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ON A NEW SUBCLASS OF ANALYTIC P-VALENT FUNCTIONS

Shigeyoshi Owa

Abstract. There are many classes of analytic and p-valent functions in the unit disk U.
N. S. Sohi studied a class Sp(a) of analytic and p-valent functions

f(z) =2+ Z*)ap+nzp+", (p €N)
in the unit disk U satisfying the condition
F(@)/p —al<a,  (z€0)
for @ > 1/2. In this paper, we consider a new subclass S, (@) of analytic and p-valent functions
f(z) = 2P + Zap+nzp+", (p €N)
in the unit disk U satisfying the condition

T(p+1—k)DE(2)

T(p+ 1)zr—F < a, (z€U)

for 0 < k < 1, @ > 1/2 and p € N, where D* f(z) means the fractional derivative of order k
of f(z). It is the purpose of this paper to show a distortion theorem, the coefficient estimates
and a convolution theorem for the class S, (o). Further we give a theorem about convex set of
functions in the class Sp i (c).

1. Introduction

There are many definitions of the fractional calculus, that is, the fractional
derivatives and the fractional integrals. In 1978, S. Owa [8] showed the following
definitions for the fractional calculus.

Definition 1. The fractional integral of order k is defined by

= L [T IO
D)= 15 ), G
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*)Z stands for Z unless stated otherwise.
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where k£ > 0, f(z) is an analytic function in a simply connected region of the z-
plane containing the origin and the multiplicity of (2—¢)*~! is removed by requiring
log(z — ¢) to be real when (z — ¢) > 0.

Definition 2. The fractional derivative of order k is defined by

11 /1 f(Qd¢
0

T(1—k)dz J, (z—C)F

where O < k1, f(z) is an analytic function in a simply connected region of the z-
plane containing the origin and the multiplicity of (z—¢)~* is removed by requiring
log(z — ¢) to be real when (z — ¢) > 0.

DEf(z) =

Definition 3. Under the hypotheses of Definition 2, the fractional derivative
of order (n + k) is defined by D7+*f(2) = d"D¥ f(2)/d2"™ where 0 < k < 1 and
n € NU{0}.

Remark 1. For other definitions of the fractional calculus, see R. P. Agarwal
[1], W. A. Al-Salam [2], K. Nishimoto [6], T. J. Osler [7], B. Ross [10] and M.
Saigo [11].

Let Sp(a) denote the class of functions f(z) = 2P + 3 ap,,2?™", (p € N)
which are analytic and p-valent in the unit disk U = {|z| < 1} and which satisfy the
condition |f'(2)/pzP~! —a| < a, (z € U) for a > 1/2. This class Sp(a) was studied
by N. S. Sohi [12]. In particular, R. M. Goel [3], [4] studied the class S1(a).

Further let S, x(a) denote the class of functions f(z) = 2% + Y appn2?t™,
(p € N), which are analytic and p-valent in the unit disk U and which satisfy the
condition
T(p+1—k)DEf(2)
T'(p+1)zpk
for0<k<1l,a>1/2andp€e N.

—af, (zeU)

Remark 2. R. M. Goel and N. S. Sohi [5], H. M. Srivastava and S. Owa [13]
studied other subclasses of analytic and p-valent functions in the unit disk U.

2. Distortion theorem

THEOREM 1. Let the function f(z) = 2P + Y apyn2?t™, (p € N) be in the
class Spr(a). Then we have

L(p+1)[2[P~*(1 — |2)))
T(p+1—k)(1— A)

L(p+ D]z"*(1 + |2])
< |Dif(2)] < T(p+1—k)(1+ A=)

for z € U, where A=1/a— 1. The estimates are sharp.

Proof. Let

g(z)= F(p—f—]_—k‘)fo(Z) 1

ol(p+1)zp=k 7
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then g(z) has modulus at most 1 in the unit disk U and ¢(0) = 1/a — 1. Again
let h(z) = (9(2) — ¢9(0))/(1 — g(0)g(2)), so that h(z) vanishes at the origin and
|hz)| < 1for z € U. Therefore, by Schwarz’s lemma, we have h(z) = z¢(z), where
©(z) is an analytic function in the unit disk U and satisfies |p(2)| <1 for z € U.
Consequently we obtain

D(p+1—k)Drf(z)  14+h(z)  1+42¢(z)
T(p+1)2p-%k 1+ Ah(z) 1+ Azp(z)’

where A = 1/a — 1. After a simple computation, we get

D(p+1-k)D5f(z)  1-Alz]* | _ (1- Al
T(p+ 1)zp* 1T— A222| = 1— 4222

which shows that

L(p+1—k)zP*(1—|z))
TFlp+1—k)(1-Alz|)

for z € U. Finally, choosing the function f(z) such that

T(p+1—k)z"*(1+[2])

Sfo(z) < Flp+1-k)(1—Alz|)

T(p+1—k)|z[P~*(1 + 2)
Tp+1—k)(1+Az)

Dif(z) =
we can show that the estimates of this theorem are sharp.

COROLLARY 1. Under the hypotheses of Theorem 1, we have

T(p+1-k)DEF(2)| ., ( (1= Az
Do+ Dot | <5 ((1 - A)|z|2) ’

arg‘
where A =1/a — 1.

Proof. Since f(z) € Sp (), in view of Theorem 1, we have

(1-A)|
SIC AR

T(p+1-k)DFf(2) 1= Alz?
T(p+1)zp—k 1— A?|z|?

where A = 1/a— 1. This gives the corollary.

3. Coefficient estimates

THEOREM 2. Let the function f(z) = 2P + Y apyn2?t™, (p € N) be in the
class Sp (a). Then we have
2-1/a)T(p+1)'(p+n+1—k)
Tp+n+1T(p+1-k)

lapin] <

for n < 2. The estimates are sharp.
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Proof. Since f(z) € Sp (), in view of Theorem 1, we have

T(p+1-k)DEf(z)  1+h(2)
T(p+1)zp—F 1+ Ah(z)’

where h(z) vanishes at the origin, |h(z)| < 1 for z € U and A = 1/a — 1. Conse-
quently we obtain

p+n+1F(p—|—1—) . 3
(1At

Zr(p+n+ F(p+1—k‘)a n
Tp+)I(p+n+1—k) 2

Hence we can write

{ Azf(p+n+1 I‘(p+1—k)ap+nzn}h(z):

Fp+1)(p+n+1-k)

m+1

F@+n+1f@+1—
E p+nz + E cp2"
F(p+ p+n+1 n=m-+1

¢n, being some complex numbers. Since |h(z)| < 1 for z € U, by using Parseval’s
identity, we have

m+1

F'p+n+1) 2F(p+1 k)? =
2 Tpriprrnriope el T 2 el <

sx~C(p+n+1)2T(P+1-k)? 5
< (L) + 4 Z T+ DT +nt1-k)? w12

n=m-+1

|2n

that is,

m+

1 2 EEAY:
2 : F(p+n+1) F(p+1 k) |ap+n|2|z
Fp+1)2T(p+n+1—k)?

|2n S

2 Tp+n+1)°T(p+1—k)* 21,120
4 ZI‘p+12F(p+n+1 )2|a”+"| 2™

On letting |z| — 1,

m—+1

Zf(p+n+ PT(p+1-—k)? apial? <
Tp+ 1)2T(p+n+1—Fkp2

T(p+n+1)°T(p+1—k)?
AZ
i Z1“(p+121‘p+n+1 )2|”+”|
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Accordingly we get
T(p+m+1)T(p+1-—k)? Japial? <
r(p+ 12T (p+m+1— k)27

Tlp+n+1)T(p+1-k)?
< — — A2 E —
<@ (1-47 «T(p+1)°T(p+n+1-k)? lapenl® < (2= 1/0)".

Thus we can show that

lay 0] < 2-1/a)T(p+1)I'(p+n+1—k)
pnl = T(p+n+I(p+1—k)

for n > 2. Considering the function f(z) € Sp () which has the expansion

2-1/a)T(p+ DT (p+n+1—k)
T(p+n+1)T(p+1—k)

for z € U, we can see that the estimate is sharp.

ptnoy

f(z) =2 +

4. Convolution for the class S ()

THEOREPM 3. Let the functions f(z) = 2P + Y ap4n2?™, (p € N) and
9(2) = 27 + 3 bpyn2?™™ (p € N) be in the same class Sp i (c). Then the function

» Lp+n+U0(p+1-k) . ..
+22F@+1 T(p+n+1— k) ptnopin?

is also in the class Sp ().
Proof. Since f(z) € Spr() and g(z) € Sp (), we have

T(p+1—k)Dk T'(p+ 1)D*
(P;Ep+1)1pf,{(z)_a‘<a, (z€U) ‘W—a <a, (z€U).

Now, it is well-known that if the function

is analytic in the unit disk U and |w(2)| < M, then

> ldnl? < M.
n=0
Applying the above estimate to the functions
I(p+1—k)Drg(2)

T(p+1-k)DLf(2) z
T(p+ 1)zr—F a and e Yk @
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we obtain

2

Z p+n+ 2F(p+1
Tp+1)°T(p+n+1-—

k)
k)
Zf(p+n+1 PT(p+1- ;2

%)2 |apal* < 20— 1

2
T(p+1)2T(p+n+1— 3l0pinl” < 20— 1

Hence we have

‘F(p—}— 1—k)D¥f(2)
T(p+1)zp—k

Z p+n+12I‘(p+1—k)
Flp+1)°T(p+n+1—k)?

p+n+ PT(p+1—k)?
<(1-a) ZF D20(p+n+1— k)2 5 [@ptn||bpnll2]™

T(p+n+1)2T(p+1—k)? 7
ZI‘(p+ DT (p+n+1- )2|ap+n||bp+n||z|

I(p+n+1)>2T(p+1—k)?
<(1-a) Z T+ °T(p+ntl— )2|ap+n||bp+n|

T(p+n+1)2T(p+1—k)? 2
ZFW T n 1o 2|ap+n||bp+n|

T(p+n+1)>2T(p+1—k)? 1/2
<(1—
<l-a? {Zr(p+12rp+n+1 )2|”+"|

z:F(p+n+12r(p+1 k)? el 1/2
T(p+1)2T(p+n+1—Fk32 "
Z p+n+12r(p+1 k)2  apinl? ?
T(p+1)2T(p+n+1— k)32 7+r
5 F(p+n+1)2f(p+1 k)2 by 2
T(p+1)2T(p+n+1—Fk)?2" 7"
<(1-a)’+10-a)2a—1)+ (2a—1)?/4<a?
because o > 1/2. This proves that F'(z) belongs to the class Sp ().

5 Uptnbpin2”

5. Convex set of functions

THEOREM 4. Let the functions f(2) = 2P+ Y ap4n2?™", (p € N) and g(z) =
2P 4+ 3 bpin2Pt™, (p € N) be in the same class Spr(a). Then Af(z) + (1 — A)g(z)
is also in the class Sp (), where 0 < AL.

Proof. Since f(z) € Sp,r() and g(z) € Sp,r(a), we have

L(p+1—k)Dif(2) T'(p+1—k)Dig(2)
al'(p+ 1)zp~* al'(p+ 1)zp—k

—1‘<1, (zeU) ‘ —1/<1, (z€U).
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Consequently we obtain

‘/\F(p+ 1—k)DEf(2) + (1 = NT(p+1—k)DEg(2)
ol (p+1)zp—k
T(p+1—k)Dig(2)
al'(p+ 1)z k

< ‘F(p-l—l—k)fo(z)

P CE I 1‘ A= ‘

—1‘31

for z € U. This completes the proof of the theorem.

N. S.

(1]
2]

Remark 3. Letting k& — 1 in our theorems, we have the results obtained by
Sohi [13].
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