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FINSLER SPACE WITH RUND’S h-CURVATURE TENSOR
Kfjk OF A SPECIAL FORM

B. B. Sinha and B. B. Dwivedi

Abstract. We propose a special form of Rund’s h-curvature tensor K lij  and deal with
some special Finsler spaces characterized by such a special form of K lij P

1. Introduction. Let us consider an n-dimensional Finsler space F,(n > 3),
equipped with a metric tensor g;;(z,y), (y = z) and a metric function L(z,y).
The h-covariant, v-covariant and o-covariant derivatives are denoted by |j, |7 and
||j respectively.

A Finsler space is called h-isotropic [2] if Cartan’s h-curvature tensor Rpij
is written in the form

(1.1) Rhijk = R(9hjgik — 9k 9ij),
where R is non-zero scalar curvature. We have
(1.2,) Riok = 9ir Ry = RL*hy,

where h;, = gir — l;l) is the angular metric tensor, R;k is the (v) h-torsion tensor
and the suffix 0’ means contraction with y°.
A C-reducible Finsler space [3] is defined by

(1.3) Cijk = (Cihjr + Cjhii + Crhij)/(n + 1)
where Cij, & 89;/2 = 9ijlk/2,

(1.4) Ci = Cijrg’*, Ciy' =0,

A P-reducible Finsler space [6] is defined by

(1.5) Piji = Gihji + Gjhg; + Grhij
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where
(1.6) Pijr = Cijr 10 and Gi = Cjjo/(n +1).

A Finsler space is called Landsberg if Cjjr |, = 0.
It is well known [1,5] that
(1.7) a) R;k“l —Klik{ P! P +P,§”]} 0

b) K! = RZ C;TR;k, c) Rojk = Rj.k,
d) K +K;M +Kk,j =0,

e) Hiy =Ry, ) Hiy+Hj, +Hiy; =0,
8) Kl]k = Klk]’ Kiijr = gerka
h) Hj; Lk = Kl]k + UG {Chom + Ckrlo ot
where U(jr){A4;Br} = A;jBr, — ApB;. The angular metric tensors h;; and hj (=
9%*hi;) have the following covariant differentiations
a) hijr =0, hij ik =0
(1.8) b) hijyr = 2Cijk — L2 (yshji + yjhir)
&) By = —L~2(ysh} + yh)
We shall use the following lemma proved by Matsumoto [4].

LeEMMA. If the equation vpihji + vijhak + vjnhi = 0 holds in F,, then we
have (1) vi; =0, (n > 4) and (2) v;; = v(mn; —mjn;), with reference to Moor
frame (I*,m?,n?) where v is a scalar.

2. Special form of Rund’s h-curvature tensor Klijk. Let F,, be a
Finsler space with Rund’s h-curvature tensor K fj  Of the form
(2.1) Kjji = Uiy {Ajuhi + Bjhj, + Dihji}
where Aji, By and D}'C are Finsler tensor fields.

THEOREM 2.1. A P-reducible Finsler space of non zero scalar curvature has
the special form (2.1) of Rund’s h-curvature tensor K, fjk.

Proof. From (1.7 a)
(2.2) Ky = R;'klll + Uiy { P}, Py + Pl:llj}
since Rl = (R — Rbijp)/3

From (1.2) and (1.8 c¢) we get
(2.3) Ry, = ajhj, — agh;

where a; = (R||jL2 + 3Ry;)/3.
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From (1.5) and (2.3) we have

(2.4) P ; = Gr jhi + Gy b + G} jhi

Ry = L% (ary; — ajyr)hi + ajjih — agyhl + L™ %ary hj — L 2ajy by
respectively. Using (1.5), (2.4) and (2.5) in (2.1), we get
(2.6)
Kl = {(L%apy; + Gr ) — (L %azy + Gy ) Yhi + (ajy + Gy j — GGy,
— (ag + Gix — GrGORS + (L %apy’ — M{)hj — (L %azy’ — M} )hy,
where M} = G,G* + G,.G"h}, + Gfk.
The equation (2.6) reduces to the form (2.1) with
Ajr = L %ay; + Grij» Bji=a + G — GG, Di = L™ 2ayy’ — M}.

COROLLARY 1. A Landsberg space of non-zero scalar curvature has the special
form (2.1) of Rund’s h-curvature tensor.

Proof .. For a Landsberg space P;;; = 0; hence from (1.7 a) and (2.5) we have
(2.1) with . .
Ajk = L’2akyj, le = aj|ii» D}Lc = L’2aky’.

THEOREM 2.2. An h-isotropic and C—redqcible Finsler space Gy has the
special form (2.1) of Rund’s h-curvature tensor Kj;;.
Proof . If the space is h-isotropic and C-reducible then by (1.1) and (1.3) the
equation (1.7 b) takes the form
(2.7)
Ki;, =(Ciyr — Cry;)hi/(n + 1) + R(hyj + il — Cry;/(n + 1)) by,
—R(hig + Uiy — Cryr/(n + 1))A% + R + Clyx/(n + 1) hy;
—R(U'l; + C'y;/(n + 1)) hug,
which reduces to the form (2.1) with
Aji=R(Cjyx)/(n+1), Bj=R(hij+1il;—Cry;/(n+1)), Dy = Rl +C'yr/ (n+1)).

THEOREM 2.3. If the Rund’s h-curvature tensor has the special form (2.1),
then F,, is a space of scalar curvature BooL™2.

Proof. From (1.7b) and (2.1) we have
(2.8) Rij, — Ci,Rjy, = UGy {Ajuhi + Bjihj, + Dihji}-

Transvecting (2.8) by ¢! we get
(2.9) ;k = Bj,hj — Bkoh;"'
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Tarnsvecting (2.9) by ¢/ we get
(2.10) i = Booh.
Comparing (2.10) with (1.2) we get R = B,,L~2.

THEOREM 2.4. A C-reducible Finsler space satisfying (2.1) has Cartan’s h-
curvature tensor Rl"jk of the form

(2.11) Rijp = Uin{Qjkhi + Njhi, + Eghji}-
Proof. Using (1.3), (2.1) and (2.9) in (1.7 b) we get

(2.12)
Rk = Uiy {(AGr) + CjBro/(n + 1))l + (Bji + Ci1Bjo/n + 1))y
+ (D}, — C'Bgo/(n + 1))hj}

which reduces to the form (2.11) with
Qjk = Ajk +CjByo/(n+1), Njy = Bj+CiBj,/(n+1), Ej = D}, = C'Byo/(n+1)

THEOREM 2.5. If Rund’s h-curvature tensor Kfjk is of the form (2.1), then
we have

(2.13)
(a) Ajx — Arj = Bjx — Byj, b) Bjo = (R;L* +3Ry;)/3,

(€) (Bjolik = Brolj)g’" = 0.
Proof . Using the Bianchi identity (1.7d) in (2.1) we get
(Ajk — Akj + Bij — Bjr)hj + (Akt — Ak + By — Bry)hi + (A — Aju+ Bj — Byj)hj = 0
which due to lemma yields (2.13a). Again from (2.3) and (2.10) we get (2.13Db).
Now differentiating (2.9) 0-covarinatly and using (1.7¢) and (1.8c) we get
Hij, = Riyi = L™ (Broy; — Bjoyr)h + Ugiy {Bjolthi + L™ > Broy'hji},

which due to (1.7f) yields Ujphi + Upih? + Ujihj, = 0, where Ujr = (Bioy; —
Bjoyr)L™2 + Byojj — Bjojx- Applying the lemma and transvecting by ¢7% we get
ur) (2.13¢).

THEOREM 2.6. A Finsler space with Rund’s h-curvature of the form (2.1) is
a Riemannian space of constant curvature By, L 2.

Proof. Using Theorem 2.3 and Corollary 1 and [5, Th. 30.6] we obtain the
theorem.
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