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THE ZERO-ONE LAW FOR PRODUCTS OF INTERNAL
*-FINITELY ADDITIVE PROBABILTTY SPACES

Bosko Zivaljevié

Abstract. A version of the zero-one law for products of internal *-finitely additive prob-
ability spaces is proved.

1. Introduction. H. J. Keisler proved (see [2], [3] or [4]) that Fubini’s
theorem is valid for the product of two hyperfinite probability spaces. Namely, if
we have two hyperfinite probability spaces (X, A4, u) and (Y, B v) we may consider
the space (X xY, A x B,uxv) (here A x B is the internal algebra of all inter-
nal subsets of X x Y on which pu x v is naturally defined) and the Loeb space
(X xY,L(AxB),L(ux v)) for which Fubini’s theorem is valid. It is natural to
ask if the same theorem is true for the product of lawcountably many hyperfinite
probability spaces. In this paper we show that the zero-one law for products of
internal *-finitely additive probability spaces is true.

The relevant facts about non standard measure theory that are needed in this
paper, can be found in [4] and we will only repeat some basic definitions. An inter-
nal *-finitely additive probability space is a triple (X, 4, ) where X is an internal
set, A an internal algebra of subsets of X and p a x-finitely additive probability
measure on A. Given such a space we may construct (as it was pointed out by
P. Loeb) a standard countably additive probability space (X, L (A),L(u)) where
L(A) is a o-algebra containing A and p a o-additive complete measure extending
° o u, (where ° is, as usual, a standard part map). The space (X,L (A),L(u))
is call the Loeb space of a space (X, A, ). An example of an internal *-finitely
additive probability space is a hyperfinite probability space, i.e. a triple (H, A, )
where H is a hyperfinite set, A the internal algebra of all internal subsets of H and
4 an internal x-finitely additive probability measure on 4.

In this paper we are working in a polysatured enlargement of a standard
structure.
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2. Results. From two internal *-finitely additive probability spaces (X, A, u)
and (Y,B,v) we may construct the internal x-finitaly additive probability space
(X xY, A x B,ux v) where A x B is the least internal algebra containing the sets
of the form Ex F (E € A, F € B), on which the measure p X v is naturally defined.
As mentioned in the introduction J. Keisler proved Fubini’s theorem for the space
(X xY,L(AxB),L(ux v)). This is a new result because if we consider the usual
standard product of the Loeb spaces (X, L (A) L(u)) and (Y, L (B), L(v)), denoted
by (X xY,L(A) XL (B),L(u) x L(v)), then we have L (A) x L(B) C L (A x B)
(and the measures L(u) x L(v) and L(u X v) coincide of L(A) x L (B) and the
above inclusion can be strict as Hoover’s example shows (see [4]).

We are now going to investigate a product of infinitely many spaces.

Let (X,, An, itn) (n € N) be a sequence of internal *-finitely additive prob-
ability spaces (where N is, as usual, the set of standard natural numbers). We
may extend this sequence to an internal hyperfinite sequence of internal *-finitely
additive probability spaces

(Xla-Al;p'l);a(XH;AHa,uH) (HE*N\N) (1)
At the same time we consider standard sequence of Loeb’s spaces
(Xn, L (An),L(pn))  (n€N) (2)

In the internal product! Hf X}, we can introduce an internal *-finitely additive
measure Hf I, so that we have an internal *-finitely additive probability space
(Hf X, Hf A, Hf] Mk), where Hf Ay is he least internal algebra containing all
sets of the form Ey X --- X Eg (Ey € Ax,k=1,...,H). The corresponding Loeb
space is (Hf X, L (Hf Ak) , L <Hf ,uk))

Considering the standard product of probability spaces (2) we obtain the

probability space ([Ty Xk, [[y L (Ax),[1y L(x)) where [y L(Ag) is the o-
algebra containing all cylinder sets, i.e. sets of the form

P x---xP,xXp41X... (PheL(Ag),k=1,...,n)
and the complete probability measure [ L(pux).

There exist a natural function ST : [[' X — [[ X& which assigns to every
x-finite sequence (ai,...,ag) € Hf X}, its projection on its first N coordinates
ie.

ST(a1,...,ag)=(a1,...,0n,...) (n€N)
From the following lemma we know that ST is onto, so that we can consider the
probability space (][] X&, A, m) where

A:{Yg HXk:STl(Y)€L<HAk>}
k=1

keEN

H
L1f otherwise not stated H{{ and ], will mean J] and [] respectively.
k=1 keN
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and m is the measure defined by: m(Y) = L (Hf Mk) (ST-Y(Y)).

LEMMA 1. (i) ST is onto; (ii) [[y L(Ar) C A, [Iy L(px) and m agree on
HN L (-Ak)

Proof (i) Let (ai,...,an,...) € [[y Xr. We can extend this sequence to a
hyperfinite sequence (o, ...,amH,) such that o € X, for k =1,..., Hy. In both
cases, Hy > H or Hy < H, we can cut off the given sequence or extend it to the
sequence (aq, . ..,am) such that we have

ST(al,...,aH):(al,...,an,...) (HEN)

(ii)Let P={E; x -+ X Epy X Xpr1x : E, € A, (k=1,...,n; n € N)}. First
we will prove that the o-algebra [], L (Aj) can be obtained using the ordinary
Carathéodory extention procedure for the measure [], L(uy) on the semiring P.

If F, € L(Ag) and L(pg) (Fx) =0 (k=1,...,n;n € N), then we can pick
sets B, € A (k = 1,...,n) such that Ey D Fy and L(u)(Ex) < ¥/ (or every
standard positive £), from which it follows that

Fix oo xFyxXpp1 X CEy XX Ep x Xpy1 X...
and [Ty L(pk)(Ey X --- X Ep X X;4q % ...) < €. This shows that Fy X --- x F,, X

X,41 X ... is in Carathéodory’s extention P of the semiring P.

In the general case for Fy, € L(Ag) (k= 1,...,n) there exists sets Ey € Ay
(k=1,...,n) such that L(u)(ExAF;) = 0 where A is the symmetric difference.
We have

(Fiy - xFy X Xp11 X .. )A(Ey X -+ x By X Xpp1 x...) C

g FlAEl) X H @] X1 X (FQAEQ) X H U...
hsY Sy
n—1
..U Hka F,AE, x HXk
k=1 keEN

k>2

The sets on the right-hand side of the above inclusion have []y L(uy) measure zero
and, because of the completeness of []y L(ux), F1 x -+ x F, x Xpy1 X ... belongs
to P. We have proved
[z =7 3)
keEN
Now we can easily prove the second part of the lemma. For cylindric sets of the
form By X -+ X Ep, X Xpy1 X -+ =D (Ey € Ag,k=1,...,n) we have ST~}(D) =
Ei XX Ep X Xny1 X - x Xgr and L (Hf’ uk) (ST-Y(D)) = [1 L(u)(D), s0
(ii) holds. But the sets for which (ii) is true from the o-algebra, so, if we keep in
mind (3), (ii) is true for []5 L (Ag).
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Let B be the o-algebra generated by the sets of the form E x X1 X ...
(n € N), where E belongs to [ A, i.e. E is an element of the internal algebra
generated by the sets of the form E; x --- x E, (E € Ag, k=1,...,n).

LEMMA 2. B C A.

Proof. B is generated by the sets of the form Ex Xy 11 x--- =D, E € [[} A;
so we have ST }(D) = E X Xy 41 X --- X Xy € [[[" Ag, and the result follows.

Therefore we have the probability space (][] Xi, B,m). If we use the same
notation as in the proof of Lemma 1, then o (P) C B (o (P) is the least o-algebra
containing P), and the inclusion can be strict (as Hoover’s example shows). Thus,
the next theorem is not the usual zero-one law.

A set D C [y X is a tail set if and only if it is closed with respect to a
change of finitely many coordinates of its elements, i.e. (a1,...,Qn, Qnt1,...) € D
implies (B1,- .. Bn,@nt1,...) € D forevery 81 € Xi,...,0, € X, andeveryn € N.

THEOREM. If D € B is a tail set, then m(D) =0 or m(D) = 1.

Proof. Let Tpm : [In Xk = X5 X --- x X, (m > n) be the projection, i.e.
Trm Qs e ooy Oy ooy Qg o) = (Qy o« oy A ), Kipym the internal algebra generated
by the sets of the form E,, x --- x E,, (Ex € A, k=mn,...,m; m >n) Fp mn the
o-algebra generated by the sets of the form =} (E) (E € Ky,1) and let Fp o0 be
7 (Unsn Fam ) Notice that Fom C Fo,m1. Therefore |J
Finally we put F = {J,,cn Fn,co- This is the g-algebra of tail sets belonging to B.

Let D € F. Then D € Fp o ie. D € 0 (Upen Fr,n), 80, there are sets
E, € Fi,, such that m(DAE,) — 0. But, D € Fp41,00 and the sets E, and

D are independent, i.e. m(D N E,) = m(D) - m(E,). From this it follows that
m(D) = m(D)? and hence m (D) must be zero or one.

m>n Fn,m is an algebre.

Open questions: (i) Is the Fubini theorem or the zero-one law true for the
o-algebra A 7
(ii) Let B be the completion of B. Are B and A equal?
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