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BIANCHI IDENTITIES IN RECURRENT FINSLER SPACES

Irena Comié

Abstract. We give Bianchi identities for Finsler space with recurrent metric tensor, which
was defined by (1.8)—(1.13).

1. Some definitions and notations. The recurrent Finsler space is a
generalization of non-recurrent one (when in (1.6 ¢) and (1.6 d) A\ = 0, ps =
0).Moér’s generalization in [1] is such that the usual conditions for Finsler space

@ =0, T|el*=0

(where T is any tensor) remains unchanged. Here the generalization is going in the
other direction. The above conditions here are not satisfied, but the condition of
Varga [2] C}, = 0 is satisfied. The difference occurs because in [1] Ag, from (1.1) is
symmetric in the first two indices, but here it is symmetric in the first and the last
one. The two generalizations coincide in the case when p, = 0. As the connection
coefficients I'*? , from (1.1) are the same in both cases, so the curvature tensor R is
also the same, but tensors P and S are here defined in a different manner ((1.11),
(1.13)).

If £€*(x, x) are coordinates of a vector field homogeneous of degree zero in ¥,
then

(1.1) DE™ = de® + r;avgﬂd@ + Ag.¢°DI,

(1.2) D™ = £%|gdx” + €| D17,

where

(1.3) £%p = 0pE™ — O E°TH +T33¢x (DX =T5%* = LTgy)
(1.4) £%|p = LOEX (8 — AYg) + At
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The connection coefficients are given in [3]. They satisfy the conditions:
(1.5) a) F* F'rﬁ’ b) Aﬁ’y - A’yﬂ’
¢) 9aBls = AéJap d) gapls = H69ap

and have the form
Ti = TiT" (9, )
A%, =A%, + Q5. (g, 1),
where f‘g‘f; and fl‘gv are connection coefficients of the ordinary Finsler space (As = 0,

ps = 0) and Tg (g, A), QF, (g, ) are tensors which are equal to zero for A; = 0 and
As = 0 respectively. We shall use the relation

a) 2A00ry = — My, b) Llry = 2_1L)\,7

(1.6) B .
¢) Lly =L, +2 'uy) d) xf, =0

In the recurrent Finsler space, from g,5l®l° = 1, in view of (1.5¢) and (1.5d) we

have
an a) Ay [dxTAI°] + (21, + p,)[DITAL] = 0
' b) Asldx?0x°] + (215 + ps)[dx " Al°] = 0.

The curvature tensors in the recurrent Finsler space are defined by

(1.8) 27K 5 = 0T — 0T Tt + TiX T

(1.9) 27'LK}. s = &%) — or T

(1.10) R} ;=K. s+ AS Kb s

(1.11) Pl 5 = LOTLE (Y — AYs) — Al as, + AS X0,

(112) LPY5 = LA )X (6F — Ay) — Ly Al — LARs + LAG 0,5
(1.13) 271658 s = L0 Aah( — A% ) + AN, ATy

These tensors are formed with connection coefficients of the recurrent Finsler space.
In the case of the ordinary Finsler space (A; = 0; us = 0) these connection coef-
ficients reduce to the correspondent connection coefficients of the ordinary Finsler
space and the above defined curvature tensors become the well known curvature
tensors in the non-recurrent Finsler space (where A¢} = 0).

The tensors defined by (1.8)—(1.13) satisfy the following relations [4]

(1.14) ~Kapns — Kpars — LxgapK(,s = 2My5)9a8
(1.15)  —=Papys — Psans — Gapy A;ﬂs + Ly gas[ A5, — (X" 0,707+
+27 1)‘ 5L)( )] - ( yl6 — p’6|'y)ga,6

(L16)  —Sapys = Spars = 2L°0x9as (A5 ATy — O.AY, Aloja)) = 2040118190
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The Bianchi identities for a contravariant vector field

Starting from (1.3) and (1.4), by direct calculation we obtain:

(2.1) E%16 — i1y = KRya€* — LK(’)‘AY&B.X&‘J‘
(2.2) Elys — &5y = Pyyo€X — LEG ;058" — AYs&ly — 0s€° Ly,
(2.3) &5 — Efbly = Syre€ — 2L205E70,AY, (J5 — A+

+2L0, &% (It + 27" ) (8% — Afg

where we have used (1.6). The above formulae cannot be obtained using the dif-
ferential forms. We are going to show why it is not possible. If D and A are
absolute differentials which correspond to the change of the line element (x, x) to
(x +dx,x =dx) and (x + dx, x + dx) respectively, then from (1.1) we obtain

(2.4) (AD — DA)E® = 27 K2 ,€X[dy"x°]+
+(P2s — A28, T3)EX[dx " Al%] + 27152 seX[DIYAIY] + A
where
(2.5) A = (6d — d6)E* + T32(6d — do) X + A3, &P (6D — dA)I.
From
(2.6) DI" = dI” + T} dx* + Aj, DIX
(2.7) di" = L7'dx” + x"dL™, dL™' = —L7?dL
we obtain
(2.8) dy" = L(8] — A3, )DIX —T7dx* + L~'X"dL.

Using the homogenity of degree zero of Agx and degree one of 'Y in X, using (2.6),
(2.8) and after that (1.9) and (1.12) we obtain

A= €8(6d — o)X + €, (6D — dA)T — 27 L EVKY 5[dx 70X~

(2.9) LO\&*[PY, s + A0XO, T3 — T2 + L' Ly, A [dx " Al°]—
—L?9, [0, A%, (55 — Al [DIVAL]
Substituting (2.9) into (2.4) we obtain
(2.10) (AD — DA)E® = B — 9,6%L;, Ays[dx" Al%]
where
B =2 (Ky 56X — Loy K 5)ldx"0x°)+
T L& P 5 — X0, T35(E5 — 0,6%) — 3560 [dx" A+

+271[S§¥75§X - L23X§Q5LA§[7(5§] - fo‘d])][Dl"YAl‘;]+
+€2 (64 — dD) X + €% (5D — dA)D.
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Starting from (1.2) and using

ADIX = 6DIX + T2XDI"6x° + AXs DIV AL’ =

= (AD — DA)IX = (6D — dA)IX — T3 X[dx"Al’),

AdyX = 8dyX + T3%dx"0x° + A%dx"Al° =

= (Ad — D&)X = (8d — d&)xX + AX;[dx" Al’]
we obtain

(AD — DA)E™ = &8 ldx"6x )+

(2.12) (%15 — €51y — ELT% + €L AX) [dx " AL]+

&, 15 [DIYAL] + €2, (8d — d8)X" + &7 (6D — dA)I.
It is obvious that comparing coefficients beside [dx?dx’] in (2.10) and (2.12) we
obiain (2.1) but comparing coefficients beside [dx”Al’] and [DI?Al°] we do not

get (2.2) and (2.3). We are going to show that the sum of terms remain is zero.
Substituting (2.1), (2.2) and (2.3) isto (2.12) we obtain

(AD — DA)E® = B — 95€° L, [dx " Al’]+
27 LOL (I + 27 ps) (8 — Ab) — (1y + 27" y) (85 — Aby)|[DIYAL]

where B is determined by (2.11). Equating the right hand side of (2.10) and (2.13),
using the relation L|, = 27! L\, we obtain:

(2.13)

—271LH,E%(5% — Abs)[dx Y Al°]+

213) . » o . o s
27 LOL Ly +27 py) (85 — Ads) — (Is + 27 ps)(d5 — Ag, )] [DIYAI°] = 0.

From this relation we obtain
0,£% (8% — Aps){M[dx " AI°] + (20, + py)[DIAIT} =0

which is true in view of (1.7b).

3. Bianchi identities for the curvature tensors. As in the recurrent
Finsler spaces the relations (1.7a) and (1.7b) are valid, so there is no use of forming
the expression [DAD]£%, and so the Bianchi identities can be found only by direct
calculation. Tensors R and P are connected by the relation

0759{R§75\9 + Pngéda - PgéLKé’y&} =

(3.1) 201 ayale T TamiTo00
(BT — ) — LOT S, AN KY 5 — 2 AL KS 30}

oyso{ ALKy, s
where
0+50Tvs0 = Thso + T50- + Toys-
Since ) )
BoT = XE T2 + Ty
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39 ¢ is not a tensor, but (89I‘ -9 ,['y) is a tensor because of the symmetry of Fax
in 0 and x. It is evident that (3 1) has a different form from the analogous one in
the non-recurrent Finsler space. In the case of the ordinary Finsler space the right
hand side of (3.1) vanishes because there

Xo=0, 0Ty —OT;'=0, A} =0.
The other formula which connects tensors R, P and S is
0.75‘9{Ra'y(5\6 + (Pomsw waa) ngoKaﬁﬂs (66F X0 FEX)} =
y56{—2LO\T 5 (0sT2X — 0,T3X) — L' Lig AL K¢ 5+
(3:2)  +2485,09(LK§,5) — L, A, A Kovs — AL, 0 (LK) A+
+ Lig(8sT28 — ,T25) + AL (8, T3t — eT2) (QsT2X — 0,T5¥)+
+ LT (O, T2y — Foy,) — LT (0TI %" — Pogs) }-

aGX

In the above formula the right hand side is a function of A, and p.,, in view
of (1.5).
In the case of non-recurrent Finsler space we have:
X0 Ty =Py, =0, Lg=0, Lg=Lly, A5=0,
O,T3X = 0T =0, 0350{05(LKG,5)} = 0
and in this case (3.2) becomes

(323) 0759{Ra75‘9 + 2P a[v0]|6 SaXHKO'yé - 0759{ laAaLKOfyé}

Tensors P and S are connected by the formula

{P 519+ Ao Pl + S5 XX a5t} — {5/6} + Sgaam =

oy

gy U= ApAT + I — 3B — Ap)dr)
+(0,1'5" — 65F*L)Sgba + 69A§6L|’Y + Agbaxa’Yré (05 — Agg)—
—LO,AZS[(x 05T, — Piyg) + (8,T5 — oT5)]} — {6/6}

where

{Q 760} {5/0} - Qa'ydﬂ Qa'yaé

The right hand side of (3.3) is a function of vector fields  and A. In the case of no
non-recurrent Finsler space the right hand side of (3.3) reduces to 2Llj05 T

By a cyclic permutation of indexes v in (3.3) we obtain
Uvéﬁ(zpamsw 2P v0l5 Sa66|'y)
ovs0{{L1a(65 — Abs) AT + L2 (55 — A)0,[(65 — Abs)AT:0)+
+66’Aa6Lh + Aabaxé'YF;LA())(G_
—LO,AY [(x* 06Tz, — Pip) + (9,T5" — 8T} — {5/6}}

(3.4)
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Because

0350 (At Pl ia7) = 00750 (XS 3500T34) = 0460 (S8, 00 T5)-
In the case of non-recurrent Finsler space (3.4) becomes

(3.4&) 0',759{2 a0 + Saéa\'y} = 0759{2[/[[965]1—‘ }

where P and S reduce to the tensors P and S in the ordinary Finsler space.

In the formulae above the tensor P is defined by (1.11). If we define a new
tensor P’ in such a way that the last term in (1.11) is replaced by AX, Xx°0sT:! then
we have 5 )

P s = LOTE (6 — AS) — A” sl T AKX O5TL

In the non-recurrent Finsler space both definitions of P are the same because
there )

X051, = X‘E(? iy = AL

With this P’ the above formulae have a less complicated form:

750 where A,LW; = LC;,&

(3.1) Uwao{R§75|9 + Plng&so - P'ﬁ Koot =
oyso{— Lo AN KS. 5 — 271 A8 KL s Mo},
0760{Ra75|9 + (Ploms\o P 557\9) SaxGK())('yé + Plaax(adrfyx -0, T} =
(3.2) oyso{—L ' LjpAB Ki 5 — LO, AL, Ay KX 5
— A0 (LEG,5) Ay + Lo (05T — 0,T55)
+LO (O, T2y — Ploev) LO,T75(X°O5T2y — LP'5y9)},
(3.3) 2P 10+ AXg Py + S5 6 XX0aT2) + S5

adgh
{L15(65 — Abs)OT35 + L (55 — A¥))x[0.T35 (65 — Afy)]
+8p A5 Ly, — AB,0, 85T ANy — LO, AL 5 (X° 09T, — P'gvg)} - {6/6},
(3.4) 050(2P"7 alolo + 255, 06T5t + S, aow)

ars0{{L1a(85 — Abs)OT5 + L (85 — A¥)Ox[(65T25 (65 — Afs)]
+89A€6L|7 — Aﬂ (9 3'51“2‘;A(’§9
—LO, A5 [(X°0sT2, — Py )} — {6/6}}.
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