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Abstract. In the famous semigroup-theoretical paper of D. Rees (1940) the author intro-
duced a special congruence for semigroups and proved some fundamental isomorphism theorems.
We generalize the ideas of Rees to universal algebras and introduce the notion of Rees congruence
in a universal algebra. We prove an isomorphism theorem and apply it to study the notion of
Rees series in universal algebras; this is a generalization of the notion of normal series in group
theory. Further we study the structure of the set of all Rees congrunces and in the last part of
the paper we present some applications of this theory to algebras of polynomial functions.

1. Introduction

Let A be a nonempty set and @ = {w;:¢ < o, o an ordinal number} a
nonempty set of n;-ary operations on A. Then 2 = (A4,Q) is called a universal
algebra. We introduce a notion of a special of subalgebra of 2.

DEFINITION 1.1. Let M C A be a subalgebra of 2, and for every n-ary op-

eration w € Q and every (a,b) € M? and z1,... ,z,,_; € A the following condition
might hold:
(w(a, 21, ,&n-1), wb,Z1,... ,Zn_1) €M or
w(a,z1,... ,Zn-1) =wb,z1,... ,Tn_1)
w(x1,a,... ,2p-1), W(®1,b,... ,Tpn_1) €E M or
(%) < w(z1,a yTro1) = w(T1,b,. .. ,Tp1)
w(x1y... ,Tp—1,a), W(T1,... ,Lp_1,b) € M or
L w(T1,.  yTn-1,0) = w(T1,... ,Tpn_1,b)

Then M is called a Rees subalgebra of A = (4, Q).
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In the following proposition we generalize the wellknown semigroup-the-
oretical notion of Rees congruence to universal algebras.

PROPOSITION 1.2. Let M be a Rees subalgebra of A = (A,Q) and par the
following binary relation on A:x = y(pm):z,y € M or x = y. Then py is a
congruence on 2.

If p is a congruence on A with at most one non-singleton class M and M is
o subalgebra of A, then M is a Rees subalgebra and p = pys.

The proof of this proposition is obvious.

REMARK 1.3. If the algebra 2 = (.S, -) is a semigroup, then every semigroup
ideal I is a Rees subalgebra. But there are Rees subalgebras that are not ideals of
S. Let S be a semigroup without null and $* = S U {0} witha-0=0-a =0 for
every a € S*, then S is a Rees subalgebra of S* but not a semigroup ideal.

In Szasz (1968) Rees congruences on lattices (L, A, V) are studied; the author
proved, Theorem 1., p. 261, that an ideal I is a Rees subalgebra, if the following
condition holds:

aeLl -1, bel: a>b.

2. General theory of Rees congruence

In this chapter we study for an arbitrary Rees subalgebra M the Rees con-
gruence ppr. First we prove an isomorphism theorem that formally looks like the
second isomorphism theorem in group theory.

PROPOSITION 2.1. If M C A is a Rees subalgebra and T C A is a subalgebra
of A such that M NT # 0, then M UT is a subalgebra of 2, too.

PRrROOF: Obviously, nullary and unary operations preserve an arbitrary union
of subalgebras. Let w be an n-ary operation, n > 2, and a = (ay,...a,) € (MUT)",
be MUT # 0. f a € T", thenw(a) e T C MUT. If a ¢ T™, then let a’
denote the vector obtained from a by substituting all its components from M with
b. Then a' = a(ppy) componentwise, but a’ € T™, hence w(a') € T. Because
of a = a(py) we have w(a) = w(a’) or w(a), w(a') € M. In the first case we
obtain w(a) = w(a') € T and in the second case w(a) € M; and so in both cases
w(a) € M UT and the proposition is proved.

THEOREM 2.2. Let M be a Rees subalgebra of A = (A,Q) and T C A a
subalgebra of A such that M NT # 0. If A/M denotes the Rees factor algebra, of 2
with respect to the congruence pyr, then the following isomorphism can be stated:

T/UT=MUT/y.

PrOOF: Under the condition of this theorem it is clear that pynr is a
congruence on T, the restruction of pps on T', and similary pjps is a congruence on
M UT. Now obviously the two algebras T'/ prnr and M U T/ s are isomorphic.
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DEFINITION 2.3. Let A = (A4,Q) be a universal algebra. Then a Rees series
of 2 is a finite descending series

A=Ay DA D...0A. =0

such that Ag,...,A,_1 are Rees subalgebras of A, A, = () and A;1 is properly
contained in the algebra A;. We define the factors of the Rees series to be the
Rees factor algebras A;/A;y1 for i =0,...,r — 1. The length of the Rees series is
the number of factors. A refinement of a Rees series is any Rees series containing
every term A; of the orginal series. Two Rees series are termed isomorphic if we
can put their factors in 1 — 1 correspondence so that corresponding factors are
isomorphic. Further we define a composition series to be a Rees series without
proper refinements.

PROPOSITION 2.4. Let A = (A,Q) be a universal algebra and S, T Rees
subalgebras of A such that SNT # (. Then SUT is a Rees subalgebra, too.

PRrROOF: Because of Proposition 2.1. S U T is a subalgebra of 2. Let w be
an n-ary operation of A(n > 2) and z;,... ,2, 1 € A and (a,b) € (SUT)? and
de SNT #£(. If a,b € S we obtain

w(a,z1,... ,Zp-1), wb,T1,... ,Zp—1) €S or

w(a,r1,--- ,Zpn_1) = w(b,z1,... ,T,_1); hence
w(a,z1,...,Zp-1), wb,T1,... ,p—1) € SUT or

w(a,o1,... yZpn—1) =wb,x1,... ,Tp_1)-

If a,b € T this results similary. Now let a € S, b € T; we obtain a = d(ps) and
b = d(pr). ps and pr are congruences, psur is an equivalence relation such that
ps, pr < psur; therefore

w(a,z1,... ,2p_1) =w(d,21,... ;x5_1) (ps)
w(bamla'-' 7xn—1) EL&J(d,{El,... 7xn—1) (pT)a
and so
w(a,z1,... ,2p—1) = w(b,z1,--- ,Zn-1) (psur)-
Hence
w(a, o1, ,Tn_1), wb,x1,.-.,Tn_1) €ESUT or
w(aﬁxla T 3mn—1) = W(b, T1,--- 7$n—1)'

Ifa € T, b € S this results similary. So condition (*) of Definition 1.1. can be be
verified, therefore S U T is a Rees subalgebra of 2.
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REMARK 2.5. We consider two groupids G; and G defined by the following
multiplication tables:

G20 a e f
G110 a b 00000
0000 a|0a 0 e
a |0 a0 e |00 e e
b (00 b fl0eef

The groupoid G; shows that we cannot omit the condition SNT # @ for
the Rees subalgebras in Proposition 2.4., because S = {a} and T' = {b} are Rees
subalgebras of Gy with SNT # @, but SUT = {a,b} is not a Rees subalgebra of
G1.

We write S E T, if S is a Rees subalgebra of T. Then the binary relation
E is not transitive in general. We take the groupoid G and put S = {e, f} and
T ={0,e, f}; then S E T, T g G4, but S is not a Rees subalgebra of Gs.

LEMMA 2.6. Let 2 = (A4,Q) be a universal algebra and R, S two subalgebras
and R*, S* be Rees subalgebras of A such that R* NS* # (. Write

T=R"U(RNS), T*=R*U(RNSY)
U=S*U(RNS), U*=S8*U(R*NS).

Then T*, U* are Rees subalgebras of T, U, respectively, and

T/r« =2U/y-

PRrROOF: Because of the condition R* N S* # () and Proposition 2.1. T =
R*U (RN S) is a subalgebra T* = R* U (RN S*) is a Rees subalgebra of T'; since
RN S* E A, R* g A, we obtain R* U (RN S*) é A by Proposition 2.4.; therefore

T* E T, because T' C A. Similary we obtain that U* is a Rees subalgebra of U.
We obtain

T*URNS)=(RFURNS)HURNS)=R*U(RNS) =T.
Hence by Theorem 2.2.,
T/1+ = RO S/7+n(rNS)-

But
(RNS)NT*=(R*NS)U(RNS™),

hence
T/T* = RN S/(R*OS)U(ROS*)'
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U, U* are obtained from T', T* by interchanging R, R* with S, S*. Hence as above
we may prove that
Ulu+ 2 RN S/ (r-ns)u(Bns*);

and so
T/ =U/y=.

THEOREM 2.7. Let 2 = (A4,9Q) be a universal algebra and

A=5D28D...08, =
A=TyDT\D...DT;, =0

two Rees series with S;NT; #0 fori=0,...,r—1and j =0,...,s—1. Then
the two series have isomorphic refinements.

PROOF: The required rafinements are, respectively,

A=80D851D...08s=810D...D 85
A:TOODTloj---DTr():TOlD---DTrs,

where

Sik = Siy1 U (SiNTy), Tit, = Ter1 U (T N S).
Define R* = S; 1, R = S;, S* = Tg41, S = T}; then R* is a Rees subalgebra of R
and S* is a Rees subalgebra of S and R* N S* #0 (i < r;k < s). So we can apply
Lemma 2.5. and obtain:

Sik/sik+1 = ik/Ti+1k7

and so the above refinements are isomorphic.

COROLLARY 2.8. Let 2 = (A, Q) be a universal algebra, such that SNT # (
for all subalgebras S, T of A. Then all composition series of A are isomorphic.

REMARK 2.9. The condition SN T # @, for all subalgebras S, T', holds if 2
contains nullary operations.

In the following let R(2A) denote the set of all Rees subalgebras of 2 and the
empty set §. Then the inclusion C defines a lattice ordering on R(2() with the
operations A, V defined by

MAN =inf(M,N)=MNN
MV N =sup(M,N) for M,N € R(2).

For every subset T' C A we introduce the Rees subalgebra (T') generated by T'; this
is the algebra (T') = Orcver@l)-

A Rees subalgebra M is called finetely generated in R(2(), if a finite set
T ={a1,...,an} exists such that M = (T).
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Now every n-ary operation w € ) defines an n-ary operation w* on R(2) by
w(My,..., M) = {{w(®1,... ,zp):x1 € My,..., 2, € Mp})
for My,..., M, € R(2).
0* denotes the set of all such operations w*.

PROPOSITION 2.10. If A = (A4,Q) is a universal algebra, then (R(2A),2*, C)
s a lattice-ordered algebra: so

WMy, s My) Cw*(Ny, ... , Ny)

for My C Ny,...,M, C N, and all operations w* € Q*.

If SNT # 0 fon all Rees subalgebras S, T, the lattice R(2l) is distributive;
generally this does not hold (see the groupid G3).

THEOREM 2.11. Let 2 = (A4,Q) denote a universal algebra and S a proper
Rees subalgebra of A. If A is finitely generated in R(2), then a maximal proper
Rees subalgebra M of A exists such that M O S.

PRrROOF: Let 90 denote the set of all proper Rees subalgebras 7' D S and let
M be a totally ordered subset of 9. We prove V. = UrenT € M. Let w be an

n-ary operation and z,...,z, € V, then a Rees subalgebra Ty O S exists such
that z1,... ,z, € Ty, so w(x1,... ,o,) € To CV and V is a subalgebra. If a,b € V
and z1,...,2,_1 € A, then a Rees subalgebra T; D S exists, such that a,b € T}

and the condition (%) of Definition 1.1. is valid; so V is a Rees subalgebra of 2.

We show V' # A. Ais finitely generated by the set {ai,... ,ar}. If we suppose
V = A, we obtain ay, ... ,a; € V; therefore a Rees subalgebra T, € 9 exists with
ai,...,a; € Ty and so Ty = A, a contradiction to T5 € M. So we obtain V # A
and V € M is proved. Now we apply Zorn’s Lemma, so 9 contains a maximal
element and the theorem is proved.

In the following we say that the maximal chain-condition holds in R(%), if
every increasing chain Sy C S; C Ss C ... of Rees subalgebras of 2l contains only a
finite number of terms S;. Similary we say that the minimal chain-condition holds
in R(A), if every descending chain Sy D S; D ... of Rees subalgebras of 2 contains
only a finite number of terms S;.

THEOREM 1.12. Let A = (A,Q) be a universal algebra. Then all Rees
subalgebras S of A are finitely generated in R(RL), if and only if the mazimal chain-
condition holds in R(2).
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PRrOOF: First we assume that the maximal chain-condition holds. Let S be
an arbitrary Rees subalgebra and a; € S. If S = (a;), then S is finitely generated;
if ay € S exists with as & (a;), then {a;) C (a1, a2). So we construct an increasing
chain of Rees subalgebras

<a1> C (al,aQ) C (al,aQ,a;;) cC...,

which must bo finite because of the maximal chain-condition; so S is finitely gen-
erated in R(2).

Now we assume that every Rees subalgebra S is finitely generated in R(2)

and let S; C S; C S3 C ..., be an increasing chain of Rees subalgebras. The
union S = US; of all those Rees subalgebras S; is finitely generated because of our
assumption; so S = (ay,... ,ax). Therefore a Rees subalgebra S,, exists such that
ai,...,ar € Sp; hence S, = S. So we have proved that S =S5, = Sp,41 =... and

the maximal chain-condition is valid in R().

THEOREM 2.13. Let A = (A, Q) denote a universal algebra such that for all
subalgebras S, T the condition SNT # O holds. Then a necesary and sufficient
condition for 2 to have a composition series is that the mazimal and minimal
chain-condition hold in R(2).

Proor: First we assume that a composition series with length k exists.
If the maximal or minimal chain-condition does not hold we easily obtain a Rees
series with length n > k, a contradiction, because we can apply Theorem 2.7. (for
all S, T with SNT # 0). If both chain-conditions hold, we construct a composition
series as follows. Define Sy = A and S; a maximal Rees subalgebra with S; C Sp;
such S; exists because of the maximal chain-condition. Then Ss is a maximal Rees
subalgebra of S; and, generally, S,, a maximal subalgebra of S,,_;. So we obtain a
Rees series

A=5D258D28...08,.1D08.D...,

which must be finite because of the minimal chain-condition. Obviously, this Rees
series is a composition series.

EXAMPLE 3.14. Let (N,+,-) be the natural numbers with addition and
multiplication; then all Rees subalgebras are of the form

So ={r €N:z > a}.

Then SNT # @ for all subalgebras S, T of (N,+,-); the maximal chain-
condition holds in R(N) and the minimal chain-condition does not hold. So N is
finitely generated in R(IN) (N = (1)) and N does not contain a composition series.

ExXAMPLE 2.15. Let v = (4,-,e) be a monoid; we define an n-ary operation
won A by w(z1,...,2,) =1 ... 2, Then A = (A,w,e) is an algebra with
R(2) = R(v).
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DEFINITION 2.16. Let w be an n-ary operation of the algebra 2 = (A4, Q).
Then an element a € A is called idempotent with respect to w, if and only if
w(a,...,a) = a; an element a € A is called idempotent with respect to all n-ary
operations (n > 1) of 2.

An algebra is called idempotent, if and only if all its elements are idempotent.

PROPOSITION 2.17. Let A = (A4,Q) be an idempotent algebra and p a con-
gruence on A with at most one non-singleton class M. If M contains all nullary
operations of A, p is a Rees congruence.

Proor: Using Proposition 1.2, we have to prove that the non-singleton
class M is a subalgebra of A. Let a; € M (j = 1,...,n) and w be an n-ary
operation of 2. Then a; = ay = --- = a,(p), because p is a congruence. Since a; is
idempotent, w(ay, ... ,a1) = a; € M results; so we obtain w(as,... ,a,) € M and
the proposition is proved.

REMARK 2.18. Proposition 2.17. does not hold for an arbitrary algebra 2. If
we take the free semigroup (A4, -) with A = {a,a?,a?,...}, the identity relation p is
a congruence with at most one non-singleton class, but it is not a Rees congruence.

PROPOSITION 2.19. Letu = (A, Q) be a universal algebra such that SNT #
for all Rees subalgebras S, T of A. If A does not contain an idempotent element,
then (R(2A), A, V) is isomorphic to a sublattice of the congruence lattice S(A) of 2.
Generally this does not hold (see the semilattice Sp).

So|0 e fpyq
0/00000O
e|0ee 00
floe fO0O
p|000pp
g|10000pg

ProoF: Because of Proposition 2.4. the union SUT of two Rees subalgebras
S, T is a Rees subalgebra again. So we have SVT = SUT for all Rees subalgebras
S, T of 2.

We define the mappipg ¢: R() — S(2A) by ¢(S) = ps if S is a Rees subalge-
bra and ¢(() = id. Since 2 does not contain an idempotent element, ¢ is injective;
we obtain

P(SAT)=9(SNT) = psnr) = ps A pr = p(S) A p(T)
©(SVT)=¢(SUT) = psur = ps V pr = ¢(S) V o(T);

0 ¢ is a lattice homomorphism; hence ¢(R(2)) is a sublattice of S(A).



The rees congruence in universal algebras 237

3. Applications to polynomial algebras

In this chapter we consider for an algebra 2 = (4, ) the algebra P (2, n) of
all polynomial functions in n variables over 2, the operations of which are the oper-
ations of 2 pointwise and the n + 1-ary composition o,. If p; (i =1,... ,n+1) are
n+1 polynomial functions of P (2, n) represented by the polynomials p;(z1, ... , Zn),
then the composition 0, (p1,... ,Pnt+1) of the polynomial functions p; is just the
polynomial function represented by the polynomial

Pi(pZ(«'L‘l; LR 7'7:71)7 s 7pn+1(x1; LR 7'7:71))7
where the variable x; occuring in p; is substituted with p;41(21,... ,2Z5)-

PROPOSITION 3.1. Let A = (A, Q) be an idempotent algebra such that for
every polynomial function f:A — A fo f = f. Then P(,n) is an idempotent
algebra.

Proor: We proceed by induction; for n = 1 it is clear because of the
condition of the proposition. We have to show that P(%,n + 1) is idempotent,
if P(A,n) is idempotent; the only operation we must consider is o,. Let p =
p(x1,... ,Tnt1) be such a polynomial function; if one variable does not occur in
the word representation of this function the proposition is clear by the assumption
of the induction. Let x be the vector (x1, ... ,Z,+1). We use the condition fof = f
for all f defined by f(z,42) = p(x),21,--. ,Z, fixed; therefore

(i) p(z1, .., Tp, p(X)) = p(x).
If we define g(z1,... ,2,) = p(x) for fixed 2,11, we obtain
9(g(z1,. oy Zn)y e 9(®1, e 2,)) = g(21, .., 2);
and so
(i) p(PX);- -, p(X), Tny1) = p(X).
Put y = (p(x), ... ,p(X),Znr1) and combining (i) and (ii) we obtain

p(p(x),--. ,p(x)) = p(p(x),--. ,p(x),p(y)) = py) = p(x);

COROLLARY 3.2. Let2 = (A, Q) be an idempotent algebra such that fof = f
for all polynomial functions f: A — A. If p is a congruence on P(A,n) with at most
one non-singleton class, then p is a Rees congruence.

This is obvious; because P (2, n) does not contain a nullary operation. One
can apply Proposition 2.17.

REMARK 3.3. Considering the lattice (L, A, V) we obtain the following result:
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L is distributive if and only if P(L,n) is idempotent. For n = 1 this is a
wellknown theorem of Skhweigert (1975); for n € N it results, applying Proposition
3.1. So in the case of a distributive lattice L we can apply Corollary 3.2. to the
algebra P(L,n). Trivially all these facts remain true, if we consider the algebra
P*(L,n), which also consists of all polynomial functions in n variables over L, but
the only operation is o,.

If 24 = (S,-) is a semilattice, then Proposition 3.1. and Corollary 3.2. are
applicable, too.

PROPOSITION 3.4. Let A = (A;Q) be a universal algebra and M a Rees
subalgebra of A, such that for every p € P(A,n)p(x) € M, if at least one coordinate
of x = (x1,...,2n) is an element of M. If Iy = {p:p(x) € M for every x € A"}
and Ing # 0, then Iny is a Rees subalgebra of P(2,n).

PROOF: Let w be a k-ary pointwise operation of P(2,n) and p1,... ,px € Ip.
Then w(p1, ... ,pe)(X) = w(P1(X),... ,pr(x)) € M for every x € A™ because of the
definition of Ips. Similary for every x € A0, (p1,--. ,pn)(X) € M results. So Iy
is a subalgebra of P(,n), if Iy # 0. Trivially, for every pointwise operation the
condition of Definition 1.1. holds. Let p1,... ,pp+1 € P(2A,n), and p; € In, then

On(ph cee 5pn+1)(x) = pl(pQ(x)a e 7pj(x)5 v 7pn+1(x)) eEM
for every x € A; so the proposition is proved.

REMARK 3.5. Let (5,-) be a semigroup without null and M an idea of S.
Then Ips # 0 is a Rees subalgebra of P(S,n) and defines a Rees congruence pps on
P(S,n). If N is an ideal different from M, then Iys # Iy because P(S,n) contains
all constant functions. If we define py = id, the mapping M — ppr is a lattice
isomorphism from J(S) U {0} into the congruence C(P(S,n)) where J(S) is the
ideal lattice of (S,-). So J(S)U {0} is isomorphic to a sublattice of C(P(S,n)): S
must be convergence free if C(P(S,n)) is congruence free.

REMARK 3.6. Let (L, A, V) be a lattice with more than two elements; then
a non-trivial ideal M exists; which defines Iy; as in Proposition 3.4. and Ip; #
(. Ins defines a non-travial Rees congruence on P*(L,n); so P*(L,n) cannot be
congruence free. This result remains true, if we consider the algebra of all those
polynomial functions, in the representation of which all variables z1,... ,z, occur.
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