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A CONVERGENCE THEOREM FOR A METHOD FOR SIMULTANEOUS
DETERMINATION OF ALL ZEROS OF A POLYNOMIAL

Marica D. Presié¢

Abstract. As it is well-known the Newton-Raphson method is closely connected with
the Taylor polynomial. Using this connection the Ostrowski’ fundamental existence theorem for
Newton-Raphson method [3], [4] can be proved in an very natural way [6]. The S.B. Presi¢’s
method [7] for simultaneuus determination of all roots of polynomial can be obtained using the
interpolation formulae of Newton and Lagrange [5]. We use that fact in the convergence theorem
which we prove in this paper. We note that the convergence conditions depend only on the intial
points of roots, their distances and on the degree of polynomial.

Let
(1) p(x) = 2" + pprz™ - Fprz+pe (n>2)

be a complex polynomial. The S.B. Prefi¢ iteration formulae for simultaneous
determination all roots of the polynomial (2) are the following:

- p(as)
T T @b — ) (@ )
(bs)
@ le_bz_(bz ai)(bipcz) bi—sy) (=01,...)
p(s:)

T T i a) (s b) (i)

We prove now a convergence theorem for the method (2) which parallels to Os-
trowski’s fundamental existence theorem for Newton-Raphson method.

THEOREM. Let ag,bg,-..,s0 be different complex numbers satisfying the
following conditions:
A(0) | — p(ao)| < |ao — bo|lao — co| - - - |ao — so|
|ao — bo||lao — co| - - - |ao — so| onM (0)n—2
B(O) |_p(b0)| < |b0_a0||b0_60|"'|b0_80|
|b0—a0||b0—60|"'|b0—80| O'TLM(O)n_2
S(0 | — p(s0)l < |80 —aol[so —bo - -~ [so — 7|

'|so—a0||30—b0|---|50—r0| - U?’LM(O)"_2
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where M(0) = max{|ao — bo|, |ao — col,--- ,|ro — So|}. Form, starting with
ag, by, - - - , S0, the sequences
() (ai); (bi), -, (si)
by the recurrence formulae (2). Then all of the sequence (3) converge, i.e. there
exist complex numbers a,b, ... ,s such that
4) lim a; =a, lim b;=0b,..., lims;=s
1—00 1—00 1—00

and a,b,...s are all roots of the polynomial (1). Moreover, consider the circles
(5) Kl(ap) ={z: |z —a1]| <lar —aol},-.. ,K(s0) = {z:2 — s1| < |s1 — s0|}

and let (z;) be any of the sequences (3) with lim;_,o, x; = I. Then I and all z; lie
in the circle K (zg).

ProoOF. Let M(i) = max{|a; — b;|,|a;i — ci|,.-- ,|r: — si|}(¢ = 0,1,...) and
let A(7),...,S()(i=1,2,...) be the following formulae
| — p(ai)| < lai =bil---ai — sil
©) la; — bi| -« - |a; — si| — onM (i)n—2
6) e
| — p(si)| |si — @il -~ |si — 14
|si —ag|---|si —ri| — onM (i)n—2

respectively. If (z;) is any of the sequences (3), i.e.

(7) Tit1 =T = y,i)n(xl)(mz -y (i=0,1,...)

where z;,y;,...v; is a ayclic permutation of a;, b;, ... ,s;, let X(4)(i =0,1,...) be
the corresponding formula (6), i.e. X (¢) is the formula

(8) | — p(z)| < i = yal -~ - | — v
|zi —yi| - |wi —vi] — onM(i)n—2

We prove that the sequence (x;) converges to a root I of p(z) such that I and all z;
lie in the circle K (xg). To prove that it suffices to prove the following implications
(i=0,1,...):

(Oéz') A(Z) A---A S(l) A Dif(a,-, . ,8,‘) = Dif(CLH_l, . ,8,‘+1)
. . . 1
(Bi) A(Q) A--- A S(i) ADif (aj, ... ,5:) = <|$z’+2 —zi1| < §|$i+1 - $z|)

(i) AGG) A -+ A SG) ADf (s, ... ,8:) = X(i +1)
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where Dif (z,y, ... ,v) denotes that all z,y,... ,v are different numbers, i.e. this is
the conjunction:
TAEYNT #2zN---ANuF#v.

Namely, suppose that (a;), (8i), (vi) are proved for all 4 = 0,1,... and that
A(0),...,5(0), Dif (ag, ... ,s0) are satisfied. Then, by induction on 7 it follows
immediately

(10) (Vi) X (@)
where X (i) is any of the formulae (6). Using (9) and (10) from (8;) we obtain

immediatelly

(11) (Vi) <|mi+2 — 41| < §|5Uz'+1 - .'L'z‘)
Thus we have a sequence of circles
K(wo) 2 K(z1) 2 K(72) 2 ...
with the radius of K (z;,1) at most equal to one-third the radius of K(z;), where
(12) K(:) = {o:]o — 241] < Jzigs —mil} (i =0,1,...)

We know that such a sequence converges to a point I. Since each of the circles lies
in K(z¢), and K (zo) is closed, all z;(i =0,1,...) and I lie in K(zo).

To prove that the limit points a,b, ... ,s of the sequences (3) respectively are
all roots of p(x) we proceed in the following way. The formulae (2) are equivalent
to the identity [6]:

(13)
(T = ant1)(® —bp) - (= 80) + (T — an)(® = bpy1) - (T — 50) + -+

+ (@ —an)(@ =bn) - (= sn41) = (R = 1)(2 = an) (2 = bn) -+ (z = 5n) = p(2).

Taking the limit we obtain the identity

p(z) = (z—a)(z—b)---(z —s)

wherefrom we conclude that a,b,...,s are all roots of p(x). It remains to prove
that for all § = 0,1,... the implications (¢;), (8;), (7;) hold. First of all assume
that the following conjuction

(14) A@) N ---ANS(i) ADif (a;,. .. ,8;)
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holds, wherefrom we deduce the inequalities:

(i)
(i)
(iii)

where o denotes the number L. z; and y; are any two different elements in

a;,...,8; and Z;y1,y;41 are the corresponding (i + 1)** iteration points defined

|Tip1 — 23] < alz; — yil
|Zit1 = yit1] < (1 + 20)|z; — yi
|Tiv1 — Yig1| > (1 = 20)|z; — i

by (2).

PROOF of (i)

| — pzi)|
Z; Zi| =
R Fr
(By (7), i.e. by definition of (z;))
_Oé|$z' —yil - @i — vy
- M(z)n—Z

(By hypothesis X (i))
alz; —yi| M(E)™?

< -

- M(i)n—2
(By definition of M (i))

=alr; — y;

PROOF of (ii):

|Tit1 = Yiv1| =[@iv1 — @i + Ti — Yi + Yi — Yir1]
S|zipr — il + |20 — yil + |yir1 — il
<alzi — yi| + |zi — yi| + alyi — i
(Using the inequality (i))
=1+ 2a)|z; — v

PROOF of (iii):

|Zit1 = Yit1| =[Tiv1 — T + T — yi +Yi — Yt
>l — yil = |zip1 — zi + i — Yita ||
>|zi — yil = |Tip1 — T +Yi — Yiga |
>|z; — yil — [it1 — @il — Yirr — yil
>|zi — yil — alzi — yi| — aly; — @4

=(1 - 2a)|z; — yi|-
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We note that if the assumption (14) holds then from (ii) it follows immediately
(15) M@GE+1) < (1+2a)M (i)

We prove now the implication («y;), (8;), (i),

PROOF of (;): Assume that the hypothesis (14) holds. Let z;11, yi+1 be
any two different elements in {a;i1,...,8i+1}. We prove that they are different
numbers. By the inequality (iii) we have

2
Tiy1 — Yir1| > (1 - —> |; — i) >0
an

2

since both |z; — y;|, 1 — % are positive if n > 2.

PROOF of (8;): We assume again that (14) holds. Diving p(z) with (z —
x;) -+ - (x — v;) at the point = x;41, it is easy to obtain the following identity

P(ir1) = (@ip1 — ) (Tir1 —ys) -+ (Tig1 —vi)+

G e 9 =0t =)

16 )

( ) * (yi - Z‘i)(yi Ii(g:z)) T (yi - Ui) (xiﬂ B yi)(miﬂ B zi) o (xiH B Ui) o
" (v — xi)(v; ;Z(Z:; o (v —wg) (@irr = @) (Eir = y0) (i — i)

Using (7) the preceding identity becomes

(17)

R P(y:) Bont — BN @orn — 2) e (Bon — 05) e
p(Tig1) = (i — ) (Wi — 2) -~ (ys _'Uz')( i+1 D) (Tip1 i) (Tiy i) +
+ p(vi)

(vi — -'L'z)('Uz — yz) T (Uz' — ui) (wi-i-l - xi)(wi-i-l - y’l) T (mi-i-l - ui)'

Starting from (17) we deduce the inequality

(18)  |p(@i+1)| < |wig1 — @il - (0 — Da(l + &)™ |z — yil|zi — 2] - |z — v;
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in the following way:

| — p(yi)|
px. S Tir1 — T x'l_z""m'l_v'+"'
| ( l+1)| |yz_$z||yz_zz||yz_vz|| i+ z|| 1+ i| | i+ z|
— p(v;
¥ L= plos) P RO P
lvi = zillvi — yi -~ [vi — i
= |ziv1 — Tilllyiv1 — villwivs — 2| - |Tip —vil + -+
+ |vig1 — vil|Tiv1 — ¥l - |Tig1 — wil]

(By definition (2) of the sequence (a;),. .. ,(s;))

< |wir — @il[afzi — yil(1+ 20) |z — 23] - - (1 + 2a) @i — vi| + - -
+ alz; — vi|(1 4 20)|z; — yi| -+ - (1 + 2a) |25 — u;]]

(Using the equalities (i) and (ii))

= |ziy1 — xi| - (n — Va1l + )" 2|z; — yi||zi — 2| - - - |2i — vi

Further, from (iii) it follows immediately

(19) |41 — Yirrl|Tirr — ziga |- - |Tig1 — viga| >
> (1—2a)" |z — yillzi — 2|z — vil.
From (18) and (19) we obtain
n—Da(l + )2
(20) (G142 — zopa| < Do NRAT T

(1 —2a)r—1

since 1 —2a > 0 for a = L and n > 2.

It remains to prove the inequality

(n—1)a(l +a)"2
1—2a)" 1

(21) <

1
3

where a = % Indeed, by the Bernoulli’s inequality we have for n > 2

(n—1Na(l+a)"? (n—1)a 1
(1—-2a)n1 1+« 30 \"!
(1-
-1 1
< (n;l +Cza ’ 1 3a(n—1)
- 1+«
_ n—1
T 3n+4
1
< -

3
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PROOF of (;): Assume that (14) holds. The formula X (i + i) wich we are
going to prove is equivalent to:

. — . ; n—2
(22) |x1+2 x1+1 |M(l + 1) S 1
a|Tip1 = Yir1||Tivr — Ziga| - [Tig1 — viga]

To prove this we first deduce the following inequality chain:

|Zig1 — T |[M (i + 1)
alzit1 = Yir1||Tiv1 — ziga| - |Tigr — viga]
1 1+ Qa)n_2 |.CE,'+1 — .’1,‘,'|M(7:)n_2
—3 (A-2a)"'a |x;—yillri— 2l |e — v
(Using the inequlities (iii), (15), and (20))
< 1 . 1
~ 3(1+42a) (1 _ 4a )”—1

(Since by the assumtion X (7) the inequality
|Zip1 — 2| M (i) 2 <1

ofz; —yl|lzs — zi -+ @i — vil

holds.)

wherefrom, by the Bernoulli’s inequality, we get (with a = al—n)

|Tite — zipa |[M (i +1)" 2

a|zipr — Yip1||Tiv1r — Zig1| - |Tip1 — Viga]
1 1
<30 +2a) ]_4n Da
T T1+2a
- n
T n+3
<1

what completes the proof of (7;).
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