lemma 3.7. Let 𝑝 ∈ (0,∞). If𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), then𝑊 is a doubling matrix
weight of order 𝑝.

The following definition is Definition 2.14 in [35].
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Definition 3.8. Let 𝑚 ∈ ℕ, 𝑝 ∈ (0,∞), and 𝑊 be a matrix weight from ℝ𝑛

to 𝑀(ℂ𝑚). A sequence of positive definite 𝑚 × 𝑚 matrices {𝐴𝑄}𝑄∈𝒟 is called a
sequence of reducing operators of order 𝑝 for𝑊 if there exist positive constants 𝐶1
and 𝐶2 such that for any 𝑧 ∈ ℂ𝑚 and 𝑄 ∈ 𝒟,

𝐶1|𝐴𝑄𝑧| ≤ (
 
𝑄
|𝑊

1
𝑝 (𝑥)𝑧|𝑝d𝑥)

1
𝑝

≤ 𝐶2|𝐴𝑄𝑧|.

The following definition is Definition 2.1 in [15].

Definition 3.9. Let {𝐴𝑄}𝑄∈𝒟 be a sequence of positive definite matrices, 𝛽 ∈
(0,∞), 𝑝 ∈ (0,∞), and 𝑟 ∈ (0,∞).
(i) If there exists a positive constant 𝐶 such that for any 𝑄, 𝑃 ∈ 𝒟,

‖𝐴𝑄𝐴−1
𝑃 ‖𝑝 ≤ 𝐶max {(

𝓁(𝑃)
𝓁(𝑄)

)
𝑛

, (
𝓁(𝑄)
𝓁(𝑃)

)
𝛽−𝑛

} (1 +
|𝑥𝑄 − 𝑥𝑃|

max{𝓁(𝑃), 𝓁(𝑄)}
)
𝛽

,

then we say that the sequence {𝐴𝑄}𝑄∈𝒟 is strongly doubling of order (𝛽, 𝑝).
(ii) If there exists a positive constant 𝐶 such that for any 𝑘, 𝓁 ∈ ℤ𝑛 and 𝑗 ∈ ℤ,

‖𝐴𝑄𝑗𝑘𝐴
−1
𝑄𝑗𝓁
‖ ≤ 𝐶(1 + |𝑘 − 𝓁|)𝑟,

then we say that the sequence {𝐴𝑄}𝑄∈𝒟 is weakly doubling of order 𝑟.
Remark 3.10. By the definition above, if the sequence {𝐴𝑄}𝑄∈𝒟 is strongly dou-
bling of order (𝛽, 𝑝), then by the arbitrariness of 𝑃 and 𝑄, taking 𝓁(𝑃) = 𝓁(𝑄) =
2−𝑗 , we have ‖𝐴𝑄𝑗𝑘𝐴

−1
𝑄𝑗𝓁
‖ ≤ 𝐶(1 + |𝑘 − 𝓁|)𝛽∕𝑝, that is, {𝐴𝑄}𝑄∈𝒟 is also weakly

doubling of order 𝑟 ∶= 𝛽∕𝑝.
The following lemma explains the connection between doubling weights𝑊

and doubling sequences {𝐴𝑄}𝑄∈𝒟.
Lemma 3.11. (Lemma 2.2 in [15]) Let 𝑝 ∈ (0,∞), 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), and
{𝐴𝑄}𝑄∈𝒟 be a sequence of reducing operators of order 𝑝 for𝑊. Then, {𝐴𝑄}𝑄∈𝒟
is weakly doubling of order 𝛽∕𝑝, where 𝛽 is the doubling exponent of𝑊.

Lemma 3.12. (Lemmas 3.2 and 3.3 in [15]) Let𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), and {𝐴𝑄}𝑄∈𝒟
be a sequence of reducing operators of order 𝑝 for𝑊. Then there exists 𝛿 > 0 such
that
(i) 𝑝 ∈ (0, 1],

sup
𝑄∈𝒟

ess sup
𝑥∈𝑄

‖𝐴𝑄𝑊
− 1
𝑝 (𝑥)‖ < ∞.

(ii) 𝑝 ∈ (1,∞),

sup
𝑄∈𝒟

 
𝑄
‖𝐴𝑄𝑊

− 1
𝑝 (𝑥)‖𝜂d𝑥 < ∞, 𝜂 < 𝑝′ + 𝛿.

(iii) 𝑝 ∈ (0,∞),

sup
𝑄∈𝒟

 
𝑄
‖𝑊

1
𝑝 (𝑥)𝐴−1

𝑄 ‖𝜂d𝑥 < ∞, 𝜂 < 𝑝 + 𝛿.
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(iv) 𝑝 ∈ (0,∞),

sup
𝑄∈𝒟

 
𝑄

sup
𝑃∈𝒟∶𝑥∈𝑃⊆𝑄

‖𝑊
1
𝑝 (𝑥)𝐴−1

𝑃 ‖𝜂d𝑥 < ∞, 𝜂 < 𝑝 + 𝛿.

4. Definition of weakly homogeneous matrix-weighted
Triebel-Lizorkin spaces
To introduce the weakly homogeneous matrix-weighted Triebel-Lizorkin

spaces, we need the following definition.

Definition 4.1. Let the function 𝜑 ∶ ℝ𝑛 → ℂ satisfy the following conditions:
(T1) 𝜑 ∈ 𝒮(ℝ𝑛);
(T2) supp 𝜑̂ ⊆ {𝜉 ∶ 1∕2 ≤ |𝜉| ≤ 2};
(T3) |𝜑̂(𝜉)| ≥ 𝐶 > 0, 3∕5 ≤ |𝜉| ≤ 5∕3.
Then 𝜑 is called admissible, denoted by 𝜑 ∈ 𝒜.

For simplicity, in the following content, let 𝚽 denote the collection of
sequences {𝜑𝑗}𝑗∈ℤ+

generated by all 𝜑 satisfying (T1), (T2), and (T3). Here,
𝜑𝑗(⋅) ∶= 2𝑗𝑛𝜑(2𝑗⋅).

Definition 4.2. Let 𝑚 ∈ ℕ, 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and let 𝑊 be
a matrix weight from ℝ𝑛 to 𝑀(ℂ𝑚). Suppose {𝜑𝑗}𝑗∈ℤ+

∈ 𝚽. Then the weakly
homogeneous matrix-weighted Triebel-Lizorkin space is defined as

𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∶=
{
𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚 ∶ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) < ∞

}
,

where

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∶=
‖‖‖‖‖‖‖

{ ∑

𝑗∈ℤ
|2𝑗𝛼𝑊1∕𝑝(𝜑𝑗 ∗ 𝑓)|𝑞

} 1
𝑞
‖‖‖‖‖‖‖𝐿𝑝,∞

.

The usual modification is made when 𝑞 = ∞.

Definition 4.3. Let 𝑚 ∈ ℕ, 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], {𝐴𝑄}𝑄∈𝒟 be a
sequence of𝑚 × 𝑚 non-negative definite matrices. Suppose {𝜑𝑗}𝑗∈ℤ+

∈ 𝚽. Then
the weak-{𝐴𝑄} Triebel-Lizorkin space is defined as

𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∶=
{
𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚 ∶ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) < ∞

}
,

where

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∶=
‖‖‖‖‖‖‖

{ ∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

(
2𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝑞} 1𝑞 ‖‖‖‖‖‖‖𝐿𝑝,∞
.

The usual modification is made when 𝑞 = ∞.

Definition 4.4. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], then the scalar, un-
weighted weak discrete Triebel-Lizorkin space 𝑓̇𝛼,𝑞𝑝,∞ is the set of all complex-valued
sequences 𝑠 = {𝑠𝑄}𝑄∈𝒟 such that

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞ =
‖‖‖‖‖‖‖

{∑

𝑄
(|𝑄|−𝛼∕𝑛−1∕2|𝑠𝑄|𝟏𝑄)𝑞

}1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞
< ∞.
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Motivated by the definition of the scalar, unweighted weak discrete Triebel-
Lizorkin space 𝑓̇𝛼,𝑞𝑝,∞, we provide the definitions of the matrix-weighted weak
discrete Triebel-Lizorkin space and the weak discrete {𝐴𝑄}-Triebel-Lizorkin
space, where 𝐴𝑄 is a reducing operator for𝑊.

Definition 4.5. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and𝑊 be a matrix weight
fromℝ𝑛 to𝑀(ℂ𝑚), and let {𝐴𝑄}𝑄∈𝒟 be a sequence of𝑚×𝑚 non-negative definite
matrices. The matrix-weighted weak discrete Triebel-Lizorkin space 𝑓̇𝛼,𝑞𝑝,∞(𝑊) is
the set of all sequences 𝑠 = {𝑠𝑄}𝑄∈𝒟 such that

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊) =
‖‖‖‖‖‖‖

( ∑

𝑄∈𝒟
(|𝑄|−𝛼∕𝑛−1∕2|𝑊1∕𝑝𝑠𝑄|𝟏𝑄)𝑞

)1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞
< ∞.

Theweakdiscrete {𝐴𝑄}-Triebel-Lizorkin space 𝑓̇
𝛼,𝑞
𝑝,∞({𝐴𝑄}) is the set of all sequences

𝑠 = {𝑠𝑄}𝑄∈𝒟 such that

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) =
‖‖‖‖‖‖‖

( ∑

𝑄∈𝒟
(|𝑄|−𝛼∕𝑛−1∕2|𝐴𝑄𝑠𝑄|𝟏𝑄)𝑞

)1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞
< ∞.

The following Lemmas 4.6 and 4.7 respectively correspond to (2.8) and (2.9)
in [15].

Lemma 4.6. Let {𝜑𝑗}𝑗∈ℤ+
∈ 𝚽. Suppose that {𝐴𝑄}𝑄∈𝒟 is a sequence of positive

definite matrices that is weakly doubling of order 𝑟 ∈ (0,∞). Then, for any given
𝐴 ∈ (0, 1], 𝑅 ∈ (0,∞), there exists a positive constant 𝐶 depending on 𝐴 and 𝑅
such that for any 𝑗 ∈ ℤ, 𝑘 ∈ ℤ𝑛, and 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

sup
𝑥∈𝑄𝑗𝑘

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑥)|
𝐴 ≤ 𝐶

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑅−𝑟)

× 2𝑗𝑛
ˆ
𝑄𝑗𝓁

|𝐴𝑄𝑗𝓁𝜑𝑗 ∗ 𝑓(𝑠)|
𝐴d𝑠.

Lemma 4.7. Letℳ be the Hardy-Littlewood maximal operator, and let 𝜂 > 𝑛.
Then there exists a positive constant 𝐶 such that for any 𝑗 ∈ ℤ and any complex-
valued measurable function ℎ onℝ𝑛,

∑

𝑘∈ℤ𝑛

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝜂2𝑗𝑛
ˆ
𝑄𝑗𝓁

|ℎ(𝑠)|d𝑠𝟏𝑄𝑗𝑘 ≤ 𝐶ℳ(ℎ).

The following lemma is Corollary 3.8 of the reference [15].

Lemma 4.8. Let 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, and𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚). Let {𝐴𝑄}𝑄∈𝒟
be a sequence of reducing operators of order 𝑝 for𝑊. For any 𝑗 ∈ ℤ, 𝑥 ∈ ℝ𝑛, and
𝑓 ∈ 𝐿1loc(ℝ

𝑛), define

𝛾𝑗(𝑥) ∶=
∑

𝑄∈𝒟𝑗

‖𝑊
1
𝑝 (𝑥)𝐴−1

𝑄 ‖𝟏𝑄(𝑥);
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and

𝐸𝑗(𝑓) ∶=
∑

𝑄∈𝒟𝑗

(
 
𝑄
𝑓(𝑦)d𝑦) 𝟏𝑄.

Then there exists a positive constant 𝐶 such that for any sequence of measurable
functions {𝑓𝑗}𝑗∈ℤ onℝ𝑛,

‖{𝛾𝑗𝐸𝑗(𝑓𝑗)}𝑗∈ℤ‖𝐿𝑝(𝓁𝑞) ≤ 𝐶‖{𝐸𝑗(𝑓𝑗)}𝑗∈ℤ‖𝐿𝑝(𝓁𝑞).

Based on the above results, we have the following Lemma 4.9.

Lemma 4.9. Let 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, and𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚). Let {𝐴𝑄}𝑄∈𝒟
be a sequence of reducing operators of order 𝑝 for𝑊. For any 𝑗 ∈ ℤ, 𝑥 ∈ ℝ𝑛, and
𝑓 ∈ 𝐿1loc(ℝ

𝑛), define

𝛾𝑗(𝑥) ∶=
∑

𝑄∈𝒟𝑗

‖𝑊
1
𝑝 (𝑥)𝐴−1

𝑄 ‖𝟏𝑄(𝑥);

and

𝐸𝑗(𝑓) ∶=
∑

𝑄∈𝒟𝑗

(
 
𝑄
𝑓(𝑦)d𝑦) 𝟏𝑄.

Then there exists a positive constant 𝐶 such that for any sequence of measurable
functions {𝑓𝑗}𝑗∈ℤ onℝ𝑛,

‖{𝛾𝑗𝐸𝑗(𝑓𝑗)}𝑗∈ℤ‖𝐿𝑝,∞(𝓁𝑞) ≤ 𝐶‖{𝐸𝑗(𝑓𝑗)}𝑗∈ℤ‖𝐿𝑝,∞(𝓁𝑞).

Proof. For 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞. Fix 𝑞, and choose 0 < 𝑝1 < 𝑝 < 𝑝2 < ∞.
Let 𝐹⃗ = {𝐸𝑗(𝑓𝑗)} and |𝐹⃗| = ‖{𝐸𝑗(𝑓𝑗)}‖𝓁𝑞 , at height 𝛼 > 0, split 𝐹⃗, defining
𝐹⃗𝛼 = 𝐹⃗𝟏|𝐹⃗|>𝛼, 𝐹⃗

𝛼 = 𝐹⃗𝟏|𝐹⃗|≤𝛼, and 𝐹⃗ = 𝐹⃗𝛼 + 𝐹⃗𝛼. It is easy to verify that

|{|𝐹⃗𝛼| > 𝜆}| = {
𝐷𝐹⃗(𝜆), 𝜆 > 𝛼,
𝐷𝐹⃗(𝛼), 𝜆 ≤ 𝛼,

and

|{|𝐹⃗𝛼| > 𝜆}| = {
0, 𝜆 > 𝛼,
𝐷𝐹⃗(𝜆) − 𝐷𝐹⃗(𝛼), 𝜆 ≤ 𝛼,

where 𝐷𝐹⃗(𝜆) = |{|𝐹⃗| > 𝜆}|. Therefore,

‖|𝐹⃗𝛼|‖
𝑝1
𝐿𝑝1 = 𝑝1

ˆ ∞

0
𝜆𝑝1−1𝐷𝐹⃗𝛼 (𝜆)d𝜆

= 𝑝1
(ˆ 𝛼

0
𝜆𝑝1−1𝐷𝐹⃗𝛼 (𝜆)d𝜆 +

ˆ ∞

𝛼
𝜆𝑝1−1𝐷𝐹⃗𝛼 (𝜆)d𝜆

)

= 𝑝1
(ˆ 𝛼

0
𝜆𝑝1−1𝐷𝐹⃗(𝛼)d𝜆 +

ˆ ∞

𝛼
𝜆𝑝1−1𝐷𝐹⃗(𝜆)d𝜆

)

≤ 𝑝1
(
𝐷𝐹⃗(𝛼)

𝛼𝑝1
𝑝1

+ ‖|𝐹⃗|‖𝑝𝐿𝑝,∞
ˆ ∞

𝛼
𝜆𝑝1−1−𝑝d𝜆

)
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≤ 𝑝1
(
‖|𝐹⃗|‖𝑝𝐿𝑝,∞

𝛼𝑝1−𝑝

𝑝1
− ‖|𝐹⃗|‖𝑝𝐿𝑝,∞

𝛼𝑝1−𝑝

𝑝1 − 𝑝

)

=
𝑝

𝑝 − 𝑝1
𝛼𝑝1−𝑝‖|𝐹⃗|‖𝑝𝐿𝑝,∞ . (4.1)

Similarly, the same computation applied to 𝐹⃗𝛼 gives

‖|𝐹⃗𝛼|‖𝑝2𝐿𝑝2 = 𝑝2
ˆ ∞

0
𝜆𝑝2−1𝐷𝐹⃗𝛼 (𝜆)d𝜆

= 𝑝2
(ˆ 𝛼

0
𝜆𝑝2−1𝐷𝐹⃗𝛼 (𝜆)d𝜆 +

ˆ ∞

𝛼
𝜆𝑝2−1𝐷𝐹⃗𝛼 (𝜆)d𝜆

)

= 𝑝2
ˆ 𝛼

0
𝜆𝑝2−1

(
𝐷𝐹⃗(𝜆) − 𝐷𝐹⃗(𝛼)

)
d𝜆

≤ 𝑝2
(
‖|𝐹⃗|‖𝑝𝐿𝑝,∞

𝛼𝑝2−𝑝

𝑝2 − 𝑝 − 𝐷𝐹⃗(𝛼)
𝛼𝑝2
𝑝2

)

=
𝑝2

𝑝2 − 𝑝𝛼
𝑝2−𝑝‖|𝐹⃗|‖𝑝𝐿𝑝,∞ − 𝐷𝐹⃗(𝛼)𝛼

𝑝2

≤
𝑝2

𝑝2 − 𝑝𝛼
𝑝2−𝑝‖|𝐹⃗|‖𝑝𝐿𝑝,∞ . (4.2)

Then by Lemma 4.8, (4.1), (4.2), we have
|||||
{‖‖‖‖{𝛾𝑗𝐸𝑗(𝑓𝑗)}

‖‖‖‖𝓁𝑞 > 𝜆
}|||||

≤
|||||||
{
‖‖‖‖‖
{
𝛾𝑗𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|>𝛼

}‖‖‖‖‖𝓁𝑞
> 𝜆
2}
|||||||
+
|||||||
{
‖‖‖‖‖
{
𝛾𝑗𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|≤𝛼

}‖‖‖‖‖𝓁𝑞
> 𝜆
2}
|||||||

≤ 𝐶𝑝1,𝑞 (
2
𝜆
)
𝑝1 ˆ

ℝ𝑛

‖‖‖‖‖
{
𝛾𝑗𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|>𝛼

}‖‖‖‖‖
𝑝1

𝓁𝑞
d𝑥

+ 𝐶𝑝2,𝑞 (
2
𝜆
)
𝑝2 ˆ

ℝ𝑛

‖‖‖‖‖
{
𝛾𝑗𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|≤𝛼

}‖‖‖‖‖
𝑝2

𝓁𝑞
d𝑥

= 𝐶𝑝1,𝑞 (
2
𝜆
)
𝑝1 ‖‖‖‖‖‖

‖‖‖‖‖
{
𝛾𝑗𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|>𝛼

}‖‖‖‖‖𝓁𝑞
‖‖‖‖‖‖

𝑝1

𝐿𝑝1

+ 𝐶𝑝2,𝑞 (
2
𝜆
)
𝑝2 ‖‖‖‖‖‖

‖‖‖‖‖
{
𝛾𝑗𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|≤𝛼

}‖‖‖‖‖𝓁𝑞
‖‖‖‖‖‖

𝑝2

𝐿𝑝2

≤ 𝐶𝑝1,𝑞 (
2
𝜆
)
𝑝1 ‖‖‖‖‖‖

‖‖‖‖‖
{
𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|>𝛼

}‖‖‖‖‖𝓁𝑞
‖‖‖‖‖‖

𝑝1

𝐿𝑝1

+ 𝐶𝑝2,𝑞 (
2
𝜆
)
𝑝2 ‖‖‖‖‖‖

‖‖‖‖‖
{
𝐸𝑗(𝑓𝑗)𝟏|𝐹⃗|≤𝛼

}‖‖‖‖‖𝓁𝑞
‖‖‖‖‖‖

𝑝2

𝐿𝑝2

≤ 𝐶𝑝1,𝑞 (
2
𝜆
)
𝑝1 𝑝
𝑝 − 𝑝1

𝛼𝑝1−𝑝‖|𝐹⃗|‖𝑝𝐿𝑝,∞

+ 𝐶𝑝2,𝑞 (
2
𝜆
)
𝑝2 𝑝2
𝑝2 − 𝑝𝛼

𝑝2−𝑝‖|𝐹⃗|‖𝑝𝐿𝑝,∞
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≤ (
𝑝

𝑝 − 𝑝1
+

𝑝2
𝑝2 − 𝑝) 2

𝑝2(𝐶𝑝1,𝑞)
𝑝2−𝑝
𝑝2−𝑝1 (𝐶𝑝2,𝑞)

𝑝−𝑝1
𝑝2−𝑝1 𝜆−𝑝‖|𝐹⃗|‖𝑝𝐿𝑝,∞ ,

setting 𝛼 = 𝜆𝛾, 𝛾 = (
𝐶𝑝1,𝑞
𝐶𝑝2,𝑞

)
1

𝑝2−𝑝1 . Then, there exists a constant 𝐶 > 0, such that

for any sequence of measurable functions {𝑓𝑗}𝑗∈ℤ on ℝ𝑛,

‖{𝛾𝑗𝐸𝑗(𝑓𝑗)}‖𝐿𝑝,∞(𝓁𝑞) ≤ 𝐶‖{𝐸𝑗(𝑓𝑗)}‖𝐿𝑝,∞(𝓁𝑞). □

The following lemma is the Fefferman-Stein vector-valued maximal inequal-
ity inweak Lebesgue spaces. Its proof can be found in Proposition 4 of reference
[17].

Lemma 4.10. Let 𝑝 ∈ (1,∞), and 𝑞 ∈ (1,∞]. Then, there exists a positive con-
stant 𝐶 such that for any sequence of measurable functions {𝑓𝑗}𝑗∈ℤ onℝ𝑛,

‖‖‖‖‖‖‖

{ ∑

𝑗∈ℤ

(
ℳ(𝑓𝑗)

)𝑞} 1𝑞 ‖‖‖‖‖‖‖𝐿𝑝,∞
≤ 𝐶

‖‖‖‖‖‖‖

{ ∑

𝑗∈ℤ
|𝑓𝑗|𝑞

} 1
𝑞
‖‖‖‖‖‖‖𝐿𝑝,∞

.

The following lemma is extremely useful. It states that for 𝛿 ∈ (0, 1), if for
each cube 𝑄, 𝐸𝑄 ⊂ 𝑄, and |𝐸𝑄| ≥ 𝛿|𝑄|, then 𝟏𝐸𝑄 can replace 𝟏𝑄 in the space
𝑓̇𝛼,𝑞𝑝,∞.

Lemma 4.11. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], 𝛿 ∈ (0, 1). Suppose for any
dyadic cube 𝑄 ∈ 𝒟, 𝐸𝑄 ⊂ 𝑄 is a measurable set and |𝐸𝑄| ≥ 𝛿|𝑄|. Then for any
sequence 𝑠 = {𝑠𝑄}𝑄∈𝒟,

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞ ∼
‖‖‖‖‖
(∑

𝑄

(
|𝑄|−𝛼∕𝑛|𝑠𝑄|𝟏̃𝐸𝑄

)𝑞)1∕𝑞‖‖‖‖‖𝐿𝑝,∞
,

where 𝟏̃𝐸𝑄 = |𝐸𝑄|−1∕2𝟏𝐸𝑄 .

Proof. Since 𝟏̃𝐸𝑄 ≤ 𝛿−1∕2𝟏𝑄, it follows that
‖‖‖‖‖‖‖

(∑

𝑄

(
|𝑄|−𝛼∕𝑛|𝑠𝑄|𝟏̃𝐸𝑄

)𝑞)1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞
≤ 𝐶‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞ .

Furthermore, for all 𝐴 > 0, 𝟏𝑄 ≤ 𝛿−1∕𝐴(ℳ(𝟏𝐴𝐸𝑄))
1∕𝐴, whereℳ is the Hardy-

Littlewood maximal operator. Choose 𝐴 ∈ (0, 1) small enough so that 𝑝∕𝐴 >
1, 𝑞∕𝐴 > 1, by the Fefferman-Stein vector-valued maximal inequality in weak
Lebesgue spaces, we have

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞ ≤ 𝛿−1∕𝐴
‖‖‖‖‖‖‖
(
∑

𝑄

(
ℳ
(
|𝑄|−𝛼∕𝑛|𝑠𝑄|𝟏̃𝐸𝑄

)𝐴)𝑞∕𝐴
)
𝐴∕𝑞‖‖‖‖‖‖‖

1∕𝐴

𝐿𝑝∕𝐴,∞

≲ 𝛿−1∕𝐴
‖‖‖‖‖‖‖
(
∑

𝑄

(
|𝑄|−𝛼∕𝑛|𝑠𝑄|𝟏̃𝐸𝑄

)𝑞
)
1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞

.
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Combining these results, we obtain

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞ ∼
‖‖‖‖‖
(∑

𝑄

(
|𝑄|−𝛼∕𝑛|𝑠𝑄|𝟏̃𝐸𝑄

)𝑞)1∕𝑞‖‖‖‖‖𝐿𝑝,∞
. □

Theorem 4.12. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚).
Suppose {𝐴𝑄}𝑄∈𝒟 is a sequence of reducing operators of order 𝑝 for𝑊. Then there
exists a constant 𝐶 such that for any sequence 𝑠 = {𝑠𝑄}𝑄∈𝒟,

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊).

Proof. (i) Next, we begin by proving: ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊) ≲ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}). For 𝑗 ∈ ℤ,
define 𝛾𝑗(𝑥) and 𝐸𝑗(𝑓) as in Lemma 4.9. For 𝑠 = {𝑠𝑄}𝑄∈𝒟, define

𝑓𝑗 =
∑

𝑄∈𝒟𝑗

|𝑄|−𝛼∕𝑛−1∕2|𝐴𝑄𝑠𝑄|𝟏𝑄.

Note that on each 𝑄 ∈ 𝒟𝑗, 𝑓𝑗 is constant. Thus, 𝐸𝑗(𝑓𝑗) = 𝑓𝑗. Let

𝑔𝑗 ∶=
∑

𝑄∈𝒟𝑗

|𝑄|−𝛼∕𝑛−1∕2|𝑊1∕𝑝𝑠𝑄|𝟏𝑄.

Then we have
𝑔𝑗 ≤

∑

𝑄∈𝒟𝑗

|𝑄|−𝛼∕𝑛−1∕2‖𝑊−1∕𝑝𝐴−1
𝑄 ‖|𝐴𝑄𝑠𝑄|𝟏𝑄 = 𝛾𝑗𝑓𝑗 = 𝛾𝑗𝐸𝑗(𝑓𝑗).

From this and Lemma 4.9, we deduce that
‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊) = ‖{𝑔𝑗}‖𝐿𝑝,∞(𝓁𝑞) ≤ ‖{𝛾𝑗𝐸𝑗(𝑓𝑗)}‖𝐿𝑝,∞(𝓁𝑞) ≲ ‖{𝐸𝑗(𝑓𝑗)}‖𝐿𝑝,∞(𝓁𝑞)

= ‖{𝑓𝑗}‖𝐿𝑝,∞(𝓁𝑞) = ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

(ii) To prove that ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊), it remains to show

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊).

Below, we consider two cases for 𝑝:
Case 1: 0 < 𝑝 ≤ 1. By (i) of Lemma 3.12,

|𝐴𝑄𝑠𝑄|𝟏𝑄 ≤ ‖𝐴𝑄𝑊−1∕𝑝‖|𝑊1∕𝑝𝑠𝑄|𝟏𝑄 ≤ 𝐶|𝑊1∕𝑝𝑠𝑄|𝟏𝑄 𝑎.𝑒.,

which implies ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊).
Case 2: 𝑝 > 1. Select 𝜂 = 1 in (ii) of Lemma 3.12 to obtain

sup
𝑄∈𝒟

 
𝑄
‖𝐴𝑄𝑊−1∕𝑝(𝑥)d𝑥 ≤ 𝐶.

For any 𝑄 ∈ 𝒟, define the set

𝐸𝑄 ∶= {𝑥 ∈ 𝑄 ∶ ‖𝐴𝑄𝑊−1∕𝑝(𝑥)‖ ≤ 2𝐶},
based on this, Chebyshev’s inequality yields

|𝑄 ⧵ 𝐸𝑄| ≤
ˆ
𝑄⧵𝐸𝑄

‖𝐴𝑄𝑊−1∕𝑝(𝑥)‖
2𝐶

d𝑥 ≤
|𝑄|
2𝐶

 
𝑄
‖𝐴𝑄𝑊−1∕𝑝(𝑥)‖d𝑥 ≤ 1

2|𝑄|.
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Therefore, we have |𝐸𝑄| ≥ 1∕2|𝑄|, and for this we can apply Lemma 4.11 and
the inequality |𝐴𝑄𝑠𝑄| ≤ ‖𝐴𝑄𝑊−1∕𝑝‖|𝑊1∕𝑝𝑠𝑄|,

‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼
‖‖‖‖‖‖‖
(
∑

𝑄∈𝒟

(
|𝑄|−𝛼∕𝑛−1∕2|𝐴𝑄𝑠𝑄|𝟏𝐸𝑄

)𝑞
)
1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖
(
∑

𝑄∈𝒟

(
|𝑄|−𝛼∕𝑛−1∕2|𝑊1∕𝑝𝑠𝑄|𝟏𝐸𝑄

)𝑞
)
1∕𝑞‖‖‖‖‖‖‖𝐿𝑝,∞

∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊). □

5. Boundedness of almost diagonal matrices
First, recall the definition of scalar, unweighted almost diagonal operators

(see equation (3.1) in [12]).

Definition 5.1. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞]. A matrix 𝐴 = {𝑎𝑄𝑃}𝑄,𝑃 is
called almost diagonal if there exists 𝜖 > 0 such that the matrix satisfies

sup
𝑄,𝑃

|𝑎𝑄𝑃|∕𝜔𝑄𝑃(𝜖) < ∞, (5.1)

denoted as 𝐴 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝜖), where

𝜔𝑄𝑃(𝜖) = (
𝓁(𝑄)
𝓁(𝑃)

)
𝛼

(1 +
|𝑥𝑄 − 𝑥𝑃|

max(𝓁(𝑃), 𝓁(𝑄))
)
−𝑛∕min(1, 𝑝, 𝑞)−𝜖

×min ((
𝓁(𝑄)
𝓁(𝑃)

)
(𝑛+𝜖)∕2

, (
𝓁(𝑃)
𝓁(𝑄)

)
(𝑛+𝜖)∕2+𝑛∕min(1, 𝑝, 𝑞)−𝑛

) .

For the needs of subsequent proofs, we will also require a weighted version
of almost diagonal matrices. This differs from the above definition of almost
diagonality because it involves the doubling exponent 𝛽. The definition was
first introduced in [28].

Definition 5.2. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and 𝛽 ≥ 𝑛. A matrix
𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟 is called almost diagonal if there exists 𝐶 > 0 such that for all
𝑄, 𝑃 ∈ 𝒟,

|𝑏𝑄𝑃| ≤ 𝐶𝜔𝑄𝑃,
denoted by 𝐵 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝛽).Here,

𝜔𝑄𝑃 = (1 +
|𝑥𝑄 − 𝑥𝑃|

max(𝓁(𝑄), 𝓁(𝑃))
)
−𝑅

min {(
𝓁(𝑃)
𝓁(𝑄)

)
𝛼1
(
𝓁(𝑄)
𝓁(𝑃)

)
𝛼2
} (5.2)

for some
⎧

⎨
⎩

𝛼1 > −𝛼 − 𝑛∕2 + (𝛽 − 𝑛)∕𝑝 + 𝑛∕min(1, 𝑝, 𝑞),
𝛼2 > 𝛼 + 𝑛∕2 + 𝑛∕𝑝,
𝑅 > 𝑛∕min(1, 𝑝, 𝑞) + 𝛽∕𝑝.
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Remark 5.3. Thematrix𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟 acts ona sequence 𝑠 = {𝑠𝑄}𝑄∈𝒟 via com-
ponentwise matrix multiplication: 𝐵𝑠 = 𝑡 = {𝑡𝑄}𝑄∈𝒟, where 𝑡𝑄 =

∑
𝑃∈𝒟 𝑏𝑄𝑃𝑠𝑃.

We now first consider the boundedness of scalar almost diagonal operators
on the scalar, unweighted weak discrete Triebel-Lizorkin space 𝑓̇𝛼,𝑞𝑝,∞.

Lemma 5.4. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞. Then on the scalar, un-
weighted weak discrete Triebel-Lizorkin space 𝑓̇𝛼,𝑞𝑝,∞, almost diagonal operators
are bounded.

Proof. Without loss of generality, we may assume 𝛼 = 0, since this case im-
plies the general case. Let 𝐽 = min(1, 𝑝, 𝑞) − 𝛿, where 𝛿 > 0 is sufficiently
small. Suppose 𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟 is an almost diagonal operator on 𝑓̇𝛼,𝑞𝑝,∞. We
first decompose the matrix 𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟 as follows:

(𝐵𝑠)𝑄 =
∑

𝑃
𝑏𝑄𝑃𝑠𝑃 =

∑

𝓁(𝑃)≤𝓁(𝑄)
𝑏𝑄𝑃𝑠𝑃 +

∑

𝓁(𝑃)>𝓁(𝑄)
𝑏𝑄𝑃𝑠𝑃 =∶ (𝐵0𝑠)𝑄 + (𝐵1𝑠)𝑄.

If 𝓁(𝑄) = 2−𝑣, and 𝑥 ∈ 𝑄, then by 𝐵 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝜖) and Lemma A.2 in [12], we
obtain

∑

𝓁(𝑃)>𝓁(𝑄)
𝑏𝑄𝑃𝑠𝑃 ≲

∑

𝜇<𝑣

∑

𝓁(𝑃)=2−𝜇
2(𝜇−𝑣)(𝑛+𝜖)∕2(1 + 2𝜇|𝑥𝑄 − 𝑥𝑃|)−𝑛∕𝐽−𝜖|𝑠𝑝|

≲
∑

𝜇<𝑣
2(𝜇−𝑣)(𝑛+𝜖)∕2{ℳ(

∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)(𝑥)}

1∕𝐽

.

Therefore,

⎧

⎨
⎩

∑

𝑣∈ℤ

∑

𝓁(𝑄)=2−𝑣
(|𝑄|−

1
2 |(𝐵1𝑠)𝑄|𝟏𝑄)

𝑞⎫

⎬
⎭

1
𝑞

≲
⎧

⎨
⎩

∑

𝑣∈ℤ

∑

𝓁(𝑄)=2−𝑣

⎛
⎜
⎝
2
𝑣𝑛
2
∑

𝜇<𝑣
2(𝜇−𝑣)

𝑛+𝜖
2 (ℳ(

∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)(𝑥))

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞

=
⎧

⎨
⎩

∑

𝜇∈ℤ

∞∑

𝑣=𝜇+1

⎛
⎜
⎝
2
𝑣𝑛
2 2(𝜇−𝑣)

𝑛+𝜖
2 (ℳ(

∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)(𝑥))

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞

.

Combining this with the Fefferman-Stein vector-valued maximal inequality in
𝐿𝑝,∞, we immediately arrive at the following conclusion,
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‖𝐵1𝑠‖𝑓̇0,𝑞𝑝,∞

=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑣∈ℤ

∑

𝓁(𝑄)=2−𝑣
(|𝑄|−

1
2 |(𝐵1𝑠)𝑄|𝟏𝑄)

𝑞⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝜇∈ℤ

∞∑

𝑣=𝜇+1

⎛
⎜
⎝
2
𝑣𝑛
2 2(𝜇−𝑣)

𝑛+𝜖
2 (ℳ(

∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)(𝑥))

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝜇∈ℤ

∑

𝓁(𝑃)=2−𝜇

(
|𝑃|−

1
2 |𝑠𝑃|𝟏𝑃

)𝑞⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

= ‖𝑠‖𝑓̇0,𝑞𝑝,∞ .

We now estimate 𝐵0𝑠. For 𝑥 ∈ 𝑄, since 𝐵 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝜖), we have
∑

𝓁(𝑃)≤𝓁(𝑄)
𝑏𝑄𝑃𝑠𝑃 ≲

∑

𝜇≥𝑣

∑

𝓁(𝑃)=2−𝜇
2(𝑣−𝜇)((𝑛+𝜖)∕2+𝑛∕𝐽−𝑛)

× (1 + 2𝑣|𝑥𝑄 − 𝑥𝑃|)−𝑛∕𝐽−𝜖|𝑠𝑃|,

thus, by Lemma A.3 in [12], we obtain

⎧

⎨
⎩

∑

𝑣∈ℤ

∑

𝓁(𝑄)=2−𝑣
(|𝑄|−

1
2 |(𝐵0𝑠)𝑄|𝟏𝑄)

𝑞⎫

⎬
⎭

1
𝑞

≲
⎧

⎨
⎩

∑

𝑣∈ℤ
(

∑

𝓁(𝑄)=2−𝑣
|𝑄|−

1
2
∑

𝜇≥𝑣

∑

𝓁(𝑃)=2−𝜇
2(𝑣−𝜇)(

𝑛+𝜖
2
+ 𝑛
𝐽
−𝑛)

×(1 + 2𝑣|𝑥𝑄 − 𝑥𝑃|)
− 𝑛
𝐽
−𝜖|𝑠𝑃|𝟏𝑄)

𝑞⎫

⎬
⎭

1
𝑞

=
⎧

⎨
⎩

∑

𝑣∈ℤ
(
∑

𝜇≥𝑣

∑

𝓁(𝑃)=2−𝜇
2
(𝑣−𝜇)𝑛

2 |𝑃|−
1
2 2(𝑣−𝜇)(

𝑛+𝜖
2
+ 𝑛
𝐽
−𝑛)

×
∑

𝓁(𝑄)=2−𝑣
(1 + 2𝑣|𝑥𝑄 − 𝑥𝑃|)

− 𝑛
𝐽
−𝜖|𝑠𝑃|𝟏𝑃)

𝑞⎫

⎬
⎭

1
𝑞
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≲
⎧

⎨
⎩

∑

𝑣∈ℤ

⎛
⎜
⎝

∑

𝜇≥𝑣

∑

𝓁(𝑃)=2−𝜇
2
(𝑣−𝜇)𝑛

2 |𝑃|−
1
2 2(𝑣−𝜇)(

𝑛+𝜖
2
+ 𝑛
𝐽
−𝑛)

× (ℳ(
∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)𝟏𝑃)

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞

≲
⎧

⎨
⎩

∑

𝜇∈ℤ

∑

𝓁(𝑃)=2−𝜇
|𝑃|−

1
2 (

𝜇∑

𝑣=−∞
2(𝑣−𝜇)(

𝜖
2
+ 𝑛
𝐽
)

×(ℳ(
∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)𝟏𝑃)

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞

≲
⎧

⎨
⎩

∑

𝜇∈ℤ

∑

𝓁(𝑃)=2−𝜇

⎛
⎜
⎝
|𝑃|−

1
2 (ℳ(

∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)𝟏𝑃)

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞

.

From this, and then applying the Fefferman-Stein vector-valued maximal in-
equality on the space 𝐿𝑝,∞, we conclude that

‖𝐵0𝑠‖𝑓̇0,𝑞𝑝,∞

=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑣∈ℤ

∑

𝓁(𝑄)=2−𝑣
(|𝑄|−

1
2 |(𝐵0𝑠)𝑄|𝟏𝑄)

𝑞⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝜇∈ℤ

∑

𝓁(𝑃)=2−𝜇

⎛
⎜
⎝
|𝑃|−

1
2 (ℳ(

∑

𝓁(𝑃)=2−𝜇
|𝑠𝑃|𝐽𝟏𝑃)𝟏𝑃)

1
𝐽 ⎞
⎟
⎠

𝑞⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖

{ ∑

𝜇∈ℤ

∑

𝓁(𝑃)=2−𝜇
(|𝑃|−

1
2 |𝑠𝑃|𝟏𝑃)

𝑞 } 1
𝑞
‖‖‖‖‖‖‖𝐿𝑝,∞

= ‖𝑠‖𝑓̇0,𝑞𝑝,∞ .

In summary, the almost diagonal operator 𝐵 is bounded on the space 𝑓̇𝛼,𝑞𝑝,∞. □

Next, in the weighted case, consider the boundedness of almost diagonal ma-
trices on the space 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).
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Theorem 5.5. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞]. Suppose the sequence of non-
negative definite matrices {𝐴𝑄}𝑄∈𝒟 is strongly doubling of order (𝛽, 𝑝) for some
𝛽 > 0. If 𝐵 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝛽), then 𝐵 is bounded on the space 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Proof. For 𝑠 ∈ 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}), define 𝑡 = 𝐵𝑠, 𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟. Define a scalar
sequence 𝑡𝐴 = {𝑡𝐴,𝑄}𝑄∈𝒟 with 𝑡𝐴,𝑄 = |𝐴𝑄𝑡𝑄|, and similarly 𝑠𝐴 = {𝑠𝐴,𝑄}𝑄∈𝒟 with
𝑠𝐴,𝑄 = |𝐴𝑄𝑠𝑄|. Then

‖𝑡‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) = ‖𝑡𝐴‖𝑓̇𝛼,𝑞𝑝,∞ and ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) = ‖𝑠𝐴‖𝑓̇𝛼,𝑞𝑝,∞ ,

where 𝑓̇𝛼,𝑞𝑝,∞ is the scalar, unweighted weak discrete Triebel-Lizorkin space de-
fined earlier. Let 𝐺 = {𝛾𝑄𝑃} =

{
𝜔𝑄𝑃‖𝐴𝑄𝐴−1

𝑃 ‖
}
, and from this, along with

𝑡𝑄 =
∑

𝑃∈𝒟 𝑏𝑄𝑃𝑠𝑃, 𝐵 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝛽), we have

𝑡𝐴,𝑄 = |𝐴𝑄𝑡𝑄| = |𝐴𝑄
∑

𝑃∈𝒟
𝑏𝑄𝑃𝑠𝑃| ≤

∑

𝑃∈𝒟
|𝑏𝑄𝑃||𝐴𝑄𝑠𝑃|

≲
∑

𝑃∈𝒟
𝜔𝑄𝑃‖𝐴𝑄𝐴−1

𝑃 ‖|𝐴𝑃𝑠𝑃| =
∑

𝑃∈𝒟
𝛾𝑄𝑃𝑠𝐴,𝑃.

That is, 𝑡𝐴,𝑄 ≲ (𝐺(𝑠𝐴))𝑄. Since {𝐴𝑄}𝑄∈𝒟 is strongly doubling of order (𝛽, 𝑝),
then 𝛾𝑄𝑃 satisfies the scalar unweighted almost diagonal condition (5.1), which
meaning 𝐺 is a scalar unweighted almost diagonal operator. Therefore, by
Lemma 5.4, it follows that 𝐺 is bounded on 𝑓̇𝛼,𝑞𝑝,∞. Thus,

‖𝑡‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) = ‖𝑡𝐴‖𝑓̇𝛼,𝑞𝑝,∞ ≲ ‖𝐺(𝑠𝐴)‖𝑓̇𝛼,𝑞𝑝,∞ ≲ ‖𝑠𝐴‖𝑓̇𝛼,𝑞𝑝,∞ = ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Thus, 𝐵 is bounded on the space 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}). □

6. Molecular characterization
Below, we recall the definitions of smooth molecules and atoms.

Definition 6.1. Let𝑁 ∈ ℤ+. If
(i) supp 𝑎𝑄 ⊆ 3𝑄,
(ii)

´
𝑥𝛾𝑎𝑄(𝑥)d𝑥 = 0, |𝛾| ≤ 𝑁,

(iii) |𝐷𝛾𝑎𝑄(𝑥)| ≤ 𝑐𝛾 𝓁(𝑄)−|𝛾|−𝑛∕2, |𝛾| ≥ 0.
then the function 𝑎𝑄 ∈ 𝒟(ℝ𝑛) is called a smooth N-atom.

Definition 6.2. Let 0 < 𝛿 ≤ 1, 𝑀 > 0, and𝑁, 𝐾 ∈ ℤ, if there exist 𝜖 > 0, 𝐶 > 0,
such that for all 𝑄 ∈ 𝒟,
(i)

´
𝑥𝛾𝑚𝑄(𝑥)d𝑥 = 0, |𝛾| ≤ 𝑁,

(ii) |𝑚𝑄(𝑥)| ≤ 𝐶|𝑄|−
1
2 (1 + |𝑥−𝑥𝑄|

𝓁(𝑄)
)
−max(𝑀,𝑁+1+𝑛+𝜖)

,

(iii) |𝐷𝛾𝑚𝑄(𝑥)| ≤ 𝐶|𝑄|−
1
2
− |𝛾|

𝑛 (1 + |𝑥−𝑥𝑄|

𝓁(𝑄)
)
−𝑀

, |𝛾| ≤ 𝐾,

(iv) if |𝛾| = 𝐾,

|𝐷𝛾𝑚𝑄(𝑥) − 𝐷𝛾𝑚𝑄(𝑦)| ≤ 𝐶|𝑄|−
1
2
− |𝛾|

𝑛
− 𝛿
𝑛 |𝑥 − 𝑦|𝛿
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× sup
|𝑧|≤|𝑥−𝑦|

(1 +
|𝑥 − 𝑧 − 𝑥𝑄|

𝓁(𝑄)
)
−𝑀

,

then {𝑚𝑄}𝑄∈𝒟 is called a family of smooth (𝑁, 𝐾, 𝑀, 𝛿)-molecules.

Obviously, a smooth atom is a molecule.
The following lemma is the discrete version of the Calderón reproducing

formula (see Lemma 2.1 in [38]).

Lemma 6.3. Let𝜑 ∈ 𝒜, and define 𝜓̂ = 𝜑̂∕(
∑

𝑗∈ℤ |𝜑𝑗|
2), then𝜓 ∈ 𝒜, and for all

𝜉 ≠ 0,
∑

𝑗∈ℤ 𝜑𝑗(𝜉)𝜓𝑗(𝜉) = 1. Under this condition, assuming further that both
supp 𝜑̂, supp 𝜓̂ are compact and bounded away from the origin. Consequently,
for any 𝑓 ∈ 𝒮′∞(ℝ𝑛),

𝑓 =
∑

𝑗∈ℤ
2−𝑗𝑛

∑

𝑘∈ℤ𝑛

(𝜑𝑗 ∗ 𝑓)(2−𝑗𝑘)𝜓𝑗(𝑥 − 2−𝑗𝑘) =
∑

𝑄
⟨𝑓, 𝜑𝑄⟩𝜓𝑄

converges in 𝒮′∞(ℝ𝑛).

Theorem 6.4. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞]. Assume that the sequence of
non-negative definite matrices {𝐴𝑄}𝑄∈𝒟 is strongly doubling of order (𝛽, 𝑝). Let
0 < 𝛿 ≤ 1, 𝑀 > 0, and𝑁, 𝐾 ∈ ℤ, satisfy𝑁 > −𝛼+(𝛽−𝑛)∕𝑝+𝑛∕min(1, 𝑝, 𝑞)−
𝑛 − 1, 𝐾 + 𝛿 > 𝛼 + 𝑛∕𝑝, 𝑀 > 𝑛∕min(1, 𝑝, 𝑞) + 𝛽∕𝑝. Suppose {𝑚𝑄}𝑄∈𝒟 is a
family of smooth (𝑁, 𝐾,𝑀, 𝛿)-molecules, 𝑠 = {𝑠𝑄}𝑄∈𝒟 ∈ 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}), and 𝑓 =
∑

𝑄∈𝒟 𝑠𝑄𝑚𝑄 ∈ (𝒮′∞(ℝ𝑛))𝑚, then 𝑓 =
∑

𝑄∈𝒟 𝑠𝑄𝑚𝑄 ∈ 𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) and

(𝐚) ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

In particular, if 𝑠𝑄 = ⟨𝑓, 𝜑𝑄⟩, 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, 𝜑 ∈ 𝒜, then

(𝐛) ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖{⟨𝑓, 𝜑𝑄⟩}𝑄∈𝒟‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Proof. First, we prove the conclusion (𝐚). For 𝑄 ∈ 𝒟, let

𝑔𝑄 = |𝑄|1∕2|𝐴𝑄𝜑𝑗 ∗
∑

𝑃∈𝒟
𝑠𝑃𝑚𝑃|.

Then

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) =
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
|𝑄|−

𝛼
𝑛
− 1
2 𝑔𝑄𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

.

Notice that for any 𝑃, 𝑄 ∈ 𝒟, 𝑥 ∈ 𝑄,

1 +
|𝑥 − 𝑥𝑃|

max{𝓁(𝑃), 𝓁(𝑄)}
∼ 1 +

|𝑥𝑄 − 𝑥𝑃|
max{𝓁(𝑃), 𝓁(𝑄)}

.

Therefore, by Lemma 2.8 in [15] and (5.2), and for 𝑥 ∈ 𝑄, |𝑄|1∕2|𝜑𝑗 ∗ 𝑚𝑃(𝑥)| ≲
𝜔𝑄𝑃. Thus,

𝑔𝑄𝟏𝑄 ≤
∑

𝑃∈𝒟
|𝑄|

1
2 |𝜑𝑗 ∗ 𝑚𝑃||𝐴𝑄𝑠𝑃|𝟏𝑄 ≲

∑

𝑃∈𝒟
𝜔𝑄𝑃‖𝐴𝑄𝐴−1

𝑃 ‖|𝐴𝑃𝑠𝑃|𝟏𝑄.
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Define 𝐺 and 𝑠𝐴 as in Theorem 5.5, then by the above,

𝑔𝑄𝟏𝑄 ≲
∑

𝑃∈𝒟
𝛾𝑄𝑃𝑠𝐴,𝑃𝟏𝑄 ≲ (𝐺(𝑠𝐴))𝑄𝟏𝑄.

And by Lemma 5.4, we know that𝐺 is bounded on the scalar, unweighted space
𝑓̇𝛼,𝑞𝑝,∞, hence

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝐺(𝑠𝐴)‖𝑓̇𝛼,𝑞𝑝,∞ ≲ ‖𝑠𝐴‖𝑓̇𝛼,𝑞𝑝,∞ = ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

We next prove the conclusion (𝐛). For any 𝜑 ∈ 𝒜, let 𝜓̂ = 𝜑̂∕(
∑

𝑗∈ℤ |𝜑𝑗|
2),

by Lemma 6.3, for any 𝑓 ∈ 𝒮′∞(ℝ𝑛), 𝑓 =
∑

𝑄∈𝒟⟨𝑓, 𝜑𝑄⟩𝜓𝑄 converges in 𝒮
′
∞(ℝ𝑛).

Accordingly, for any vector-valued function 𝑓 ∶= (𝑓1, … , 𝑓𝑚)𝑇 ∈ (𝒮′∞(ℝ𝑛))𝑚,
we naturally have 𝑓 =

∑
𝑄∈𝒟⟨𝑓, 𝜑𝑄⟩𝜓𝑄 ∶=

∑
𝑄∈𝒟 𝑠𝑄𝜓𝑄 ∈ (𝒮′∞(ℝ𝑛))𝑚, and

for any possible 𝑁, 𝐾, 𝑀, 𝛿, {𝜓𝑄}𝑄∈𝒟 is a family of smooth (𝑁, 𝐾, 𝑀, 𝛿)-
molecules. Then by conclusion (𝐚), we immediately have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖{⟨𝑓, 𝜑𝑄⟩}𝑄∈𝒟‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}). □

7. Equivalence of the spaces 𝑭̇𝜶,𝒒
𝒑,∞({𝑨𝑸}) and 𝑭̇

𝜶,𝒒
𝒑,∞(𝑾)

Lemma 7.1. Let 𝜑 ∈ 𝒜. Define 𝜑(𝑥) = 𝜑(−𝑥). Suppose that the sequence of
non-negative definite matrices {𝐴𝑄}𝑄∈𝒟 is weakly doubling of any order 𝑟 > 0.
Then for 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], there exists a constant 𝐶 such that for
any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼 sup

𝑥∈𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓(𝑥)|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≤ 𝐶‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}),

and ‖‖‖‖‖{⟨𝑓, 𝜑𝑄⟩}
‖‖‖‖‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≤ 𝐶‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Proof. Choose a sufficiently small 𝐴 ∈ (0, 1) such that 𝑝∕𝐴 > 1 and 𝑞∕𝐴 > 1.
For any 𝑅 > 0, by Lemma 4.6

∑

𝑄∈𝒟
(2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝑞 =

∑

𝑘∈ℤ𝑛

2𝑗𝛼𝑞 sup
𝑥∈𝑄𝑗𝑘

|𝐴𝑄𝑗𝑘𝜑𝑗 ∗ 𝑓(𝑥)|
𝑞𝟏𝑄𝑗𝑘 (𝑥)

≲
|||||
∑

𝑘∈ℤ𝑛

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑅−𝑟)2𝑗𝑛
ˆ
𝑄𝑗𝓁

|2𝑗𝛼𝐴𝑄𝑗𝓁𝜑𝑗 ∗ 𝑓(𝑠)|
𝐴d𝑠𝟏𝑄𝑗𝑘

|||||

𝑞
𝐴 .

Accordingly, also𝐴 ∈ (0, 1), and by the arbitrariness of 𝑅 > 0 and 𝑟 > 0, choose
𝑅 sufficiently large and 𝑟 sufficiently small such that𝐴(𝑅−𝑟) > 𝑛, then applying
Lemma 4.7 with ℎ =

∑
𝑄∈𝒟(2

𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝐴,

∑

𝑄∈𝒟
(2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝑞 ≲ (ℳ(

∑

𝑄∈𝒟

(
2𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝐴
))

𝑞∕𝐴

.
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Since 𝑝∕𝐴 > 1 and 𝑞∕𝐴 > 1, by Lemma 4.10,
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

(
ℳ
( ∑

𝑄∈𝒟
(2𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝐴

)) 𝑞
𝐴 }

1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

=
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

(
ℳ
( ∑

𝑄∈𝒟
(2𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝐴

)) 𝑞
𝐴 }

𝐴
𝑞
‖‖‖‖‖‖‖‖‖‖

1
𝐴

𝐿𝑝∕𝐴,∞

≲
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

= ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Furthermore, |𝑄𝑗𝑘|−1∕2⟨𝑓, 𝜑𝑄𝑗𝑘 ⟩ = 𝜑𝑗 ∗ 𝑓(𝑥𝑄𝑗𝑘 ), therefore

‖‖‖‖‖{⟨𝑓, 𝜑𝑄⟩}
‖‖‖‖‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄})

=
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
|𝑄|−𝛼∕𝑛|𝐴𝑄𝜑𝑗 ∗ 𝑓(𝑥𝑄)|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼 sup

𝑥∈𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓(𝑥)|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}). □

Theorem 7.2. Let 𝑚 ∈ ℕ, 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞,𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚),
{𝐴𝑄}𝑄∈𝒟 be a sequence of 𝑝-order reducing operators for𝑊, and {𝜑𝑗}𝑗∈ℤ+

∈ 𝚽.
Then for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}),

where the positive constant of equivalence is independent of 𝑓.

Proof. First, we prove

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Let 𝜑 ∈ 𝒜 be the test function defined in both 𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) and 𝐹̇
𝛼,𝑞
𝑝,∞(𝑊). Set

𝜑(𝑥) = 𝜑(−𝑥). First, we prove

‖{⟨𝑓, 𝜑𝑄⟩}𝑄∈𝒟‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊). (7.1)

i) When 0 < 𝑝 ≤ 1, by part (i) of Lemma 3.12, we have

|𝐴𝑄𝑗𝓁𝜑𝑗 ∗ 𝑓(𝑥)|
𝐴 ≤ ‖𝐴𝑄𝑗𝓁𝑊

−1∕𝑝‖|𝑊1∕𝑝𝜑𝑗 ∗ 𝑓(𝑥)|𝐴 ≲ |𝑊1∕𝑝𝜑𝑗 ∗ 𝑓(𝑥)|𝐴 𝑎.𝑒.
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Furthermore, since𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), the sequence {𝐴𝑄} is weakly doubling of
order 𝑟 > 0. Therefore, for any 𝐴 ∈ (0, 1), 𝑅 > 0, by Lemma 4.6, we have

sup
𝑥∈𝑄𝑗𝑘

|𝐴𝑄𝑗𝑘𝜑𝑗 ∗ 𝑓(𝑥)|
𝐴 ≲

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑅−𝑟)2𝑗𝑛
ˆ
𝑄𝑗𝓁

|𝑊1∕𝑝𝜑𝑗 ∗ 𝑓(𝑥)|𝐴d𝑥.

Thus,
∑

𝑄∈𝒟
(2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝑞 =

∑

𝑘∈ℤ𝑛

2𝑗𝛼𝑞 sup
𝑥∈𝑄𝑗𝑘

|𝐴𝑄𝑗𝑘𝜑𝑗 ∗ 𝑓(𝑥)|
𝐴⋅ 𝑞

𝐴 𝟏𝑄𝑗𝑘 (𝑥)

≲
|||||
∑

𝑘∈ℤ𝑛

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑅−𝑟)2𝑗𝑛
ˆ
𝑄𝑗𝓁

|2𝑗𝛼𝑊
1
𝑝𝜑𝑗 ∗ 𝑓(𝑥)|𝐴d𝑥𝟏𝑄𝑗𝑘

|||||

𝑞
𝐴 .

Accordingly, also𝐴 ∈ (0, 1), and by the arbitrariness of 𝑅 > 0, 𝑟 > 0, we choose
𝑅 sufficiently large and 𝑟 sufficiently small such that 𝜂 = 𝐴(𝑅 − 𝑟) > 𝑛 holds.
Then, setting ℎ = |2𝑗𝛼𝑊1∕𝑝𝜑𝑗 ∗ 𝑓|𝐴 in Lemma 4.7, we have

∑

𝑄∈𝒟
(2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄)𝑞 ≲ (ℳ

(
|2𝑗𝛼𝑊1∕𝑝𝜑𝑗 ∗ 𝑓|𝐴

)
)
𝑞
𝐴
.

Therefore,
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
(ℳ (|2𝑗𝛼𝑊

1
𝑝𝜑𝑗 ∗ 𝑓|𝐴) )

𝑞
𝐴
⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
(ℳ (|2𝑗𝛼𝑊

1
𝑝𝜑𝑗 ∗ 𝑓|𝐴) )

𝑞
𝐴
⎫

⎬
⎭

𝐴
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

1
𝐴

𝐿𝑝∕𝐴,∞

≲
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

||||2
𝑗𝛼𝑊

1
𝑝𝜑𝑗 ∗ 𝑓

||||
𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

= ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Here, the last inequality follows from 𝑝∕𝐴 > 1, and 𝑞∕𝐴 > 1, using Lemma
4.10. Since |𝑄𝑗𝑘|−1∕2⟨𝑓, 𝜑𝑄𝑗𝑘 ⟩ = 𝜑𝑗 ∗ 𝑓(𝑥𝑄𝑗𝑘 ), we have

‖{⟨𝑓, 𝜑𝑄⟩}𝑄∈𝒟‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) =
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼|𝐴𝑄𝜑𝑗 ∗ 𝑓(𝑥𝑄)|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞
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≤
‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟

(
2𝑗𝛼 sup

𝑄
|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝑞
}
1
𝑞
‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Since 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), the sequence {𝐴𝑄}𝑄∈𝒟 is strongly doubling of order
(𝛽, 𝑝). Then, replacing 𝜑 with 𝜑 ∈ 𝒜 in Theorem 6.4, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖{⟨𝑓, 𝜑𝑄⟩}𝑄∈𝒟‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Hence, for 𝑝 ∈ (0, 1], we have ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).
ii) When 1 < 𝑝 < ∞, by the proof of Theorem 3.5 in reference [15], we have

sup
𝑥∈𝑄𝑗𝑘

|𝐴𝑄𝑗𝑘𝜑𝑗 ∗ 𝑓(𝑥)|
𝐴𝑡 ≲

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑅−𝑟)2𝑗𝑛
ˆ
𝑄𝑗𝓁

|𝑊1∕𝑝𝜑𝑗 ∗ 𝑓|𝐴𝑡d𝑥.

Replacing 𝐴 with 𝐴𝑡 and using the same method as in the case 0 < 𝑝 ≤ 1, we
can similarly prove

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Next, we prove ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}). Define

ℎ𝑗(𝑥) = 2𝑗𝛼|𝑊1∕𝑝(𝑥)𝜑𝑗 ∗ 𝑓(𝑥)|,
and

𝑘𝑗 =
∑

𝑄∈𝒟
|𝑄|−𝛼∕𝑛

(
sup
𝑥∈𝑄

|𝐴𝑄𝜑𝑗 ∗ 𝑓(𝑥)|
)
𝟏𝑄, 𝑗 ∈ ℤ.

Each 𝑘𝑗 is constant on cubes 𝑄 ∈ 𝒟. Then,

ℎ𝑗 ≤
∑

𝑄∈𝒟
|𝑄|−𝛼∕𝑛‖𝑊1∕𝑝𝐴−1

𝑄 ‖|𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄 ≤ 𝛾𝑗𝑘𝑗.

Here, 𝛾𝑗(𝑥) =
∑

𝑄∈𝒟 ‖𝑊
1∕𝑝(𝑥)𝐴−1

𝑄 ‖𝟏𝑄, defined identically to that in Lemma
4.9. From this and by Lemma 4.9,

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) = ‖{ℎ𝑗}‖𝐿𝑝,∞(𝓁𝑞) ≤ ‖{𝛾𝑗𝑘𝑗}‖𝐿𝑝,∞(𝓁𝑞) = ‖{𝛾𝑗𝐸𝑗(𝑘𝑗)}‖𝐿𝑝,∞(𝓁𝑞)

≲ ‖{𝐸𝑗(𝑘𝑗)}‖𝐿𝑝,∞(𝓁𝑞) = ‖{𝑘𝑗}‖𝐿𝑝,∞(𝓁𝑞) ≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}),

where the last step follows from Lemma 7.1. □

Since the definitions of the spaces 𝐹̇𝛼,𝑞𝑝,∞(𝐴𝑄) and 𝐹̇
𝛼,𝑞
𝑝,∞(𝑊) directly involve

𝜑, they appear to depend on the choice of 𝜑. However, the following lemma
shows that this is not the case. It demonstrates that the definitions of both
spaces 𝐹̇𝛼,𝑞𝑝,∞(𝐴𝑄) and 𝐹̇

𝛼,𝑞
𝑝,∞(𝑊) are independent of the choice of 𝜑 ∈ 𝒜.

Theorem 7.3. Let 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝛼 ∈ ℝ, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), and
{𝐴𝑄}𝑄∈𝒟 be a sequence of 𝑝-order reducing operators for𝑊. Then for any 𝑓 ∈
(𝒮′∞(ℝ𝑛))𝑚 and 𝜑(1), 𝜑(2) ∈ 𝒜, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(1)) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(2)) and ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑(1)) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑(2)).
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Proof. For 𝜑(1), 𝜑(2) ∈ 𝒜, denote the space defined by 𝜑(1) as 𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}, 𝜑(1))
and the space defined by 𝜑(2) as 𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}, 𝜑(2)). Define ⃗̃𝑠 = {⃗̃𝑠𝑄}𝑄∈𝒟 by ⃗̃𝑠𝑄 =
⟨𝑓, 𝜑(1)𝑄 ⟩, and define 𝑡 = {𝑡𝑄}𝑄∈𝒟 by 𝑡𝑄 = ⟨𝑓, 𝜑(2)𝑄 ⟩. Accordingly, choose 𝜓 =

𝜑(1)∕
∑

𝑗∈ℤ |𝜑
(1)
𝑗 |2 and 𝜏̂ = 𝜑(2)∕

∑
𝑗∈ℤ |𝜑

(2)
𝑗 |2. Then 𝜓, 𝜏 ∈ 𝒜, and for all 𝜉 ≠ 0,

we have
∑

𝑗∈ℤ
𝜑(1)𝑗 (𝜉)𝜓𝑗(𝜉) = 1 and

∑

𝑗∈ℤ
𝜑(2)𝑗 (𝜉)𝜏𝑗(𝜉) = 1.

From this, using Lemma 6.3, for 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have 𝑓 =
∑

𝑄⟨𝑓, 𝜑
(1)
𝑄 ⟩𝜓𝑄,

with convergence in (𝒮′∞(ℝ𝑛))𝑚.
Moreover, note that for all 𝜉 ≠ 0,

∑

𝑗∈ℤ

ˆ̃𝜓𝑗(𝜉)
ˆ̃𝜑(1)𝑗 (𝜉) =

∑

𝑗∈ℤ
𝜑(1)𝑗 (𝜉)𝜓𝑗(𝜉) = 1.

From this, by replacing 𝑓, 𝜑(1), and 𝜓 in 𝑓 =
∑

𝑄⟨𝑓, 𝜑
(1)
𝑄 ⟩𝜓𝑄 with 𝜑

(2)
𝑄 , 𝜓, and

𝜑(1), respectively, we obtain

𝜑(2)𝑄 =
∑

𝑃∈𝒟
⟨𝜑(2)𝑄 , 𝜓𝑃⟩𝜑

(1)
𝑃 .

Furthermore, since 𝜑(2)𝑄 ∈ 𝒮0, where

𝒮0 ∶= {𝑔 ∈ 𝒮 ∶ for all multi-indices 𝛼,𝐷𝛼𝑔̂(0) = 0},

then 𝜑(2)𝑄 =
∑

𝑃∈𝒟⟨𝜑
(2)
𝑄 , 𝜓𝑃⟩𝜑

(1)
𝑃 converges in 𝒮.

Therefore, for 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

𝑡𝑄 = ⟨𝑓, 𝜑(2)𝑄 ⟩ =
⟨
𝑓,

∑

𝑃∈𝒟
⟨𝜑(2)𝑄 , 𝜓𝑃⟩𝜑

(1)
𝑃

⟩
=

∑

𝑃∈𝒟
⟨𝜑(2)𝑄 , 𝜓𝑃⟩⃗̃𝑠𝑃.

Set 𝑏𝑄𝑃 = ⟨𝜑(2)𝑄 , 𝜓𝑃⟩ and the matrix 𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟. Also, {𝜓𝑃}𝑃∈𝒟 is a family
of smooth (𝑁, 𝐾,𝑀, 𝛿)-molecules for all possible 𝑁,𝐾,𝑀, 𝛿. Accordingly, by
Lemma 2.8 in reference [15], we have

𝑏𝑄𝑃 = ⟨𝜑(2)𝑄 , 𝜓𝑃⟩ = |𝑄|1∕2𝜑(2)𝑗 ∗ 𝜓𝑃(𝑥𝑄) ≤ 𝐶|𝑄|1∕22(𝑘𝑛)∕2𝜔𝑄𝑃 ≤ 𝐶𝜔𝑄𝑃,

that is, the matrix 𝐵 = {𝑏𝑄𝑃}𝑄,𝑃∈𝒟 is almost diagonal, 𝐵 ∈ 𝐚𝐝𝛼,𝐪𝐩 (𝛽). Then by
Theorem 5.5, 𝐵 is bounded on the space 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}). From this and Lemma 7.1,
it follows that

‖𝑡‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) = ‖𝐵⃗̃𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≤ 𝐶‖⃗̃𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≤ 𝐶‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(1)).

Replacing 𝜑 with 𝜑(2) in Theorem 6.4, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(2)) ≤ 𝐶‖𝑡‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).
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Combining the above, we obtain

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(2)) ≤ 𝐶‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(1)).

By interchanging 𝜑(2) and 𝜑(1), we obtain the equivalence of ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(1))
and ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(2)).
Moreover, by Theorem 7.2, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑(1)) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(1)) and ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑(2)) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑(2)).

Therefore,
‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑(1)) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑(2)). □

Corollary 7.4. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), and
{𝐴𝑄}𝑄∈𝒟 be a sequence of 𝑝-order reducing operators for 𝑊. Set 𝑠 = {𝑠𝑄}𝑄∈𝒟,
where 𝑠𝑄 ∶= ⟨𝑓, 𝜑𝑄⟩. Then for any 𝜑 ∈ 𝒜 and 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Proof. Replacing 𝜑 with 𝜑 in Lemma 7.1 and using Theorem 7.3, we obtain

‖{⟨𝑓, 𝜑𝑄⟩}‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≤ 𝐶‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄},𝜑).

Combining this with Theorem 6.4, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖{⟨𝑓, 𝜑𝑄⟩}‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Since 𝑠𝑄 = ⟨𝑓, 𝜑𝑄⟩ and 𝜑 ∈ 𝒜, it follows immediately that

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}). □

Combining the above results with Theorem 7.2 and Theorem 4.12, we obtain
the following equivalent norms:

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞(𝑊),

establishing complete equivalences between thematrix-weighted weak Triebel-
Lizorkin spaces and their sequence space counterparts.

8. Characterizations via maximal functions: Peetre, Lusin, and
𝒈∗𝝀
In this section, the matrix-weighted weak Triebel-Lizorkin space 𝐹̇𝛼,𝑞𝑝,∞(𝑊) is

characterized using the Peetre maximal function, the Lusin area function, and
the Littlewood-Paley 𝑔∗𝜆-function.
Similar to the classical Peetre maximal function in [26], the concept of the

matrix-weighted Peetre maximal function is introduced in [35]. Let 𝑝 ∈ (0,∞),
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𝑚 ∈ ℕ, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), 𝜑 ∈ 𝒮∞(ℝ𝑛), and 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚. For any given
𝑗 ∈ ℤ and 𝑎 ∈ (0,∞), 𝑥 ∈ ℝ𝑛, define

(𝜑∗𝑗𝑓)
(𝑊,𝑝)
𝑎 (𝑥) ∶= sup

𝑦∈ℝ𝑛

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|
(1 + 2𝑗|𝑥 − 𝑦|)𝑎

.

Theorem 8.1. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), 𝑎 ∈
(𝑛∕min{1, 𝑝, 𝑞}+𝛽∕𝑝,∞), where𝛽 is the doubling exponent of𝑊. Let {𝜑𝑗}𝑗∈ℤ+

∈
𝚽. Then 𝑓 ∈ 𝐹̇𝛼,𝑞𝑝,∞(𝑊) if and only if 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚 and ‖𝑓‖⋆

𝐹̇𝛼,𝑞𝑝,∞(𝑊)
< ∞, where

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∶=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
2𝑗𝛼𝑞

(
(𝜑∗𝑗𝑓)

(𝑊,𝑝)
𝑎

)𝑞⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

.

When 𝑞 = ∞, the usual modification is made. Moreover, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼ ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

,

where the positive equivalence constants are independent of 𝑓.

Proof. By the definition of (𝜑∗𝑗𝑓)
(𝑊,𝑝)
𝑎 (𝑥), we have

|𝑊
1
𝑝 (𝜑𝑗 ∗ 𝑓)(𝑥)| ≤ (𝜑∗𝑗𝑓)

(𝑊,𝑝)
𝑎 (𝑥),

which immediately implies

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ≲ ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

.

Therefore, to prove ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊), it suffices to show

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊). (8.1)

Let {𝐴𝑄}𝑄∈𝒟 be the sequence of 𝑝-th order reducing operators for 𝑊, and for
any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, let

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

∶=
‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞 sup
𝑦∈ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗| ⋅ −𝑦|)𝑎𝑞
𝟏𝑄}

1∕𝑞‖‖‖‖‖‖‖‖‖𝐿𝑝,∞
, (8.2)

where 𝑗 ∈ ℤ. To prove (8.1), we first prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}). (8.3)

By (3.10) in reference [35], for any given 𝐴 ∈ (0, 1], any 𝑗 ∈ ℤ, 𝑘 ∈ ℤ𝑛, 𝑓 ∈
(𝒮′∞(ℝ𝑛))𝑚, and 𝑥 ∈ 𝑄𝑗𝑘,

sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|
𝐴

(1 + 2𝑗|𝑥 − 𝑦|)𝑎𝐴
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≲
∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑎−𝑟)2𝑗𝑛
ˆ
𝑄𝑗𝓁

|𝐴𝑄𝑗𝓁(𝜑𝑗 ∗ 𝑓)(𝑧)|
𝐴d𝑧, (8.4)

where 𝑟 ∶= 𝛽∕𝑝 and 𝑎 ∈ [𝑟,∞). Let𝐴 ∈ (0, 1] satisfy 𝑞∕𝐴 > 1, from this, (8.4),
and the disjointness of the dyadic cubes 𝑄𝑗𝑘 for any 𝑘 ∈ ℤ𝑛, we have

∑

𝑄∈𝒟𝑗

⎧

⎨
⎩

2𝑗𝛼 sup
𝑦∈ℝ𝑛

|||||𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)
|||||

(1 + 2𝑗| ⋅ −𝑦|)𝑎
𝟏𝑄(⋅)

⎫

⎬
⎭

𝑞

=
∑

𝑘∈ℤ𝑛

2𝑗𝛼𝑞
⎧

⎨
⎩

sup
𝑦∈ℝ𝑛

|||||𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)
|||||
𝐴

(1 + 2𝑗| ⋅ −𝑦|)𝑎𝐴
𝟏𝑄𝑗𝑘 (⋅)

⎫

⎬
⎭

𝑞∕𝐴

≲ {
∑

𝑘∈ℤ𝑛

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑎−𝑟)2𝑗𝑛

×
ˆ
𝑄𝑗𝓁

|||||2
𝑗𝛼𝐴𝑄𝑗𝓁(𝜑𝑗 ∗ 𝑓)(𝑧)

|||||
𝐴
d𝑧𝟏𝑄𝑗𝑘 (⋅)}

𝑞∕𝐴

.

Since 𝑎 ∈ (𝑛∕min{1, 𝑝, 𝑞}+𝑟,∞), we havemin{1, 𝑝, 𝑞}(𝑎−𝑟) > 𝑛, therefore,
we can choose 𝐴 ∈ (0, 1] such that 𝐴(𝑎 − 𝑟) > 𝑛, 𝑝∕𝐴 > 1, and 𝑞∕𝐴 > 1. Thus,
by Lemma 4.7 and the Fefferman-Stein vector-valued maximal inequality in
weak Lebesgue spaces, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we obtain

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

⎧

⎨
⎩

2𝑗𝛼 sup
𝑦∈ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|
(1 + 2𝑗| ⋅ −𝑦|)𝑎

𝟏𝑄
⎫

⎬
⎭

𝑞
⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ
(ℳ

( ∑

𝑄∈𝒟𝑗

(
2𝑗𝛼|𝐴𝑄(𝜑𝑗 ∗ 𝑓)|𝟏𝑄

)𝐴)
)
𝑞∕𝐴

}
𝐴∕𝑞‖‖‖‖‖‖‖‖‖‖‖

1∕𝐴

𝐿𝑝∕𝐴,∞

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}).

Next, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, define

‖‖‖‖‖𝑓
‖‖‖‖‖
⋆⋆

𝐹̇𝑎,𝑞𝑝,∞(𝐴𝑄)
∶=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞 sup
𝑧∈𝑄

sup
𝑦∈ℝ𝑛

|||||𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)
|||||
𝑞

(1 + 2𝑗|𝑧 − 𝑦|)𝑎𝑞
𝟏𝑄
⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

. (8.5)
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By (8.3) and Theorem 7.2, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊). (8.6)

Therefore, to prove (8.1), it suffices to show that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖⋆⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲ ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

. (8.7)

We first prove the left-hand side of the above inequality. For any 𝑗 ∈ ℤ and
𝑥 ∈ ℝ𝑛, let

ℎ𝑗(𝑥) ∶= 2𝑗𝛼 sup
𝑦∈ℝ𝑛

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|
(1 + 2𝑗|𝑥 − 𝑦|)𝑎

,

𝑘𝑗(𝑥) ∶=
∑

𝑄∈𝒟𝑗

|𝑄|−𝛼∕𝑛 sup
𝑧∈𝑄

sup
𝑦∈ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|
(1 + 2𝑗|𝑧 − 𝑦|)𝑎

𝟏𝑄(𝑥),

and
𝛾𝑗(𝑥) ∶=

∑

𝑄∈𝒟𝑗

‖𝑊1∕𝑝(𝑥)𝐴−1
𝑄 ‖𝟏𝑄(𝑥).

Obviously, for any 𝑗 ∈ ℤ and 𝑥 ∈ ℝ𝑛,

ℎ𝑗(𝑥) =
∑

𝑄∈𝒟𝑗

2𝑗𝛼 sup
𝑦∈ℝ𝑛

|𝑊1∕𝑝(𝑥)𝐴−1
𝑄 𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|

(1 + 2𝑗|𝑥 − 𝑦|)𝑎
𝟏𝑄(𝑥)

≤
∑

𝑄∈𝒟𝑗

2𝑗𝛼‖𝑊1∕𝑝(𝑥)𝐴−1
𝑄 ‖ sup

𝑦∈ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|
(1 + 2𝑗|𝑥 − 𝑦|)𝑎

𝟏𝑄(𝑥)

≤ 𝛾𝑗(𝑥)𝑘𝑗(𝑥). (8.8)

Note that on any given dyadic cube 𝑄 ∈ 𝒟𝑗, 𝑘𝑗 is a constant, i.e.,

𝐸𝑗(𝑘𝑗) = 𝑘𝑗, (8.9)

then by (8.8) and (8.9) and Lemma 4.9, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

= ‖‖‖‖{ℎ𝑗}𝑗∈ℤ
‖‖‖‖𝐿𝑝,∞(𝓁𝑞) ≤

‖‖‖‖{𝛾𝑗𝐸𝑗(𝑘𝑗)}𝑗∈ℤ
‖‖‖‖𝐿𝑝,∞(𝓁𝑞)

≲ ‖‖‖‖{𝐸𝑗(𝑘𝑗)}𝑗∈ℤ
‖‖‖‖𝐿𝑝,∞(𝓁𝑞) ∼

‖‖‖‖{𝑘𝑗}𝑗∈ℤ
‖‖‖‖𝐿𝑝,∞(𝓁𝑞) ∼ ‖𝑓‖⋆⋆

𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})
. (8.10)

Thus, the first inequality in (8.7) holds. Next, we will prove that the second in-
equality in (8.7) also holds. For any 𝑥, 𝑧 ∈ 𝑄𝑗𝑘 and 𝑦 ∈ 𝑄𝑗𝑠, there is a geometric
relation 1+2𝑗|𝑥−𝑦| ∼ 1+|𝑠−𝑘| ∼ 1+2𝑗|𝑧−𝑦|. From this, for any 𝑎 ∈ (0,∞),
𝑗 ∈ ℤ, 𝑘 ∈ ℤ𝑛, and 𝑥 ∈ 𝑄𝑗𝑘, we have

sup
𝑧∈𝑄𝑗𝑘

sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|

(1 + 2𝑗|𝑧 − 𝑦|)𝑎
∼ sup

𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|

(1 + 2𝑗|𝑥 − 𝑦|)𝑎
.
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Therefore, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have

‖𝑓‖⋆⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

∼ ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

. (8.11)

Combining (8.10) and (8.11), we can obtain that (8.7) holds, i.e.,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

.

Moreover, by (8.6), we have

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).

That is, (8.1) is proved. Then for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Therefore, Theorem 8.1 is proved. □

Theorem 8.2. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚).
Suppose {𝜑𝑗}𝑗∈ℤ+

∈ 𝚽. Then 𝑓 ∈ 𝐹̇𝛼,𝑞𝑝,∞(𝑊) if and only if 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚 and
‖𝑓‖⋄

𝐹̇𝛼,𝑞𝑝,∞(𝑊)
< ∞, where

‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∶=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
2𝑗𝛼𝑞

 
𝐵(⋅,2−𝑗)

|𝑊1∕𝑝(⋅)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞d𝑦
⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

.

When 𝑞 = ∞, the usual modification is made. Moreover, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

,

where the positive equivalence constants are independent of 𝑓.

Proof. By Theorem 8.1, to prove

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

,

it is equivalent to proving

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∼ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

.

We first prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

. (8.12)

From the fact that for any 𝑦 ∈ 𝐵(0, 2−𝑗), 1 + 2𝑗|𝑦| ∼ 1, and the definition of
(𝜑∗𝑗𝑓)

(𝑊,𝑝)
𝑎 , we infer that for any given 𝑞 ∈ (0,∞), 𝑎 ∈ (0,∞), and any 𝑗 ∈ ℤ,

𝑥 ∈ ℝ𝑛, 
𝐵(𝑥,2−𝑗)

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞d𝑦 =
 
𝐵(0,2−𝑗)

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑦)|𝑞d𝑦
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≲ sup
𝑦∈𝐵(0,2−𝑗)

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑦)|𝑞

∼ sup
𝑦∈𝐵(0,2−𝑗)

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑦)|𝑞

(1 + 2𝑗|𝑦|)𝑎𝑞

≲
(
(𝜑∗𝑗𝑓)

(𝑊,𝑝)
𝑎 (𝑥)

)𝑞
,

which implies that (8.12) holds. Next, we prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

. (8.13)

By (8.7), to prove (8.13), it suffices to show that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

. (8.14)

For any given 𝐴 ∈ (0, 1] satisfying 𝑞∕𝐴 > 1 and 𝑝∕𝐴 > 1, we choose a suffi-
ciently large 𝑎 ∈ (0,∞) such that 𝐴(𝑎 − 𝑟) > 𝑛, where 𝑟 ∶= 𝛽∕𝑝, and 𝛽 is the
doubling index of𝑊. Then by (3.21) in [35], for any 𝑗 ∈ ℤ, 𝑘 ∈ ℤ𝑛, 𝑥 ∈ 𝑄𝑗𝑘,
we have

sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|
𝐴

(1 + 2𝑗|𝑥 − 𝑦|)𝑎𝐴
≲

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑎−𝑟)2𝑗𝑛

×
∑

{𝑡∈ℤ𝑛∶=|𝑡|∞≤1}

ˆ
𝑄𝑗(𝓁+𝑡)

 
𝐵(0,2−𝑗)

|𝐴𝑄𝑗(𝓁+𝑡)(𝜑𝑗 ∗ 𝑓)(𝑠 + 𝑧)|𝐴d𝑠d𝑧. (8.15)

We now prove (8.14) by considering two cases for 𝑝.
When 𝑝 ∈ (0, 1]. By 𝟏𝑄𝑗(𝓁+𝑡) =

∑
𝑄∈𝒟𝑗

(𝟏𝑄𝟏𝑄𝑗(𝓁+𝑡)), we haveˆ
𝑄𝑗(𝓁+𝑡)

2𝑗𝛼
 
𝐵(0,2−𝑗)

|𝐴𝑄𝑗(𝓁+𝑡)(𝜑𝑗 ∗ 𝑓)(𝑠 + 𝑧)|𝐴d𝑠d𝑧

=
ˆ
𝑄𝑗(𝓁+𝑡)

∑

𝑄∈𝒟𝑗

2𝑗𝛼
 
𝐵(0,2−𝑗)

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑠 + 𝑧)|𝐴d𝑠𝟏𝑄(𝑧)d𝑧

=
ˆ
𝑄𝑗(𝓁+𝑡)

𝑔𝑗(𝑧)d𝑧, (8.16)

where for any 𝑧 ∈ ℝ𝑛,

𝑔𝑗(𝑧) ∶=
∑

𝑄∈𝒟𝑗

2𝑗𝛼
 
𝐵(0,2−𝑗)

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑠 + 𝑧)|𝐴d𝑠𝟏𝑄(𝑧).

For any given 𝑥 ∈ 𝑄𝑗𝑘, let 𝐵𝑥 ∶= 𝐵(𝑥𝑘,𝓁,𝑡, 𝑟𝑘,𝓁,𝑡) be the smallest ball containing
𝑥 and 𝑄𝑗(𝓁+𝑡). Then 𝑟𝑘,𝓁,𝑡 ∼ 2−𝑗(1 + |𝑘 − 𝓁 − 𝑡|). Also, since |𝑡|∞ ≤ 1, we have

𝑟𝑘,𝓁,𝑡 ∼ 2−𝑗(1 + |𝑘 − 𝓁|).
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From this and (8.16), for any 𝑥 ∈ 𝑄𝑗𝑘, we obtainˆ
𝑄𝑗(𝓁+𝑡)

2𝑗𝛼
 
𝐵(0,2−𝑗)

|𝐴𝑄𝑗(𝓁+𝑡)(𝜑𝑗 ∗ 𝑓)(𝑠 + 𝑧)|𝐴d𝑠d𝑧

≤
ˆ
𝐵𝑥
𝑔𝑗(𝑧)d𝑧 ≲ 2−𝑗𝑛(1 + |𝑘 − 𝓁|)𝑛ℳ(𝑔𝑗)(𝑥). (8.17)

By (8.15) and (8.17), assuming 𝐴(𝑎 − 𝑟) > 𝑛, for any 𝑥 ∈ ℝ𝑛,

2𝑗𝛼
∑

𝑄∈𝒟𝑗

sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|
𝐴

(1 + 2𝑗|𝑥 − 𝑦|)𝑎𝐴
𝟏𝑄(𝑥)

≲
∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑎−𝑟)+𝑛ℳ(𝑔𝑗)(𝑥) ≲ ℳ(𝑔𝑗)(𝑥). (8.18)

From (8.18), for any 𝑥 ∈ ℝ𝑛,

∑

𝑄∈𝒟𝑗

⎧

⎨
⎩

2𝑗𝛼 sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|

(1 + 2𝑗|𝑥 − 𝑦|)𝑎
𝟏𝑄(𝑥)

⎫

⎬
⎭

𝑞

≲ 2𝑗𝛼𝑞2−
𝑗𝛼𝑞
𝐴 (ℳ(𝑔𝑗))

𝑞
𝐴 . (8.19)

By (8.19), the Fefferman-Stein vector-valued maximal inequality in weak
Lebesgue spaces with 𝑝∕𝐴 > 1 and 𝑞∕𝐴 > 1, Hölder’s inequality, and part
(i) of Lemma 3.12, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞

≲
‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ
2𝑗𝛼𝑞2−

𝑗𝛼𝑞
𝐴
(
ℳ(𝑔𝑗)

) 𝑞
𝐴 }

𝐴
𝑞
‖‖‖‖‖‖‖‖‖

1∕𝐴

𝐿𝑝∕𝐴,∞

≲
‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ
2𝑗𝛼𝑞2−

𝑗𝛼𝑞
𝐴 (𝑔𝑗)

𝑞
𝐴 }

1
𝑞
‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

=
‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞
( 

𝐵(0,2−𝑗)

|||||𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑧)
|||||
𝐴
d𝑧
) 𝑞
𝐴 𝟏𝑄}

1
𝑞
‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖‖‖

( ∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞
 
𝐵(0,2−𝑗)

||||𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑧)||||
𝑞
d𝑧𝟏𝑄

) 1
𝑞
‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲
‖‖‖‖‖‖‖‖‖

( ∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞
 
𝐵(0,2−𝑗)

‖‖‖‖𝐴𝑄𝑊
− 1
𝑝 ‖‖‖‖

𝑞||||𝑊
1
𝑝 (𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑧)||||

𝑞
d𝑧𝟏𝑄

) 1
𝑞
‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

.

Thus, when 𝑝 ∈ (0, 1], (8.14) holds.
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When 𝑝 ∈ (1,∞). For any 𝑥 ∈ 𝑄𝑗𝑘, by (3.27) in [35], we have

sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|
𝐴

(1 + 2𝑗|𝑥 − 𝑦|)𝑎𝐴
≲

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝐴(𝑎−𝑟)2
𝑗𝑛(1− 𝐴

𝑝′
) ∑

{𝑡∈ℤ𝑛∶=|𝑡|∞≤1}

{
ˆ
𝑄𝑗(𝓁+𝑡)

(
 
𝐵(0,2−𝑗)

|||||𝑊
1∕𝑝(𝑧)(𝜑𝑗 ∗ 𝑓)(𝑠 + 𝑧)

|||||
𝐴
d𝑠)

𝑝′

𝑝′−𝐴
d𝑧}

𝑝′−𝐴
𝑝′

. (8.20)

Note that for any𝑀 > 𝑛,

sup
𝑘∈ℤ𝑛

∑

𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝑀 = sup
𝑘∈ℤ𝑛

∑

𝑘−𝓁∈ℤ𝑛

(1 + |𝑘 − 𝓁|)−𝑀

=
∑

𝓁∈ℤ𝑛

(1 + |𝓁|)−𝑀 ≲ 1. (8.21)

For any given 𝑥 ∈ ℝ𝑛, let 𝐵𝑥 ∶= 𝐵(𝑥𝑘,𝓁,𝑡, 𝑟𝑘,𝓁,𝑡) be the smallest ball containing
𝑥 and𝑄𝑗(𝓁+𝑡), with the same assumptions as in the case 𝑝 ∈ (0, 1]. Then 𝑟𝑘,𝓁,𝑡 ∼
2−𝑗(1 + |𝑘 − 𝓁|). By (3.28) in [35], we have

∑

𝑘∈ℤ𝑛

sup
𝑦∈ℝ𝑛

|𝐴𝑄𝑗𝑘 (𝜑𝑗 ∗ 𝑓)(𝑦)|
𝑞

(1 + 2𝑗|𝑥 − 𝑦|)𝑎𝑞
𝟏𝑄𝑗𝑘 (𝑥)

≲ {ℳ((
 
𝐵(0,2−𝑗)

|||||𝑊
1∕𝑝(⋅)(𝜑𝑗 ∗ 𝑓)(⋅ + 𝑧)

|||||
𝐴
d𝑧)

𝑝′

𝑝′−𝐴
)(𝑥)}

(𝑝′−𝐴)𝑞
𝐴𝑝′

. (8.22)

Note that 𝑝(𝑝′ − 𝐴)∕(𝐴𝑝′) = (𝐴 + (1 − 𝐴)𝑝)∕𝐴 > 1, choosing a sufficiently
small𝐴 ∈ (0, 1), then we have (𝑝′−𝐴)𝑞∕(𝐴𝑝′) > 1, 𝑞∕𝐴 > 1. For brevity, here-
after we set 𝑇𝑗,𝑧 ∶= 𝑊1∕𝑝(𝑥) (𝜑𝑗 ∗ 𝑓)(𝑥 + 𝑧), so that, by (8.22); the Fefferman-
Stein vector-valued maximal inequality in weak Lebesgue spaces and Hölder’s
inequality, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we deduce that

‖𝑓‖⋆
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖

{
∑

𝑗∈ℤ
2𝑗𝛼𝑞(ℳ((

 
𝐵(0,2−𝑗)

||||𝑇𝑗,𝑧
||||
𝐴
d𝑧)

𝑝′

𝑝′−𝐴
))

(𝑝′−𝐴)𝑞
𝐴𝑝′

}

1
𝑞

‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

∼

‖‖‖‖‖‖‖‖‖‖‖‖‖‖

{
∑

𝑗∈ℤ
(ℳ((

 
𝐵(0,2−𝑗)

||||2
𝑗𝛼𝑇𝑗,𝑧

||||
𝐴
d𝑧)

𝑝′

𝑝′−𝐴
))

(𝑝′−𝐴)𝑞
𝐴𝑝′

}

𝐴𝑝′

(𝑝′−𝐴)𝑞

‖‖‖‖‖‖‖‖‖‖‖‖‖‖

𝑝′−𝐴
𝐴𝑝′

𝐿
𝑝(𝑝′−𝐴)
𝑝′𝐴

,∞
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≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
2𝑗𝛼𝑞(

 
𝐵(0,2−𝑗)

||||𝑇𝑗,𝑧
||||
𝐴
d𝑧)

𝑞∕𝐴⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

≲

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
2𝑗𝛼𝑞(

 
𝐵(0,2−𝑗)

||||𝑇𝑗,𝑧
||||
𝑞
d𝑧)

⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

∼ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

.

Thus, (8.14) holds for 𝑝 ∈ (0,∞).
Therefore, (8.13) holds. Combining with (8.12) and Theorem 8.1. Theorem

8.2 is proved. □

Theorem 8.3. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚),
and 𝜆 ∈ (1∕min{1, 𝑝, 𝑞} + 𝛽∕(𝑛𝑝),∞), where 𝛽 is the doubling exponent of𝑊.
Suppose {𝜑𝑗}𝑗∈ℤ+

∈ 𝚽. Then 𝑓 ∈ 𝐹̇𝛼,𝑞𝑝,∞(𝑊) if and only if 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚 and
‖𝑓‖◦

𝐹̇𝛼,𝑞𝑝,∞(𝑊)
< ∞, where

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∶=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ
2𝑗𝛼𝑞2𝑗𝑛

ˆ
ℝ𝑛

|𝑊1∕𝑝(⋅)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗| ⋅ −𝑦|)𝜆𝑛𝑞
d𝑦
⎫

⎬
⎭

1∕𝑞‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

.

When 𝑞 = ∞ the usual modification is made. Moreover, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼ ‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

,

where the positive equivalence constants are independent of 𝑓.

Proof. We first prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ≲ ‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

. (8.23)

In fact, for any 𝑥 ∈ ℝ𝑛, 𝑦 ∈ 𝐵(𝑥, 2−𝑗), by geometric observation, we have
1 + 2𝑗|𝑥 − 𝑦| ∼ 1, this implies that for any 𝑥 ∈ ℝ𝑛, and 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,
 
𝐵(𝑥,2−𝑗)

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞d𝑦 ∼ 2𝑗𝑛
ˆ
𝐵(𝑥,2−𝑗)

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗|𝑥 − 𝑦|)𝜆𝑛𝑞
d𝑦

≲ 2𝑗𝑛
ˆ
ℝ𝑛

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗|𝑥 − 𝑦|)𝜆𝑛𝑞
d𝑦,

which means ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

. By Theorem 8.2, we have ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊)

∼ ‖𝑓‖⋄
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

. Therefore, (8.23) holds. Thus, to prove Theorem 8.3, it remains
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to prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊). (8.24)

Let {𝐴𝑄}𝑄∈𝒟 be the𝑝-th order reducing operators for𝑊. For any𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,
define

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

∶=

‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞2𝑗𝑛 sup
𝑧∈𝑄

ˆ
ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗|𝑧 − 𝑦|)𝜆𝑛𝑞
d𝑦𝟏𝑄

⎫

⎬
⎭

1
𝑞
‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

. (8.25)

To prove (8.24), we first prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

≲ ‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

. (8.26)

For any given 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and any 𝑥 ∈ ℝ𝑛, 𝑗 ∈ ℤ, let

𝛾𝑗(𝑥) ∶=
∑

𝑄∈𝒟𝑗

‖𝑊1∕𝑝(𝑥)𝐴−1
𝑄 ‖𝟏𝑄(𝑥),

ℎ𝑗(𝑥) ∶= 2𝑗𝛼2𝑗𝑛∕𝑞
⎡
⎢
⎣

ˆ
ℝ𝑛

|𝑊1∕𝑝(𝑥)(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗|𝑥 − 𝑦|)𝜆𝑛𝑞
d𝑦
⎤
⎥
⎦

1∕𝑞

,

𝑓𝑗(𝑥) ∶=
∑

𝑄∈𝒟𝑗

|𝑄|−𝛼∕𝑛2𝑗𝑛∕𝑞
⎡
⎢
⎣
sup
𝑧∈𝑄

ˆ
ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗|𝑧 − 𝑦|)𝜆𝑛𝑞
d𝑦
⎤
⎥
⎦

1∕𝑞

𝟏𝑄(𝑥).

Then, by (3.37) in [35], for any 𝑗 ∈ ℤ, and 𝑥 ∈ ℝ𝑛,

ℎ𝑗(𝑥) ≤ 𝛾𝑗(𝑥)𝑓𝑗(𝑥). (8.27)

Note that 𝑓𝑗 is a constant on any given 𝑄 ∈ 𝒟𝑗, i.e., 𝐸𝑗(𝑓𝑗) = 𝑓𝑗. According to
this, the definitions of ‖𝑓‖◦

𝐹̇𝛼,𝑞𝑝,∞(𝑊)
and ℎ𝑗(𝑥), (8.27), Lemma 4.9, and (8.25), for

any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

= ‖{ℎ𝑗}𝑗∈ℤ‖𝐿𝑝,∞(𝓁𝑞) ≤ ‖{𝛾𝑗𝐸𝑗(𝑓𝑗)}𝑗∈ℤ‖𝐿𝑝,∞(𝓁𝑞)

≲ ‖{𝐸𝑗(𝑓𝑗)}𝑗∈ℤ‖𝐿𝑝,∞(𝓁𝑞) ∼ ‖{𝑓𝑗}𝑗∈ℤ‖𝐿𝑝,∞(𝓁𝑞) ∼ ‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

.

Therefore, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, (8.26) holds.
Next, we prove that for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊). (8.28)
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By the proof of Theorem 3.14 in [35], for any 𝑥 ∈ ℝ𝑛,

∑

𝑗∈ℤ

∑

𝑄∈𝒟𝑗

2𝑗𝛼𝑞2𝑗𝑛 sup
𝑧∈𝑄

ˆ
ℝ𝑛

|𝐴𝑄(𝜑𝑗 ∗ 𝑓)(𝑦)|𝑞

(1 + 2𝑗|𝑧 − 𝑦|)𝜆𝑛𝑞
d𝑦𝟏𝑄(𝑥)

≲
∑

𝑗∈ℤ
(ℳ

( ∑

𝑄∈𝒟𝑗

(
|2𝑗𝛼𝐴𝑄(𝜑𝑗 ∗ 𝑓)|𝟏𝑄

)𝐴 )
(𝑥))

𝑞∕𝐴

.

Thus, for 𝐴 ∈ (0,min{𝑝, 𝑞}), using the Fefferman-Stein vector-valued maximal
inequality in weak Lebesgue spaces and Theorem 7.2, for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚,

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄})

≲
‖‖‖‖‖‖‖‖‖‖‖
{
∑

𝑗∈ℤ
(ℳ

( ∑

𝑄∈𝒟𝑗

(
|2𝑗𝛼𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝐴)
)
𝑞∕𝐴

}
1∕𝑞‖‖‖‖‖‖‖‖‖‖‖𝐿𝑝,∞

∼
‖‖‖‖‖‖‖‖‖‖‖
{ℳ

( ∑

𝑄∈𝒟𝑗

(
|2𝑗𝛼𝐴𝑄𝜑𝑗 ∗ 𝑓|𝟏𝑄

)𝐴)
}
𝑗∈ℤ

‖‖‖‖‖‖‖‖‖‖‖

1∕𝐴

𝐿𝑝∕𝐴,∞(𝓁𝑞∕𝐴)

≲ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ∼ ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊),

which further shows that (8.28) holds. By (8.26) and (8.28), we obtain (8.24).
Combining (8.24) and (8.23), for any 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚, we have ‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ∼

‖𝑓‖◦
𝐹̇𝛼,𝑞𝑝,∞(𝑊)

, thus completing the proof of Theorem 8.3. □

9. Calderón-Zygmund operators
In this section, we prove that classical convolution Calderón-Zygmund op-

erators (CZOs) are bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊). We need to recall the definition of
smooth atoms (see Definition 6.1) and the definition of classical convolution
Calderón-Zygmund operators (see Definition 9.5). Then we use the general cri-
terion for the boundedness of operators: if an operator 𝑇 maps smooth atoms
into smooth molecules, then 𝑇 is bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊).
Before starting, we first need to discuss the extension problem of a given op-

erator 𝑇 ∶ 𝒮∞(ℝ𝑛) → 𝒮′∞(ℝ𝑛) to 𝑇 ∶ 𝐹̇𝛼,𝑞𝑝,∞(𝑊) → 𝐹̇𝛼,𝑞𝑝,∞(𝑊). Let the matrix
𝐵 ∶= {𝑏𝑄𝑃}𝑄,𝑃∈𝒟. For any sequence 𝑠 ∶= {𝑠𝑄}𝑄∈𝒟, define 𝐵𝑠 ∶= {(𝐵𝑠)𝑄}𝑄∈𝒟,
where (𝐵𝑠)𝑄 ∶=

∑
𝑃∈𝒟 𝑏𝑄𝑃𝑠𝑃.

For Proposition 3.18 in Reference [3], taking 𝜏 = 0, and combining with
the fact that the classical matrix-weighted Triebel-Lizorkin space 𝐹̇𝛼,𝑞𝑝 (𝑊) ⊂
𝐹̇𝛼,𝑞𝑝,∞(𝑊), the following corollary is easily obtained.

Corollary 9.1. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], and𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚). Then
(𝒮∞(ℝ𝑛))𝑚 ⊂ 𝐹̇𝛼,𝑞𝑝,∞(𝑊).Moreover, there exist an𝑀 ∈ ℤ+ and a positive constant
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𝐶 such that for any 𝑓 ∈ (𝒮∞(ℝ𝑛))𝑚,

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ≤ 𝐶‖𝑓‖𝑆𝑀 ∶= 𝐶 sup
𝛾∈ℤ𝑛

+,|𝛾|≤𝑀
sup
𝑥∈ℝ𝑛

|||||
(
𝜕𝛾𝑓

)
(𝑥)

|||||(1 + |𝑥|)𝑛+𝑀+|𝛾|.

Lemma 9.2. Let𝜑 ∈ 𝒜, and𝑇 ∈ ℒ(𝒮∞(ℝ𝑛), 𝒮′∞(ℝ𝑛)), anddefine a finitematrix
𝑇 ∶= {⟨𝑇𝜓𝑃, 𝜑𝑄⟩}𝑄,𝑃∈𝒟. Then 𝑇 maps 𝑆𝜑,∞ ∶= {{𝑓, 𝜑𝑄}𝑄∈𝒟 ∶ 𝑓 ∈ 𝒮∞(ℝ𝑛)} to
𝑆𝜑,∞′ ∶= {{𝑓, 𝜑𝑄}𝑄∈𝒟 ∶ 𝑓 ∈ 𝒮′∞(ℝ𝑛)}, and satisfies 𝑇◦𝑆𝜑 = 𝑆𝜑◦𝑇 on 𝒮∞(ℝ𝑛).

Proof. Let 𝑓 ∈ 𝒮∞(ℝ𝑛). For 𝜑 ∈ 𝒜, let 𝜓̂ = 𝜑̂∕(
∑

𝑗∈ℤ |𝜑𝑗|
2), then 𝜓 ∈

𝒜. By Lemma 6.3, we have 𝑓 =
∑

𝑃∈𝒟⟨𝑓, 𝜑𝑃⟩𝜓𝑃 converges in 𝒮∞(ℝ
𝑛). Since

𝑇 ∈ ℒ(𝒮∞(ℝ𝑛), 𝒮′∞(ℝ𝑛)), it follows that 𝑇𝑓 =
∑

𝑃∈𝒟⟨𝑓, 𝜑𝑃⟩𝑇𝜓𝑃 converges in
𝒮′∞(ℝ𝑛). Through 𝜑𝑄 ∈ 𝒮∞(ℝ𝑛),we further obtain the conclusion that the con-
vergence in 𝒮′∞(ℝ𝑛) implies

⟨𝑇𝑓, 𝜑𝑄⟩ =
∑

𝑃∈𝒟
⟨𝑇𝜓𝑃, 𝜑𝑄⟩⟨𝑓, 𝜑𝑃⟩.

Since {⟨𝑓, 𝜑𝑃⟩}𝑃∈𝒟 is an arbitrary element in 𝑆𝜑,∞, it is evident that

𝑇 ∶ 𝑆𝜑,∞ → ℂ𝒟,

where
ℂ𝒟 ∶= {𝑠 ∶ 𝑠 = {𝑠𝑄}𝑄∈𝒟 ⊂ ℂ},

is well-defined. The fact that 𝑇𝑓 ∈ 𝒮′∞(ℝ𝑛) also indicates that 𝑇 ∶ 𝑆𝜑,∞ →
𝑆𝜑,∞′ and 𝑇◦𝑆𝜑 = 𝑆𝜑◦𝑇. □

The 𝜑-transform is defined as the mapping of each 𝑓 ∈ (𝒮′∞(ℝ𝑛))𝑚 to the se-
quence𝑆𝜑𝑓 ∶= {(𝑆𝜑𝑓)𝑄}𝑄∈𝒟,where (𝑆𝜑𝑓)𝑄 ∶= ⟨𝑓, 𝜑𝑄⟩.The inverse𝜑-transform
is defined as the mapping of the sequence 𝑠 ∶= {𝑠𝑄}𝑄∈𝒟 ⊂ ℂ𝑚 to 𝑇𝜓𝑠 ∶=∑

𝑄∈𝒟 𝑠𝑄𝜓𝑄 in (𝒮
′
∞(ℝ𝑛))𝑚.

Lemma 9.3. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞,𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), 𝜑 ∈ 𝒜, and
𝜓̂ = 𝜑̂∕(

∑
𝑗∈ℤ |𝜑𝑗|

2) ∈ 𝒜. Assume 𝑇 ∈ ℒ(𝒮∞(ℝ𝑛), 𝒮′∞(ℝ𝑛)), and suppose 𝑇 ∶=

{⟨𝑇𝜓𝑃, 𝜑𝑄⟩}𝑄,𝑃∈𝒟 has an extension ˜̂𝑇 ∈ ℒ(𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄})). Then 𝑇 ∶= 𝑇𝜓◦
˜̂𝑇◦𝑆𝜑 is

an extension of 𝑇 and 𝑇 ∈ ℒ(𝐹̇𝛼,𝑞𝑝,∞(𝑊)).

Proof. For the operator 𝑆𝜑, by replacing 𝜑 and 𝜑 in (7.1), we have

‖𝑆𝜑𝑓‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) ≤ 𝐶‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊,𝜑),

whichmeans that 𝑆𝜑 ∶ 𝐹̇𝛼,𝑞𝑝,∞(𝑊, 𝜑) → 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) is bounded. For the operator
𝑇𝜓, by the conclusion (𝐛) of Theorem 6.4 and Theorem 7.2, we have

‖𝑓‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ≤ 𝐶‖{⟨𝑓, 𝜑𝑄⟩}𝑄∈𝒟‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}),
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moreover, for 𝑠 = {𝑠𝑄}𝑄∈𝒟, where 𝑠𝑄 ∶= ⟨𝑓, 𝜑𝑄⟩, and for 𝜑 ∈ 𝒜, let 𝜓̂ =
𝜑̂∕(

∑
𝑗∈ℤ |𝜑𝑗|

2) by Lemma 6.3 we have 𝑓 =
∑

𝑄∈𝒟⟨𝑓, 𝜑𝑄⟩𝜓𝑄, thus

‖𝑇𝜓𝑠‖𝐹̇𝛼,𝑞𝑝,∞(𝑊) ≤ 𝐶‖𝑠‖𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}),

which means that 𝑇𝜓 ∶ 𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄}) → 𝐹̇𝛼,𝑞𝑝,∞(𝑊) is bounded. Therefore, com-

bining ˜̂𝑇 ∈ ℒ(𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄})), it further shows that 𝑇 ∈ ℒ(𝐹̇𝛼,𝑞𝑝,∞(𝑊)). Since ˜̂𝑇 is an
extension of 𝑇, by Lemma 9.2, we infer that, for any 𝑓 ∈ (𝒮∞(ℝ𝑛))𝑚,

𝑇𝑓 = 𝑇𝜓◦
˜̂𝑇◦𝑆𝜑𝑓 = 𝑇𝜓◦𝑆𝜑◦𝑇𝑓 = 𝑇𝑓.

From this and the Corollary 9.1, 𝑇 is an extension of 𝑇. □

Corollary 9.4. Let 𝛼 ∈ ℝ, 0 < 𝑝 < ∞, 0 < 𝑞 ≤ ∞, 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚),
𝜑 ∈ 𝒜, 𝜓̂ = 𝜑̂∕

(∑
𝑗∈ℤ |𝜑𝑗|

2
)
∈ 𝒜, and 𝑇 ∈ ℒ(𝒮∞(ℝ𝑛), 𝒮′∞(ℝ𝑛)). If the

matrix 𝑇 ∶= {⟨𝑇𝜓𝑃, 𝜑𝑄⟩}𝑄,𝑃∈𝒟 is almost diagonal, then 𝑇 admits an extension
𝑇 ∈ ℒ(𝐹̇𝛼,𝑞𝑝,∞(𝑊)).

Proof. If the matrix 𝑇 ∶= {⟨𝑇𝜓𝑃, 𝜑𝑄⟩}𝑄,𝑃∈𝒟 is almost diagonal, then by Theo-
rem 5.5, 𝑇 admits an extension ˜̂𝑇 ∈ ℒ(𝑓̇𝛼,𝑞𝑝,∞({𝐴𝑄})). Therefore, by Lemma 9.3,
it follows that 𝑇 admits an extension 𝑇 ∈ ℒ(𝐹̇𝛼,𝑞𝑝,∞(𝑊)). □

Next, we review the definition of the classical Calderón-Zygmund operators.

Definition 9.5. Let 𝐿 ∈ ℕ. We call 𝑇 an 𝐿-smooth classical Calderón-Zygmund
operator on ℝ𝑛. If 𝑇𝑓(𝑥) = lim𝜖→0+

´
ℝ𝑛⧵𝐵(0,𝜖) 𝐾(𝑦)𝑓(𝑥 − 𝑦)d𝑦, where the kernel

𝐾 satisfies:

(M1) |𝐾(𝑥)| ≤ 𝑐
|𝑥|𝑛

, 𝑥 ∈ ℝ𝑛 ⧵ {0},

(M2) |𝐷𝛾𝐾(𝑥)| ≤ 𝑐
|𝑥|𝑛+|𝛾|

, 𝑥 ∈ ℝ𝑛 ⧵ {0} and |𝛾| ≤ 𝐿,
(M3)

´
𝑅1<|𝑥|<𝑅2

𝐾(𝑥)d𝑥 = 0, 0 < 𝑅1 < 𝑅2 < ∞.

Proposition 9.6. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞],𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚), 𝑇 ∈
ℒ(𝒮(ℝ𝑛), 𝒮′(ℝ𝑛)), 0 < 𝛿 ≤ 1, 𝑁 > −𝛼 + (𝛽 − 𝑛)∕𝑝 + 𝑛∕min(1, 𝑝, 𝑞) − 𝑛 − 1,
𝐾 + 𝛿 > 𝛼 + 𝑛∕𝑝, 𝑀 > 𝑛∕min(1, 𝑝, 𝑞) + 𝛽∕𝑝. Suppose there exists 𝑁0 ∈ ℤ+
such that for every smooth 𝑁0-atom 𝑎𝑄 associated with 𝑄, the function 𝑚𝑄 =
𝑇𝑎𝑄 satisfies conditions (i), (ii), (iii), (iv) in Definition 6.2, forming a family of
smooth (𝑁, 𝐾,𝑀, 𝛿)-molecules, where each constant 𝐶 is independent of𝑄. Then
the operator 𝑇 is bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Proof. By Lemma 5.3 in reference [15], we have |⟨𝑇𝜓𝑃, 𝜑𝑄⟩| ≤ 𝑐𝜔𝑄𝑃, which
implies that the matrix 𝑇 ∶= {⟨𝑇𝜓𝑃, 𝜑𝑄⟩}𝑄,𝑃∈𝒟 is almost diagonal, i.e., 𝑇 ∈
𝐚𝐝𝛼,𝐪𝐩 (𝛽). According to Corollary 9.4, the operator 𝑇 is bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊).

□
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By the above lemmas, suppose that 𝑎𝑄 is a smooth 𝑁0-atom with 𝑁0 ∈ ℤ+.
For the classical Calderón-Zygmund operator 𝑇, let 𝑇𝑎𝑄 = 𝑚𝑄. To prove that
the Calderón-Zygmund operator 𝑇 is bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊), it suffices to show
that 𝑚𝑄 forms a family of smooth molecules. For this purpose, the following
lemma is further introduced to assist the proof, see Lemma 5.7 in Reference
[15].

Lemma 9.7. Let𝑁0 ∈ ℤ+, 𝐿 ∈ ℕ, and 𝑎𝑄 be a smooth𝑁0-atom associated with
𝑄. Let 𝑇 be an 𝐿-smooth classical Calderón-Zygmund operator on ℝ𝑛, and set
𝑇𝑎𝑄 = 𝑚𝑄. Then𝑚𝑄 satisfiesˆ

𝑥𝛾𝑚𝑄(𝑥)dx = 0, |𝛾| ≤ N0, (9.1)

and

|𝐷𝛾𝑚𝑄(𝑥)| ≤ 𝑐|𝑄|−
1
2
− |𝛾|

𝑛 (1 +
|𝑥 − 𝑥𝑄|
𝓁(𝑄)

)
−𝑛−𝐿

, |𝛾| ≤ 𝐿. (9.2)

Theorem 9.8. Let 𝛼 ∈ ℝ, 𝑝 ∈ (0,∞), 𝑞 ∈ (0,∞], 𝑊 ∈ 𝐴𝑝(ℝ𝑛, ℂ𝑚) with
doubling exponent 𝛽. Let 𝐿 ∈ ℕ satisfy: (I) ∶ L > 𝛼 + n∕p, (II) ∶ L >
−𝛼 + (𝛽 − n)∕p + n∕min(1, p, q) − n, (III) ∶ L > n∕min(1, p, q) − n + 𝛽∕p. If
𝑇 is an 𝐿-smooth classical Calderón-Zygmund operator onℝ𝑛, then the operator
𝑇 is bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊).

Proof. Let𝑁, 𝐾, and𝑀 satisfy the conditions required by Proposition 9.6, and
take 𝛿 = 1, 𝐾 = 𝐿 − 1. Let 𝑎𝑄 be a smooth 𝑁0-atom for 𝑄, and choose 𝑁0 >
−𝛼 + (𝛽 − 𝑛)∕𝑝 + 𝑛∕min(1, 𝑝, 𝑞) − 𝑛 − 1. Set 𝑇𝑎𝑄 = 𝑚𝑄. To prove that the
Calderón-Zygmund operator 𝑇 is bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊), by Proposition 9.6, it
suffices to show that𝑚𝑄 satisfies conditions (i), (ii), (iii), and (iv) of Definition
6.2.
By Lemma 9.7, 𝑚𝑄 satisfies (9.1), and thus for 𝑁 = 𝑁0, 𝑚𝑄 satisfies condi-

tion (i) of Definition 6.2. Also, by (III) and (9.2), 𝑚𝑄 satisfies condition (iii) of
Definition 6.2, where 𝑀 = 𝐿 + 𝑛 > 𝑛∕min(1, 𝑝, 𝑞) + 𝛽∕𝑝 and |𝛾| ≤ 𝐿. For
𝛿 = 1, 𝐾 = 𝐿 − 1, and |𝛾| = 𝐿, noting that by (I) we have 𝐾 + 1 = 𝐿 > 𝛼 + 𝑛∕𝑝,
by the mean value theorem, 𝑚𝑄 satisfies condition (iv) of Definition 6.2. The
decay of order−𝑀 in condition (ii) of Definition 6.2 is obtained from (9.2) with
|𝛾| = 0. According to this, along with (II) and (9.2), 𝑚𝑄 satisfies condition (ii)
of Definition 6.2, where 𝑁 > −𝛼 + (𝛽 − 𝑛)∕𝑝 + 𝑛∕min(1, 𝑝, 𝑞).
In summary, 𝑚𝑄 satisfies conditions (i), (ii), (iii), and (iv) of Definition 6.2,

and thus is a family of smooth (𝑁, 𝐾,𝑀, 𝛿)-molecules. □

Remark 9.9. In particular, the Hilbert transform ℍ (for 𝑛 = 1) and Riesz trans-
formsℛ𝑗 with 𝑗 = 1,… , 𝑛 (for 𝑛 ≥ 2) are classical Calderón-Zygmund operators
that are 𝐿-smooth for each value of 𝐿. Therefore, for all 𝛼 ∈ ℝ and 0 < 𝑝 < ∞,
0 < 𝑞 ≤ ∞, they can be extended to be bounded on 𝐹̇𝛼,𝑞𝑝,∞(𝑊).
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