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O CXOJMMOCTU PA3JIO;KEHU II0 COBCTBEHHLIM 1
ITPMCOENMHEHHBIM ¢YHRKIIMNAM HECAMOCOIIPAKEHHOTI'O
OITEPATOPA TUIIA IITYPMA-JINYBNJIJISA C PASPBIBHBIMUN

KO92PNIINEHTAMMN

Heoboima JlaskeTuyu

(IIpencrasneno 4. smBapu 1980.)

§ 1. BBenpenne

I. Ilens HacTOsAIIEH CTATHY NOKA3ATh, YTO [VIABHLIE PE3yabLTATEl U3 pabor
B. A. Nnbuna [2,3], B KOTOPHIX yCTAHOBJIEHL HEOOXOAMMEIE M AOCTATOYHLIE
ycnoBusi 0a3MCHOCTM M PABHOMEPHMAs PABHOCXOAMMOCTHL C TPUIOHOMETPU-
yeckuM psagoM Pypbe s CHEKTPAJILHBIX PA3JIOKEHUH, OTBEYAIOMUX OOLI-
KHOBEHHOMY HECAMOCOIDPSKEHHOMY IU((PEePEHINAILHOMY ONEPATOpPY

(1) Lu) = u™ +p1 ()" D + .+ paci (@)U + pu(@)u

¢ xos¢p¢umentumu pi(z) u3 wmacca C"~F1)(G), paccmarpusaemomy Ha
NPOM3BOJLHOM uHTEpBaJie (G NECTBUTENLHON NPAMONA, MOMXKHO IEPEHECTU
[IOJIHOCTBLIO Ha CIy4Yail HecaMoCOIpssreHHOTo omeparopa IIlpenunrepa

2) L(u) = —u" + q(z)u

¢ moreHnuaJgHoM ¢(r) U3 Kiacca Li,"c(G), 1 < p < o0, 1 9acTLIO Ha Caydah
Hecamoconpsprennoro oneparopa Illtypwma- JIuyBunns

3) L(u) = =(p(=)u) + ¢(z)u
C Pa3pBIBHBIM KO®(GUImeHTOM p(Z).

2. Caenys B. A. Unbuny, onpenearM COOCTBEHHBIM U IIPUCOEIUHEHHLIE
¢yuEmmE oneparopa (2) ciemyrommm 00pa3zoM.

Ompenenerne 1. Komnaexcrosnawnad gywxyusd 101(30) uz xaacca Ly(G),

0 . . .
w(z) # 0, nasmeaemea cobemeennol Pynkyued onepamopa (2), omaseuaow,el
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KOMNAEKCHOMY COOCMBEHHOMY 3HAMENUIO A, ECAU ONG GOCOAIBMHO NENpepHe-
na emecme co ceoell nepsotli npouzsodnol na awbom ompeske unmepsare G u
yoosaemeopsem nowmu eciody e G ypasrnenui

0 0 0

—u"(z) + q(z)u(z) = A - u(z)).
Eomnaexcrosnaunad Gynwyuss 1(1(:1:) ug Kaacca Ly(G) nasweaemes npucoedu-
nennoull gynxyued nopaoxa i (i = 1,2,...) onepamopa (2), omeewanowed cob-

. 0
cmeenomy ananenuio X u cobemeennol gynkyuu u(x), ecau abcosommuo nenpe-
puena emecme co ceoell nepsotl npouzeodnol wa awbom ompesxe uwmepsana G
u ydoeaemeopaem nowmu eciody e G ypasHenuo

—4"(2) + q(@)(z) = X - u(z) + ' (2).

Bymem npegnonarath, 4To n:000My COOCTBEHHOMY 3HAUEHUIO OIIEPATO-
pa (2) orBeuaer cOOCTBEHHAS (QYHKIWSA M IPUCOEIUHHEHHAsS (PYHKIWS IePBO-

ro nopsaaxa. Ilycto {ﬂn(m)}n(%)llfnpOIBBoanaﬂ nonuas B Le(G) m Mummn-
=0,

MaJIbHASl CUCTEMa COOCTBEHHBIX U MIPUCOEAMHEHHBIX QYHKIMK omepaTtopa (2),
n {A,}5° ;— COOTBETCTBYIOmMAN CUCTEMA COOCTBEHHBIX 3HAYEHMH, HE MMEIOIMUX
KOHEUHBLIX TOYEK CrYINCHWs VM 3aHYMEPDOBAHHLIX B IIOPAOKE Hey6HBaHI/IH BEIIN-

YuHEL Uy, = |V An|.*

) . )
O6osmaunm gepes {v,(z)}n ?11 BHOPTOrOHATILHO CONPSKEHHYIO Kk{lm ()} B
=0,

Ly (@) cucremy QyHKOmiA, T.€. TAKYIO CHCTEMY, UTO Iz/n(a?) € Ly(G) m

i i FEEN 1, ppun=m u ¢ =j;
wj)z/%@%mw:{ P /

G

0, B Opyrux ciydasx.

IMlycte f(z)— npowmssoabHas ¢yHximms us knacca Lq(G) u py—mnpous-
BOJLHOE MONOKUTENLHOE umcio. COCTaBUM YaCTUYHYIO CyMMy MOODSAIKA [
pasnoskenus Qpynkmmy f(z) B OHOPTOrOHANLHBIL DAL

i i
Uu(flf,f) = E (f, Vn)un ().
1<n<p
i=1,0
Iliist TO# ke QYHKIMK COCTABUM MOIUPUIUPOBAHHYIO YACTUYHYIO CYMMY
TPUrOHOMETPUUECKOro psana Pypne

1 sin p(z —y)
Sz, f) ==~ ———=f(y) dy,
T -y
lz—y|<R
roe ¢ npoberaer Kakoil-nmubo kommakr K wumTepBasa G, a R—mocTaTodHO
MaJjioe TOJIOKUTENbHOE 4YuCJIO. VI3BEeCTHO, UTO Ha »TOM KOMIIAKTE CyMa
S, (z, f) ornuyaeTcs OT YACTUYHON CyMMEI TPUTOHOMETPUUECKOrO pasa Pypne

IOPAIKA [‘26;—”‘ -u] * Ha BeMUMHY, PABHOMEPHO HA KOMIakTe K cTpeMamyiocs

; ie
*Ecmu A =r1-€%,7> 0,10 VA=yF-e3, rie — % <<,
*[a] o6o3HaUAET LENYIO UACTTB UUCIA (.
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K HYJIO.
Crnenys b. A. Unsuny [2], BBemeMm crexnylomee ONpeneneHue.

i o0 .
Ompenenenne 2. Cucmema gynkyul {u,(z)}n ?11 obaadaem ceolicmeom
=0,

bazucrocmu, ecau 0ag awbol gynkyuu f(x) us xaacca Ly(G) u 0ad #106020 Kom-
nakma K unmepeasa G cnpasedaueo pasencmeo

Jim oy (@, ) = f@)|La) = 0.

HNmeer MecTO caenyoommee yTBEP:K ICHUE.

i [SS)
Teopema 1. ITycmo {u,(z)}n = 11 —NPOUIBOAVHAA, NOANAT U MUHUMAALHAT
=0,
cucmema cobcmeentne u npucoedunennns Pynryul onepamopa (2), nomenyuan

: oo
q(x) womopozo npumadaexcum waaccy LY°(G), 1 < p < oo, {On(z)}n ?11—
=0,

i o
buopmozonanvno conpancennan k{u,(z)} e La(G) cucmema dywwyud. IIycmo
cobecmeennbe wucaa Ay, n € N, y008.4emaopsiom ycao8uim

(4) 1) [ImVAi <4, neN;
(5) 2) > 1 < B, 0aa awb020 wucaa > 0,
|Rev/An|—p|<1
IIpu smom nocmoswnas A ne zagucum om A, a nocmoswnad B ne zagucum om
Ly U Apy-
Tozda caedyouLue NPedsoNCENUT PABHOCUNLHBL:

a) Jag awbozo xomnarma K unmepeasa G cywecmeyem nocmosnas
S(K), ne sasucauas om n € N u maxasd, 4mo cpagedsuss, Hepasencmea

(6) ”&n”Lz(K) : ”'Iz)n”Lz(G) < C(K)’ neN,i=0,1.

: oo
6) Cucmema gywryuii {t,(x)}n ?11 obaadaem ceoticmeom bazucrocmu.
i=0,

B) Jas awboti pynryun f(x) uz xaacca Ly(G) umeem mecmo pasencmeo

lim (Uu(.’l}',f) - SV[;L] (xaf)) = 07

p——+o00

PABHOMEPHO OMHOCUMENDBHO I HO a1060m Komnaxme K urmepaana G.

3. Teopema 1 mokaswiBaeTCa MeTonOM, paspaboranuniM B. A. MabuaniM
B crartbax [2, 3]. B cmay toro, uro moremmmaan ¢(z) omeparopa (2) mpu-
HAUeRUT b kaaccy LI°¢(G) ”amtnanpuonmne onenkn (cu. memmy 2) B
HAIIeM CIIyJae HeNb3sl JOKA3BIBATH IIPY NOMOMU ()YHIAMEHTAILHOTO DEIeHns,
Kak »T0 cxenano B pabure [3]. U. C. JlomoB [6] oTM OmEHKM DOKA3aJ IPU
MOMOIY ACUMITOTHYECKOTo Merona. . Mo [4] ucnoms3oBan gopmyms: cpei-
Hero 3HadeHusa. Hame NOKA3aTENCTBO STUX OLEHOK TOKE OCHOBAHO JIMIDL HA
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(opMyIIax CpesHero 3HAYEHUja IJisi COOCTBEHHBIX U IPUCOEANHEHHUX ()Y HKIII
onepatopa (2).

Hanomuum, uro . Vo B pabote [4] 3amedaer, 4TO MOXHO NOKa3aThb
PABHOCUJILHOCTTB NIPEJIOKEHUH a) u §), eCau NpemIoKUTL 9To, ¢(2) mpuHa-
mressuT aumb Kaaccy LC(G).

PesynbraTe, racaromuecs omepartopa Irypma—Jluysunna (3), OymyT
Cc(hOPMYyIMPOBAHEL B §4 HACTOSINEN CTATLU.

§ 2. Omenka crnekrpaabHOll ¢pyukruu oneparopa Illpemunrepa

1. OueHku COOCTBEHHBIX M NPUCOEOUHEHHEBIX (yHKIUiA oneparopa (2) u
” aHTUANIPUOPHEIE “ OLIEHKH, C(HOPMYJIUPOBAHHLIE B CIELYIOMUX ABYX JEMMaX,
UI'PAIOT BAKHYIO POJIb B HOKA33aTEJILCTBE TEOPEMEI 1, & MMEIOT 1 CAMOCTOSITE-
JBLHLIA MHTEPEC.

JIemma 1. Ilycmov cobcmeennme wucaa Ay, n € N, onepamopa (2) ydos-
aemeopsrom ycaosuam (4)—(5) u g(x) € LY°°(Q). s awbozo xomnaxma K
unwmepeana G cyuwecmeyem nocmoswnas C(K,q) maxas, wmo umeiom mecmo
oy enKu

(7) razneaI)(d&n(x” SC(KJq)”,ZI/n”LQ(KR)J TLGN, i=071727"' )

20e 0 < R < o(K,0(G). IIpu smom C(K,q) ne sasucum omn € N u i.

Jlemma 2. ITycmv cobemeennvie wucaa Ay, n € N, onepamopa 2) ydosae-
maeopmiom ycaosuam (4)—(5) u q(z) € LP%(G). Jas awbozo xomnaxma K un-
mepeana G cywecmeyem nocmosnunag A(K,q) maxas, wmno cnpasedaiuss oyenky

i—1 i
®) e/ ()] < ACK,0) - [V Al linllzaicn), 70w An 0,
n
j—1 i
() maxllin (2) < AXK, @) linllzaicr)s 700 An =0,

20e 0 < R < (K, 0G), IIpu smom A(K,q) ne szasucum om A,.

3nece uepes o(K, 0G) 0003HaYEHO PACCTOAHNE KOMIAKTa K 0T rpaHune!
nutepBana G, a uepes Kp muOkenctso {r € G : o(z,K) < R}, rme K—
IpecedeHne BCeX OTPe3KoB mHTepBata (G, comepxamux K.

Kak yxe 3ameueno, ounenku (7)—(9) mosuiuce B paborax [4] u [6].
JlokasaTensCTBA BECbMa OOMMPHLIE U MEI 346Ch HE OyIeM WX IPOBOIUTH (CM.,
Hanpumep, [5]).

2. Ilpusemem Tenepb GOPMYJIEl CPEIHErO 3HAUEHUS sl COOCTBEHHLIX U
IPUCOEUHEHHBIX QyHKnu# oneparopa (2). luas n:060# Toukm x MHTEpBaia
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G u moboro uucaa h > 0 Takoro, uto ¥ — h 1 & + h TPUHAIIEKAT UHTEPBAIY
G, ©MEIOT MEeCTO CIEAYIOUUe COOTHOIIEHNSI:

0 0
(10) )EEN D) ) cos /-

z+h

3 [ 4O VA~ ¢~ h)ds

z—h

1 1
2)un(:1:+h) + up(z — h) 111 ) cos\/Ah —

—2 th - sin mh—

(11) o7 [ a©n©sin Az € - ) de-

z—h
z+h
/(l-’E_El COSf ‘x_ﬂ d§+
z—h
1 z+h
+m ) / Q(f)an(f) sin \/E(k,; - -
no

CootBeTcByonme GOPMYILl UMEIOT MECTO IJsi TeX N € N, [is KOTOPBIX
An = 0. He ymenbmas obmuOCTY, BCIOAY B JajdbHelnieM Oy neM mpeanonarath,
urto A\, #0, n € N.

Popmyna (10) npuragnexnt 9. Y. Turumapmy [8], a popmyna (11) E
N. Mowuceesy [7].

3. Baxnyo posb B J0OKa3aTelbCTBE MMIIIMKAIMM )= B) UCPAET CJe-
OyIOmasA OLEHKA CIEKTPAJIbHON (QyHKIUM

(12) @y ) = Y @) inly), >0,

1<n<p
i=1,0

oTBeUamel NpoOM3BONbHOU momHOW B Lo(G) um MuHUMANBHOR cucreme

i oo
{tin ()} ?11 COGCTBEHHBIX U NMPUCOEIVHEHHLIX (YHKUMA omepaTtopa (2).
i=0,

JIemma 3. IIyems cobcmeennbie wucaa An, n € N, onepamopa (2) ydoe-
aemeopsiom yeaosuam (4)—(5) u cnpasedauso ymeepacoenue a). Ecau q(x) €
L¢(G), 1 < p < 00, mo umeem mecmo oyenxa

— 2
(13) / [0 = £ T gy~ 0(1), > +oc,
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DABHOMEPHAJA OMHOCUMEAbHO T Ha AboMm Komnakme K unmezpana G.

Jloxaszamenvcmeo. Ilycts K—TpOM3BOJLHLIA KOMIIAKT, JIEKAIMUNA CTPO-
ro BHyTpu mHTepBasa G m Ro—umcno Ttakoe, uro 0 < 2Ry < o(K,0G).
IIycts p—(UKCHPOBAHHOE MHONOKUTENbHOE UMCIO. B nanpueiimem Oymem
MOJb30BATLCA (YHKIMEH

1sin pla —y|

, opu |z —y| <R
(14) LUR(.Z',y,,LL) = Q |5E’—y|

0, mpu |z —y| > R,
roe z € K, y€ G, R€ [Ry,2Ry).
Ecnu f(R) unrerpupyemas na cermente [Rg, 2 Ry] pyHKnms, T0 Beauuuny

2 Ro

%m=%/ﬂmm

HA3BIBAIOT ycpenHenneMm (pyrxuum f(R).

Ilepsuiit war B goKasareabCcTBe OneHKU (13) 3aKI0UaeTCAa B HOKA3aTENb-
CTBE OLEHKU

19 [ | 3 in@bal) - Smofwnta,v.n)
G

pn<p
i=0,1

2
| dy=0(1), p— +oo,

PaBHOMEPHOM OTHOCUTENLHO T Ha KoMmnakTe K. 3mech BBeneHO 0DO3HAUEHUE

Hn = ‘Re\/)‘_n

, me€EN.

®dukcupysa Touxky z € K, HauHeM 11 (yHKIIKI

R
1 in ph
O @) = [ wre,v,ntnly)dy =+ - [ T o + 1) 4+t~ W)

™
G 0

Uconbays ¢popmyny cpemuero sHauvenus (10), oTcioza momydmm COOT-
HOIIIECHUE

O (@, p) = tin(x) - dh—

R
2 ./sin phcosv/ALh
h

3|

0
(16) z+h

R
1 sin ph 0 .
- : q(E)un (&) sin v/ An(|z — | — h) d&| dh.
TV An 0/ h L_/h
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Ananoruuso, npu nomMomy GOpMYyJIHL cpenHero 3Havenus (11), momyuum
COOTHOIIEHUS

(17)
wE(z,p) = /wR(w,y,u)ﬁn(y)dy =
R ¢ R
én(x)% _/sin ”hzosmdh—ﬂn(w)% ,/Wdh—
b 5
o [ sin “h[m o (E) si \/ﬂqz_a—h)ag] dh—
o / g / 0(€in(€)sin

h
+h

R
in ph
o [ ] [ i = = W@ cos V(2 - ] - s ans
0 z
R

Zh
1 sin ph
T / B
0
0

z+h
1
Ywuuoxum paserctsa (16) m (17) Ha v,(y) u U,(y) cCOOTBETCTBEHHO.
ITonyuaroTcs paBeHCTBA

8

8

4(€)tn(€) sin v/ An(jz — & — R) dg] dh.

—h

R
0 2 ‘/sin uhcos\/)\nhd

&1, 1)on(y) = tin ()0 (y) - : h—
9 R
1 0 sin ph 0 .
‘wm'”"(y)'o/ A [/h A€)in (€)sin v/ Aol — €| = ) de| s,

_ R .
S5 05aly) = tn(@baly) - 2 - [ LR Ml gy
0
(19)
R

—%Ln(x)ilzn(y) W\}E -O/Sin phsin /Aph dh—

1 R . h z+h
bW 0/ | /h 0(€)tn(€) sin v/ = €] = ) | =

1 R . h z+h
— g o) [T [ (2@ cos /(o] 1) de | an+

0 z—h
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R z+h

1 1 sin ph 0 .
19—t [ ] [ a@h@sin VAl - 6l -
" 0 z—h
Bsenen oboszuauenusn
R
2 [ sin phcosvAnh
(20) I\M/I(R) = / — dh,
0
%)
(21) V)\n:an+i'/3n7

T.€. 0y = Rev/ A\, Bn = Imn/\,.

Torma ycpenuenue Bemmuussl [, (R) MOxHO mpencTaBuTh (CM.

Vin

BUZE
(22) S (I (R) = 85+ Sny (T (R)).
IIpu sToMm

oo 1 mpm o, <y,

2 sin ph cosagph 1

2 ¢ == [ ————2-dh=< = =
(23) 9 vl j[ o 5 TP an =g

0 0 wpum a,>pu,
u J\’;Z(R)fBenanHa TaKasd, YTO MMEIOT MECTO OLEHKYU

C1(Rg,A), mupwm aobuix /A, 1 W,

0O ISr (R <4 Co(Ro.A)

3neco nocrosmanie Cp(Ro, A) u Co(Ry1, A) He 3aBucaT oT VA, 1 p.
Beegem u obosnauenue

&8 @) = [ Siy (e, v,n)inl)dy, nEN, =01

Tax kax CHp&BG,ZUIHBO paBeHCTBo

Sk (Wi (2, 1)) = wi(z, ), neN, i=0,1,

TO TOCJEe NPUMEHEHUs ONepalu yCpeAHeHus K paseHctBam (18) u

MOJIyYrM CJELYIOIe COOTHOMEHUs, nMes B Buyy (22):
(25)

R0 (@, 1)0n(y) = thn (20 (4)0" s + i (2) 0 () S o (T (B)) —

BE0 (2, 1) () = (2 ()37 + ()00 (0) Sy (75 (R)) =

dh.

(3]) =

(19),

. -MSRO(O/R n ik [ [ @€y sin/na(la -6l - df] dh)
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(26)
_W\;E -3n(x)%530 (jsin phsin\/Anh dh) —
~ )3 ( O/R sin il Lw/:hq@)én(s) sin /Al — €] - dE] dh)
o sRo(f /:qw ~dl- cos /Anllo |- aefan)

z+h

R
1 in ph
+mén(y)sao(/ = [ [ a@n©sin Vi - €l - d&]dh)
0

z—h

B cuny ycnosus (4), meTrpymHO ybemmaThCa B TOM. dYTO U3 f, > A
BEITEKAET [l = Q. He yMeHbInmas OOMHOCTH, MOKHO CUNTATHL UTO 4 > A+ 1.

Cymmupyst mo Bcem n € N um wmmess B Bugy (23), m3 (25), u (26)
HNOJNyYnM CJIeRyIomee, MoKa (GOPMAaIbHOE, COOTHOmeEHne B MeTpuke Lo(G) (or-
HOCUTEJLHO apPryMeHTa Y):

S LR y)ba) = D dn(@)bnly) = 5 D dha(@)b )
n=1 pn<p On=H
=10 i=0,1 i=0,1
(27) + Z un SRO(JN (R))_
1= 01
1 &0 T ([ sinphsinyAh
- ; 9 ()0 () S ( % dh) _
1 o 1 R b :c—i—h
—=- > —=ta y)SRO( Sm“ [ al€ §)sin\/m|x—£|—h)d£] dh)—
" E,ﬁm 0 z/h
1 & nr" Now
5 a0 SRO(/ L [ ta-el- a9 =Y gl
n=1 z—h "
Fsinph[ [ Vo h
2)She (/ smhu [/ g(€ (sin n§\|§2— £l - )d§] dh).
0 z—h

JlokaskeM Temepb, UTO BCE DAL B NPaBOU dyacTu cooTHoumeHus (27)
cxomarca 6 merpuke Lo(G), a Lo—HOPMEL UX CyMM, KpOMe NEPBOM, OrpaHude-
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HBEI CBEDXY IIOCTOSHHBIMY, He 3aBUCAMKIMY OT TOUeK ¢ € K u uncen p > A+ 1.
OTtum Oymer mokaszaHO, uTO B MeTpuke Lo(G) cupasemnmueo paseHctso (27).

ITocKONBKY UmCIO f QUKCUPOBAHHO U UMMET MeCTO ycaosue (5), TO nep-
BLIE [IBA PANA COCTOAT M3 KOHEUHOTO UMUCJA UJICHOB, TPUHAIICKAIUX MPOC-
tpauctBy Lo(G). B cuny ouenok (5),(6) u (7), Ly—HOpMY BTOPO# CyMMEL
MOKHO OIGHUTDL CIAEAYIOmMUM 06pa3oM:

| X @i, < <X maxin ()] - 19l 2a() <
(:;(T,If i= 01
<C(K, q) - ’) Al H < 20(K,q)C(Kg,)B,
< C(K, q) QZ::H L PR L (K,q)C(Kg,)
1=0,1

rae 0 < Ry < o(K,0G).

Uro Kacaercs OCTAJLHEIX PAAOB B mpaBoit wactu (27), MBI ODOKayKeM
Oosee cunbHBIE PE3ynbTaThl: AJsa Jdwboro z € K cxopsarcs psagel, obmue
UJIEHBl KOTOPHIX ABIAIOCTA Lo—HOpMamMu OOMUX UJIEHOB UCXOMHBIX PAIOB,
OpUYEeM CyMMa KaKIOTO M3 STUX YUCIOBHEIX paxoB ecth O(1) mpo p — +oo
PaBHOMEDHO OJHOCUTENLHO I Ha KoMmakre K.

Pan
(28) > i (@)] 1SR (75— (R))| - 0nllLa(c)
n=1
§=0,1

npencrasuMm B Buge™

Y ()= () > O+ D> O+ D> O,
n=l1 0<pn<[A]+1 [A']+1<an<p—1 |an —p|<1 an >p+1
i=0,1 i=0,1 i=0,1 i=0,1 i=0,1

u, ucnonnsysa ouerku (5),(6),(7) u (24), oueHUM KOKIYIO U3 DTUX UETHIPEX
CyMM OTOENLHO.

[A']+1

DY Z( S () <2([4) +2)C1 (Ro, AC(K, q)C(Kr,)B;
ogpng[A]H k=0 k<pn<k+1
i=0,1 i=0,1
2 Y 0 Y 0+ Y o<
[AH+1<a,<p—1 [Al+1<an<h S<an<p—1
i=0,1 i=0,1 i=0,1

*[A] oBGo3HauaeT 1eNy0 YacTb unciaa A.
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(4]

(5]
) k=] ]+1(k<an25k+1(‘)) +k ( Z (-)> :

=1 \p—k—-1<a,<p—k
i=0,1 i=0,1

< 202 (Ro, ACK, )C(Kr) - | S (2 2)+

le}
k=[A]+1 “k<an<k+1 ™

wol®

1 =1
¥ ( ) W)] < 4Cy(Ro, AO(K, )C(Kr)B(Y 1)
k=1 “‘p—k—-1<a,<p—k k=1
3) > () <2Ci(Ro, AC(K, q)C(Kr,)B;
[an—p|<1
i=0,1
n Y 0= ¥ 0=
an>ptl k=1 ptk<an<ptk+1
i=0,1 i=0,1
> 1
<203 (Ro, A)C(K, Q)C(KRl)‘Z( Z m) <
h=1 \uth<an<pthtl 100 T H

= 1
< 2C5(Ro, A)C(K, q)C(Kr,)B- (Y 5)-
k=1
Paccmorpum Tenepn psan

R
1 o . . 1
(29) Z Wow [t ()] | SR, (/ sin y h sin \/)\nhdh) ‘ NvnllLaa)-
0

B cuny ouenku (4) n coornomenwus (21), UMEIOT MECTO CIAEAYIOMUE OLEH-
KU

R

1) ‘SRO (/ sinuh% dh) | < C3(Ro, A), mnsa aobuix p u v/ Ap;
0 n
R

2) ‘SRO (/ sin Ah sin \/)\nhdh> ‘ < Cy4(Ro, A), s m06ux p u v/ Ap;

0

R

A
(30) 3) ‘SRO (/sin,uhsin \/)\nhdh) | < %, opu |a, — p| > 1.
0

ITpu stom nocrosmunie C;(Ry, A), i = 3, 4, 5, 3aBucar aumb oT Beauuud Ry u

A.
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B mokasarenncrBe cxoaumocTu psina (29) npugeTcs OLEHUBATL BENIUYUM-
HY ”1—\/)\—| &n(m) - ||111n||L2(G). IIpr nomomu oBeHoK (6) m (8) oTa BeaMumHA

OLIEHUBAETCS CJIEAYIOMUM CIOCOOOM:

1 0 1 1
owil [un ()| - [[vallzae) < \/—|maXIIun( z)| - ||[vallzoa) <

1 1
< A(K, Qllunllzs(rn,) - Inllrae) < A (K, q) C(Kr,)-

Iob6asus onerku (5) u (30), cxomumocts psaga (29) u paBHOMEPYIO OT-
HocuTenbHO & € K u u > A 4+ 1 OrpaHUYEHHOCTL €r0 CyMMEI MBI JOKA3LIBAEM
[IPUEMOM, KCHIOJbL30BAHHLIM B caydae psazna (28).

Ias TOoro 4ToOBI MOKa3aTh CXOOUMOCTDL DAL

o R . z+h '
@ Y [ Sn( [ ] [ @@ /(e -gl-
W;: 0 z—h
- h|d§] dh) Foalliaco,
HaM OyZAyT HYKHBI OLEHKV MHTErpPaJia
R . h z+h
/smh“ [/ (&) sin v/ An(|z — €] — dg] dh =
0 xz—h
z+R . R h
(32) = / q(&)&n(e)-[ / Sin bR cin An(s—x—h)dh] dé+
+ €)iin (€ [/ SR o — € — h)dh] d,
T— R z—§

U ero yCpeInHeHU.

3aMeTuM CHAJaJa, YTO CIPaBENJIMBL OLCHKUA

!
B i uh %, Anst molLx p 1 /Ay
sin ph v
‘ / 7 sin \/An(|z €| = h)dh| < D}(Ry, A)
: | > 1.
|z—¢| o — &P -Jan —uP2> " lon = bl >

Tlpu sToM §—mnpousBoabHOe uucio u3 uarepsaia (0, 1), a mocroanHLE
Di(Ro, A) u (Dj(Rg, A) 3aBuCAT numb, OT yKa3aHHBIX BeawuumH. Jlokasza-
TEILCTBO STUX OIEHOK €JIEMEHTAPHO. B ciydae NefCTBUTENBHBEIX YMCeT Aj,
OLeHKM, aHaJornuHel onenkaM (33)—(34), u ucnoas3oBann padore [1].
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PaccmoTpuMm Temepn mepBnii mHTerpaa B mpasoit wactu (32); anaio-
FUYHO PACCMATPUBAETCA BTOPOU. B cmny omenok (33)—(34), umenoT mecto
OIIEHKU

z+R B
| [ a©ba)| [ s /e - - hyan ag | <
P pa

(

z+R
D! (Ro, A) - max |t (z)]- / Md& aas mo0ex /A, 1 Y;

z€KaRg (f — 1’)6
(35) <9 ’
z+R
D5(Ro, A) i l9(6)]
[ A A
n 2Rg
\

x

Mycts r-uncino Taxoe, uto ; + 5 = 1. Onpezgenum uncio § € (0, 1) Tak
uToOwI OO § -7 < 1. Torga cnpasennuBa, OIEHKA,

T @) (2R,)'=0 7] F
q(x T
/ e < |G Nl

(€ —=)° 1-9

Orcoga, B cuny (32) u (35), BLITEKAIOT OLEHKU

R z+h
|/Smhuh[/ ¢(&)un(€) sin /An(|z — €] — h) dg] dh‘ <
0 z—h

Di(Ry, 4, q) gllg); |&n(m)|, AJa TI00BIX \/ A, U U
z 0
(36) <3 Dy(Ro, A, g) ,-
Tam — g otk [un(z)|, mpu |a, — pl > 1.
n 0

CropaBeinBa M OIEHKA

z+h

| /R Sinh“h[ / q(&)&n<5)smm$”;_f"h) dg] ah| <
0 wh

i
< D3(Ro, A, q) - max |un(z)],
z€KaR,
mas tex n € N, mnas xoporeix 0 < p, < [A] + 1. Ilpu sToM mOCTOSHHEIE
D;(Ro, A, q) 3aBUCAT IUIML OT YKA3aHHEIX BEJIUYWH, TAK YTO U JJIA yCPETHeHUHA
MHTErpaJjioB B JeBoU yactu oueHok (36)—(38) cupasennulbrl Te ke caMble OLEH-
KW.
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Ilepeiinem k mokasarenctBy cxomumoctu psaza (31). IIpexncrasum ero B
BUIE

o0

O= > O+ X O+ X 0O+ X O+
n=1 0<pn <[A]+1 [Al+1<a, <5 f<an<p—1 [an—p|<1
i=0,1 i=0,1 i=0,1 i=0,1 i=0,1

+ 0> O+ Y0,
ptl<an<3 o >3
i=0,1 i=0,1

7 OUCHVM ONOCJLHO KaKAYIO M3 INOJYYCHHBIX MIECTU CYMM.

1) B cuay onenox (5), (6), (7) u (38), mmeer mecTo oueHka

Z () S 2D3(R07 A7 q)C(KZRoaq)C(KR1)([A] +2)B
0<pn<[A]+1
i=0,1
3mecy u Hwke Kp,—xkoMnakt unrepBana G cogmepskammii KOMIakT Kop, .

2) Ucnoansys ouenru (5),(6), (7) u (37), moayuum HEepaBeHCTBA

1
Y () <2D:(Ro,4,q)C(Kary, )C(KR,) - ) = <
[Al+1<a.<% [A]+1<an5%| )‘Tbl(ﬂ’_an)(;/2
i=0,1

1
<2Da(Ra, A OCUany 0O Er)- > (X i) <
k=[A]4+1 “k<an <k+1 On
— 1
< 2D2(R0; A, Q)C(KQRO; Q)C(KRl)B . (Z W)
k=1

3) Bmosme aHAJOTMYHO NOKA3LIBAIOTCHA U ONEHKU

Z () S 2D2(R07 A: q) C(K2R07 Q)C(KR1)B . (Z @)7

L<an<p-1 k=1
=0,1
— 1
Z () < 2D2(R07 A: Q) C'(-[(—2130 q) C (KRl)B : Z L1=6/2 |*
u+1<an§37“ k=1
i=0,1

4) Tlonys3ysace onerkamu (5),(6), (7) u (36), nonyunm oueHKy

Z () < 2Dl(-RO7 AJ q) C(KZRO, q) C (KRl)B
lan —u|<1
i=0,1
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5) Hns Toro 4robni OLIeHPITB NOCIENHIOI CYMMY, HCIOJNbL3yeM Cle-

nyomuit parT: an > % = L o —u < % Torpga, B criy onenok (5), (6),(7) n
(37), cupasennusel HepaBeHCTBa
1
(1) £2D3(Ro, A, q) C (K2Ro, ¢) C (Kg,) - — <
a>23_"‘ ' 1 agii_ﬂ | /\"|(a" - M)6/2
2 n 2

i=0,1

<6DalRo, 4,0 C (Kar ) C k) S (3 ) <

k:[%‘] k<on<k+1 Gn

S 6D2(R0; A) q)C(K2R0; ) KR1 (Z k1+5/2)
k=2

Urak, pazn (31) cxomurca, npuyem ero cymma ectb O(1) mpu p — +00
PABHOMEDHO OTHOCUTEILHO I Ha KoMmakTe K.

Paccvorpum teneps psn

(39)
00 R z+h (I §| h)
sin cos x—£ - 1
> [su [ ] [ o - €1 - M@= e ah) Iz
n=1 0 a—h
Herpymuo ybeaurnhcsas TOM, 4TO OJjis yCPEIHEHUs MHTErPAJIA
R 5 z+h
sin
[ [ = €= 0086 o5 /Ao = ] = 1) de | a
0 z—h

cupaBenauBel oneHky Buma (36) u (37). Ilnsa ycpeaHeHWs »TOTO WHTErpaJa,
YMHOXXEHHOT'O HA \/%, cnpasenuBa OneHka suga (38), B Criy TOro, 94T0 9mc-

13 /A, HE UMEHIOT KOHEUYHLIX TOYEK CrYIIECHUS.
Beauuuna

1
max i ()] - [[0nllz.0
zEK2R,

OLIEHWBAETCs, IpU nomomu oneHok (6) u (8), crenyomum oGpasom:
1 1 1
max |un( ) - llonllLoe < A(K2ro, @IV Anllltnll Ly ry) - vl @) <

z€Ksp,
<Vl - A(K2R,, q) C (KR,)-

YuuTLIBaA 5TU 3aMEUAHUA, CXOAUMOCTDL pana (39) MuI OKa3LIBaeM mpue-
MOM, HCHOJBL30BAHHEIM B ciy4ae psaga (31).

To ke camMOe MOMKHO CKa3aTb U O pane

z+h
Z |sRo( I [ @220 ae] an) [l

z—h
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Taxkum 06pa3oMm, MBl AOKa3auaud, dro B Merpuke Lo(G) umeer mecto
paBeHCcTBO (27) u Lo—HOPMBI CyMM BCEX pAIOB B npasoit wactu (27), Kpome
[IepBOro, OrPAHMYCHE CBEPXYy PABHOMEPHO OTHOCHUTEILHO TOueK T € K m
uncen p > A+ 1.

3aMeruM, 4TO Ais MIOOLIX (ucuMpoBaHHEIX £ € K n y > A+ 1 dysrnus
Sry(wr(z, y, p)) npuramnexur knaccy Ly(G). DTo BHITENaeT n3 ABHOTO BHIA
pynrwan S, (Wr (2, Y, 1)) :

(40)
1 s -
Losinpe =yl o 12—yl < Ro,
™ |-yl

Sko(wr(z,y,p)) =< 1 sinplz —y| 2Ry — |z —y| npu Ro < |z — y| < 2Ro
m |z — y| Ry ’ - -
0, mpm |z—y|>2R,.

: [e%S)
i
Hcnonb3ys mONMHOTY CUCTEMEL {un(:p)} , HeTPYyqHO yOeanThCsi B TOM,
n=1
i=0,1

UTO MMEeT MeCTO CJeAyollee COOTHOmeHue B MeTpuke Lo (G):

(41) Sro(wr(z, y, 1) = > 0P (2, @) - on(y).

B cuny coornomenuii (27) u (41), npuxoauM K BEIBOLY, YTO MJIA JIIOOLIX
¢ukcupoBansbx £ € K m p > A+ 1 cupaBeqimueo cienymolnee PaBeHCTBO B
merpuke Lo (G):

|
3=
[]e

So
3
~—~

8
S—r
S

3

—~

NS

A

n

oo}

o
/N
\:U

&a.
=
=
=>
&,
g
ﬁ
3
=
U
=
N~
|
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cosvV A\ (lz — & —h)
: . dg] dh>+
1 & fsinpn [ in V(2 — € = h)
i sin 0 sin A (|z — & —
*r 2 bawsi 0/ L [ _/h a(@n() 2 e an ).

IlIpu sTtom Lo—HOopMa ¢yHKIMM B jeBo# yactu paseHcTBa (42) ects O
(1) mpm g — +00 PABHOMEDPHO OTHOCUTENLHO T HA KoMmakTe K.

Ouenka (15) moxaszaHa.

Bropoii mar B nokaszarennctse oneHku (13) 3akILCTBE B HOKA3aTEILCTBE
OIIE€HKU

GRS e T it Y

=0(1 —
T r—y (1), = +oo,

Laa)
Bn SV

i=0,1
paBHOMEpHOU oTHOCUTeabHO x Ha Kommnakre K. B cuay (40), ouemka (43)
HOJIyJaeTCs ¢ NOMOmbio onenku (15) npu p = I/[H]*

Ocranos eme KOKa3aTh OLEHKY

() | Y n@ia@) — Y ta(@)bn(a)
1<n<p Bon SV
i=0,1 i=0,1

| =00), 1> +oo,
Laa)

PaBHOMEPHYIO OTHOCHUTEJILHO & Ha KoMmakre K. DTa OLEHKa NOKa3bIBAETCS
npu nomomu onerok (4)—(7) (cm. §3, [3].

U3 ouenok (43)—(44) sureraer omenka (13). Jlemma 3 mokaszana.

§ 3. Iloka3zaTesabCcTBO TEeOpeMEI 1

B cuny TOro, 4ro TpuroHOMETpUYecKad CucTeMa obpasyer 0a3uc B mpoc-
tpaucTtBe Lo(G), yrBepikaenue §) OBITEKAET W3 YTBEDKICHUA B) HEMEIJICH-
HO. Wmnmukamua §) = a) AOKA3BIBAETCA METOAOM, pa3paboraHHbiM B § 1,
[2]. Wwmes ouenky (13), mMonukanuio a) = B) JOKa3LIBAEM IPUEMOM, WC-
NOJIL30BaHHLIM B § 4, [3].

§ 4. Cayuait oneparopa Illtypma-JluyBuais
1. Paccmorpum omeparop llrypma-Jluysunias

(45) L(u) = =(p()u'(z))" + g(z)u(z)

Ha KOHeuHOM uHTepBajie G = (a,b), npuuem TOuKa To € G ABIAETCA TOUKOHR
paspeiBa Kospounmenta p(z). Ha kosdpuureHTs oneparopa HaKIAABIBAIOTCS

*3aMeTuM, UTO V[, — +00 mpH fi — 00.
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CIeLYIOIUe yCIOBUSL:
1) pi(z) € CP[a, mo], pa(z) € [y, b];

(46) 2) pi(z) > a1 > 0 Bclomy Ha [a, Zo], p2(z) > a2 > 0 BCIOAY HA [20, b];
3) q(z)—xoMIIeKCHO3HAUHAS (YHKIWA U3 KIACCa L;,"C(G), 1<p<oo,

CobcTBeHHBIE U IPUCOEIUHEHHEE (GYHKIMU oneparopa (45) ompenennm
crenyomuM 00pas3om.

Omnpepneneane 3. KoMnieKcHOIHAYHAT GYNKYUT &n (z) u3 xaacca L2(G),

0 . . .
Un(z) # 0, nasmeaemesa cobemeennol gynkyued onepamopa (45), omeevawnuel
KOMNAECKCHOMY COOCTNEENHOMY FHAUENUIO N, ECAU:

1) 4 u 3’(w) ABATOUMCA AOCONOMNO HENPEPHLEHHIMY PYNKYUTMY HA A1000M
noayompesxe [c,zo) C (a, xo], u na awbom ompesxke [zo, d] C [zo, b);

2) '3(.7:) Y008.AEMBOPAEM YPAEHENUIO

—(p1 (@)U (@) + q(z)i(z) = A - u(z)

nowmu 6100y e unmepeaane (a, Tg), U YPAEHENUID

(P2 (2))' + q(w)i(x) = - u(x)
nowmu ecdy e unmepsane (Lo, b);

0
3) u(x) ydosaemuyopsem caeOYOULUM YCAOBUAM CONPANCENUS 6 MOUKE Pa-
3puea xo:

a) (p1(20))¥ - (o — 0) = (p2(0))? - ulwo + 0);
b) (p1 (@))% - &' (zo — 0) = 1p) (o — 0) - (p1(20))~F - iz — 0) =
= (p2(0)) % - 0 (0 +0) + + Py (0 + 0) - (p2(20)) % - ulwo +0).

Omnpepnenenne 4. Komnaexcrnosnaunas gynxuyus w(z) us waacca Lo(G)
nagweaemes npucoedunennol gynxyued nopadxae i(i =1, 2,...) onepamopa (45),

0

u
0
u

. . 0
omeevatouel cobcmeennot gynkyuu w(x) u cobemeennomy wucay A, ecau
i
1’) u(z) yooesemeopsem ycaosusm 1) u 3) onpedeaenus pm 3;

2) &(x) Y008AEMBOPTEM, YPAEHEHUIO
—(p1 (@)t (2))' + q(@)(z) = A-U(z) + U (z)
nowmu ecdy 8 unmepsase (a, To), U YPABREHUIO
—(p2(2)t'(z))' + q(@)t(z) = A~ U(z) + U (z)

nowmu ecdy e unmepsase (xg, b).
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Bygmem mpemnonarath, uTo n10000My COOCTBEHHOMY 3HAUEHUIO OMEpa-
topa(45) orBeuaer OxHAa COBCTBEHHAS W ONHA NPUCOENVHEHHAS ()yHKIMASA.
oo

i
IIycro {un(x)} _, “TpomsBonbHan monHas B Lo(G) m MuHMMambHAS CHC-
i=0,1
oo

TeMa COOCTBEHHBIX U NMPUCOEIVHEHHEIX (YHKIUIL omepaTopa (45), {)\n} —
n=1
COOTBeTCTByIOmaH cucreMa CO6CTBeHHbIX 3HaquHﬁ, HE MMEIMUX KOHEYHbLIX

TOYEK CryIIeHUs U 3aHyMEPOBAHHBIX B NOPAAKE HEYOLIBAHVA BEIUIUHEL |v/ Ay |.
oo

IMycr {1’)”(:1:)} —OUOPTOTOHAJNBLHO CONPMKEHHAA K CUCTEME {&n(x)} B Ly(G)
n=1
i=0,1

crucTeMa (YyHKIMIL.
Vmeer MecTO ciemyiomee yTBEp:KIEHUE.

Teopema 2. ITycmov cobcmeennwe snavwenus onepamopa (45), xosddu-

yuenmv, Komopozo umeiom ceolicmea (46), ydeoaemsopsiom ycaosuam (4)—(5).
o0

i .
Jasg mozo wmobw cucmema {un(z)} obaadasa ceolicmeom bazucnocmu,
n=1
i=0,1
HeONTo0UMO U 00CMAMOYUH0, 4mobw Oad abozo Komnaxma K uwmepsana G
cywecmeosana nocmoswnas C(K), ne zaeucawoas om n € N u maxas, wmo

CNPABEedAUBH, HEPABEHMCNEN

i i .
(47) ltnllLo(x) - I0nllza@) < C(K), neN, i=0,1.

2. Cnenys B. A. Unvuny [1], BBemeM B paccMOoTpenne (GyHKmum 91(t) u

02(t), onpenenseMubl COOTHOMEHUIMU

z—0 zo+o02(t)

/ (o1 (1) ~Rdr = t, / (pa(r))~dr = 1.

zo—e1(t) xo

DT (QyHKIMM ONpeneNeHbl 1 MOHOTOHO BO3pacrtaioT Ha cermente 0 <t < i,
rme to—pnocrarouno manoe uncao. O6parunie ¢pyrknuu t = gy(h) u t = 0y(h)
MOYKHO IPEACTABUTL B BUIE

2o —9) = [u() Hdr, 2o —0) = [(a(r) Har

IIpy momomu sTMX (YHKIWN, onpenearM Clenylomee IpeoOpa3oBaHue
¢yHKIMEM m apryMmenta: mua jao0oi ¢ymkmum f(r) m3 xaacca LoG) ompe-
mensercs ¢pyurnus f(t) us knacca L2 (G), rme

G = (—ai(wo — a), B3(b—20))
COOTHOIIEHUAMM
fl@) = flzo — 01(=1)] - (p1]wo — 01 (=)])3, mpm —B1(z0 —a) <t <0,
flzo + 02()] - (palzo + 02(8)]) 0<t<23(b— o).
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CnaseqnuBo CleAyiomee yTBEP:K ICHUE.

Teopema 3. ITycmov cobcmeennvie wucaa onepamopa (45), xosgduyuermon
xomopozo obaadawm ceoiicmeamu (46), ydosaemeopsiom ycaosusm (4)—(5) u
nycmy ennoanens ycaoeus basucrocmu (47).

Ecau f(x) npoussoasnad gynryus uz xaacca Lo (G) u K npouseonsnuni xom-
naxm unmepaana G, mo caedyouwue npedsoNcenus PasHoCUAbNbL:

a) ou(x, f) cxoduca npu p — 0O PABHOMEPHO OMHOCUMEAVHO T HA KOMNAK-
me K

b) Sy, f) czoducma npu p = 00 PABHOMEPHO OTVHOCUTMEAVHO t na
coomeemcmeaywuem xomnaxme K C G.

Teopemer 2 1 3 HOKA3LIBAIOTS IPU IIOMOIY TEOPEMEL 1, NCIOIbL30BAHUEM
YKa3aHHOrO npeobpa3oBanus (pyHKnuy u aprymenta (cum. [5]).

Jamewanue. Teopembl 1-3 OCTAIOTCSI CHPABEJIMBLIMU 1 B TOM CIydae,
Korga Jao00My COOCTBEHHOMY 3HAUYEHMIO A COOTBETCTBYIOIMMX OIE€PATOPOB
OTBEUYAET KOHEUHOe yncio (Gibne eauHUNbI) IPUCOEINHEHHBIX ()yHKIWA.

AsTop Ouaromapur npogeccopa B. A. Mibuna 3a HOCTAaHOBKY 33434 1
moMomL B padore.
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