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ASYMPTOTIC BEHAVIOUR OF SOME
COMPLEX SEQUENCES

Slavko Simié¢

Abstract. We give asymptotic behaviour of a complex sequence with parameters and an
application tu Karamata’s slowly varying functions.

This article is inspired by the paper [1] of D. D. Adamovié, in which the
following statement has been proved:

A. For each complex number z and all natural numbers n,

2": 2k (n) N{ (z+1)"t™/(zn)™, if |z +1|>1

= k™ \k —log™n/m!, if z+1|<1Az#0,

and |z + 1| < 1Az #0, more precisely,
m—1

"L zk log™ n log™ ' n o2
; k_m(k> =T HoslmR) Ol Ty Olog™ ), oo

(z complex number, m € N ), here C denotes Euleur’s constant and the determina-
tion of the complex logarithm is such that log1 = 0.

The first part of that asymptotic estimation was proved by Adamovi¢ original
method, exposed in [2] and [3], and the second one using an identity and induction
on n € N. Unfortunately, both methods fail if m is a positive real number; so our
intention in this article is to establish corresponding — in some cases more precise —
results for a generalized sequence, using another method of estimating its integral
representation.

1. We shall first study the asymptotic behaviour (as n — oo) of the complex
sequences

ok

Falz,a, ) :kg (Z)m (n=1,2,3,...)

1
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where a and ( are positive reals and z is an arbitrary complex number. Aftewards,
we shall show that our results concerning sequences f,(z,a, ) imply and make
more precise the statement A.

It appears that the behaviour of f,,(z,a, ) fundamentally depends of z being
interior, exterior or on the circle |z + 1| = 1. For that reason, we shall formulate
our results concerning the asymptotic estimation of f,(z,a, ) in the following
propositions:

PROPOSITISON 1. If z+ 1| > 1, a >0, 8 > 0, then
falz,0,8) ~ (2 + 1)/ (2n)%, n — 0.

PROPOSITION 2. If |z+1| < 1, @ > 0, 8 > 0, then the behaviour of f,(z,a, 3)
is represented by the asymptotic expansion

a—1 _ o0

(@ —wm)p

an n— oo
Inf(—zn)’ ’

k
where ag = T'(B), ar = (_1)’9(‘1;1)1“(’6)(5), (k=1,2,...) and T and T™®) denote
the Gamma function and its derivatives.
PROPOSITION 3. If [z + 1| =1A 2 #0, then
@) forB>a>00r0<a=0<1: fo(z,a,0) ~ (2+1)""2/(2n)*, n — oo;
(b) fora > g >0:

1 In®'(—2n) a )
fa(z,0, 8) ~ Ta)  —an)? kZ:O e " — 00;
1 lnafl _ [a_l]
(c) fora=pB>1: fu(z,0,8) ~ Ta) (_z(n)zn) Z lnk(aszn)’ 2 — 00.
k=0

In (b) and (c) the coefficients aj, are defined as before. In all formulae cited
above power and logarithm functions have principal values.

Finally we shall give an application of our results to the asymptotic be-
haviour of sequences of slowly varying functions in Karamata’s sense. We remind
the reader that if Fj_1(z) = o(Fr(z)), S 2 z — =z, (k = 1,2,...,n9), and;
G(z) = Y12, biFi(z) 4+ 0o(Fpny(2)), S 3 & — o, then the sum on the right-hand
side is called the asymptotic expansion of G(z) as S 3 x — xo, and we write:

no
G(z) ~ Zbka(x), Sz — x;
k=0
furthermore, if Fy_1(z) = o(Fr(z)), S>>z = z¢ (k=1,2,3,...n), and

G(z) ~ Zbka(m), S3zx—my, (n=1,2,3,...),
k=0
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then the series Y -, by Fj(z) is called the asymptotic expansion of G(z) as S >
r — o, which is denoted by G(z) ~ > 22, bpFi(z), S 2 = — z;. We also
remark that in the sequel the expression F(z) = O(G(z)), = € S, means that there
exists a positive constant A (independent of z, but depending probably on some
parameters) such that (Vz € S)|F(z)| < A|G(x)|-

In the proofs of Proposition 1-3 we shall use an integral representation of
fn(z,a, ), which we obtain in the following way, applying the wellknown integral
representation of the Gamma-function:

fnlz,a,0) = i (n) C +kﬂ i ( >zk/ a—1,—(k+B)z g _
k=0

’“ 0

= —Fl /mo‘ le—Ba (Z) (ze %dz = —F(la) /wo‘*le*ﬁm(l + ze™*)"dx.
0 = 0

So,
1) falz,0,8) = %/x 1+ ze”*)"dz, (2 complex ,a,8 > 0).
0

Proof of Proposition 1. Let &, = In(1 +n~2), n. € N. From (1) it follows
that:

T'(@) fu(z @, ) = / 2*1e07(1 4 26\ =
0

&n 00
/wa_le_'@””(l + ze~")dx + /ma_le_ﬂw(l +ze ")dx =1 + L.
0 En

Since z — |1 + zle”” + 1 — e~ ® is monotone decreasing for |z + 1| > 1, we
have:

oo o0

I, = /z’a_l P14 2e7®)"dzx = O /wa_le_ﬁ””|1+ze_w|”da: =
3 En

o0
=0 ( e Pz 4 1le ™ +1—e %)z | =
3

En

- HI=13T) mexp (—ymlEt =1
=0 (|z+1| \/_+1 =0 ||z+1|"exp [ —vn EESY ,n € N.

=0 (|z +1le ™ 41— e_g")”/xa_leﬂmdm =
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et —1 T
Since, f 1]>1,In{1 = 2 n :
ince, for |z + 1| > ,n( +z+1) Z+1+O(w),x€(0,§),weget

&n &n

z_1 n
L = /xa_le_'gw(l +ze M)"dx = (z + 1)”/:1:"‘_16_ﬁz (e"” (1 + € 1 ))dw =
z
0 0

En
e —1
2% e A% exp (n Ine™® (1 + )) dx =

=(z4+1)"

_ n a—1_—fBz _ T 2 —
=(+1)" [ 2% e exp(n( x+—z+1+0(m)>)d:c

=(z4+1)"

O O O

z* e PTexp (— znzw ) exp(O(nz?))dx =

Because, et = 1+ O(te!), t € (0,00), and
nz? = 0(n€2) = O(nIn(1 +n~/2)) = 0(0(1)) = 0(1), for z € (0,00),

(taking the first O with respect to z € (0,&,), and the next with respect ton € N),
we have further:

&n &n
I, = (Z + l)n /wa—le—znz/(z—i-l)dm + ’I’L(Z + l)n/wa—le—znx/(z+1)0(x2)dx
0 0

&n &n
eO(nzz) — (z + 1)n/ma—le—znm/(z+1)dm _ (z + 1)n /ma—le—znm/(z+1)dm+
0

gn
F(z41)" / 2@~ 1e==me/ A O (32)dg = Ty + L3 + L4
0

1
Now, because Re p z__q_cosarg(z+1)

>0,|24+1]>1A2#0, :
1 PR |z +1] > 1Az #0, we ge

én

Li=0 (n|z + 1|"/m°‘+1e’/3$ exp (—m;Re (L)) dm) =
z+1

0

&n
) (n|z + 1|"/a:a+lemp (— (ﬁ +nRe — ) m) d:v) =
z+1

0

nlz + 17 (e
O(w+nRe(z/<z+1))a+2) ‘O( natl ) nen
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[
1'13 =0 ’I’L|Z+ 1|n/xaflefﬂzefane(z/z+l)d$ —
&n
o
-0 n|z+1|nefn§nRe(z/z+1)/xaflefﬁzdm —
gﬂ
— O(|Z+ 1|n(1 +n—1/2)—nRez/(z+1)) — O(|Z + 1|ne—\/ﬁRe(z/z+1))7 neN
i I(a)
Iy = 1) a—1 f(ﬂ+nz/z+1)wd — 1" a )
12= (2 +1) /m ¢ z=(+1) (B+mnz/(z+1))>
0
Finally, we have:
') |z + 1|
L =T I Iy = )" 0
! 12+ hs+ Ly = (z+1) (ﬁ+nz/(z+1))a+ ( notl )7

for 24+ 1| >1A2z#0,
and hence,
fn(z,a,8) = (I + L) /T(a) ~ (z+ 1) /(2n)*,n — oo, for |z+1| > 1,
which completes the proof.
Proof of Proposition 2. Let §,, = Inn3/*, n € N. Then, by (1),

On [e59)

Nmn@mm=/+/=5+h

0 On

Since z — |z + 1|e™® + 1 — e~ is monotone increasing for |z + 1| < 1, we
have:

6’", 6’"4
J = /z’a_le—ﬁ””(lze_’”)”da: =0 /:ca_le_ﬂxl(z +1))e®+1—e""dx | =
0
On
=0 /wa_le*ﬁwﬂz +1lle®+1—e )z | =
0
0n

=0 | (z+1]e% +1— 6_6”)"/wa_le_ﬁmdx =
0

=01 = (1—|z+1))/m¥*" =0 """ (-1=+1D) e N.

Similarly, since for z € (§,, = 00), In(1 + ze ?) = ze * + O(e 2%), and

enO(exp(—2z)) =1+ n0(6—2z)€n0(exp(—2m)) —

=1+ 0(nei2‘s")eo("exp(*26n)) =1+ O(nfl/z)’
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(taking O’s in the first two expressions with respect to x € (d,,,00) and in the last
two with respect to n € IV, we obtain:

Jy = /maileﬁz(l—kzeiz)"dw: /wa—leﬁzenln(l-i-zexp(—z)))dw —

On On
o0

)
— /xa—le,@menz exp(—:c)enO(exp(—Zw))dm — /xa—le,@xenz exp(—:c)dx+

8n On
oo

+ O(n_l/z) /ma_leﬁme"ze"p(_m)dx = Iz3 + Iz4.

On

Now, putting nRe ze™* — x, we obtain:

J24 =0 /maflefﬁzenRezexp(fz)dm — 0(1/nﬁ+1/275), ne N,

n

since we have, with arbitrary chosen € > 0, 2! = O(e°%), z € (6,,0).

Substituting —zne~® — w in I3 (in the sense of forming a complex rectilinear
integral, whose calculation leads to J»3), and noting that |z + 1| < 1Az #0 =
Rez < 0, we get:

—znl/4

1 —zn
— —w] a—1 LayB—1
Jos (“an)? / e n (—w ) w’ ™ dw,

the path the of integration being a line segment. Integrating the function w —
e In®"" =22wP~'dw around the contour L (Figure), we get:

4
“ -zn
e
P /\
H /
! \ T
arg!-2z) ;
I z}nl/!;

|Z‘"1/4

1

J23 = (_Zn)ﬁ

e *(In(—zn) — Inz)* 28 dz + exp(—O(n'/*)), n e N,

0
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and, as above,

J53“lnz—z23§n))/ez (1"E¥£§§ﬁi)(»_ 27 1dp + exp) — O(n1/1)) =
0
_ In®*"!(—2n) T -1 —z d wfa—1 In* 2
=~ Can)? O/x e (kzzo( 1) ( k >7lnk(—zn)+
+0 (s )dx-+exp( @) =

) + exp(—O(n1/4)) =

)
= h‘tz% (;j(—l)’“ (a A 1) m /OOO In* 22 Le do+
)

o B 1 .
ap = /e‘”wﬁ_ldm =T(3) and a; = (—1)* (a & ) / e %2t In* pdz =
0
0

(—1)* (0‘ N 1)r<k>(ﬁ), k=12, ...

So, for |z + 1| < 1, we have, with the O’s taken with respect ton € N,

_ 1 oI () (S ay 1
fnlz, 0, 8) = I‘(a)(Jl +5) = I'(a)(—2n) (kz—o In*(—2n) o (th(—z”))) i
In* '(=2n) <=

_ _O(nt/t
+0 (nﬁ+1/2—5> +exp(=0(n™) T(a)(—2zn)? = In*(—zn)’ noee

Proof of Proposition 3. For [z +1|=1Az #0;

0 En On [ee)
M@)u(za,8) = sl P @ rzeyda= [+ [+ [=n+ K+,
0 0 & 6n

where &, and J,, are defined as above. Since the previously given estimations for
I and J, are valid for |z + 1| = 1 A z # 0, we need only estimate the integral K.
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Puting z + 1 = €', ¢ € (0,27), we obtain,

on
K = /:ca_le_ﬂ‘”((z +De ™ +1—e"")dz =
én
On
=0 /wo‘_le—ﬂﬂewe_‘” +1—e™®|"z | =
En
bn
=0 /wo‘*le*ﬁz (1 — 45in? g e (1 - ef“”))n/2 dx |, n€N.
En

As, for £ € (£,,0,), e *(1—e?) >e (1 —e %) >1/2n%* we have

i 25sin® /2 n/2 ®
a—1_—pfz _ — _ qin2 .pl/4
K=0 /x e (1 Y7, ) dz —0(exp( sin 5 T ))
&n

So, under the condition |z + 1| = 1 Az # 1, for each r € N fixed,

fo(zya,8) = (It + K + 1) /T(a) = (2 + )"/ (2n)*+

I~ (—zn) ( . ay, ( 1 >>
to— g | D+ 0 ) | +
—\B k 1,
I'(a)(—2n) = In"(—zn) In" " (—2zn)
+0(1/n°*Y) + 01 /nPH/?%), n e N,

which implies the statements of Proposition 3.
¢ (z+1)n -1
=1 (n+1)z

Remarks. 1. We note that, fn(z,1,1) = Z (Z) K
k=0

2. One concludes that Proposition 1-3 and the last remark completely deter-
mine the asymptotic behaviour of complex sequences f,(z,a, 3).

2. The application of previous results to the sequence: y |’ (:) ;—Z (zeC,a>

0,n — oo) will give a generalization of Proposition A from [1] (o € RT).
It is easy to show that Y 1 (}) ;—Z =nzfa_1(z,a+1,1).
From Proposition 1 it follows that, for |z + 1| > 1, we have:

n 2k (z+1)(n—1)+(a+1) (z+ 1)n+a

PROPOSITION 1’ Z T (z(n—1)ot " (n)*
k=1

Propositions 2 and 3 imply, for |z + 1| < Az # 0 (because a+ > 1 = j3);

n — 00,

_ In®(=2n) i by,

, M — 00
Fla+1) In* (2n)

nk
V4
! —_—~
PROPOSITION 2. E o
k=1 k=0
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where by = 1, b, = (—1)*T®)(1)(3), k=1,2,....

Taking the first three terms of the last asymptotic sequence and noting that
(1) = —C and IT"(1) = C? + 7?/6, C being Eulers constant, we obtain, for
[z4+ 1 <1Az#0:

" /n\ 2F 1 . / N
,; (’f> ke _m(ln (—2zn) — al' (1) In® ! (—2zn)+
+ @1’#/(1) lna72(_zn)) + O(ll’la—’_g(—zn)), ne N,
that is,
"0\ 2k B n%1n In®—1 In®=2p, ln2(—z)
= (1) = Tawp ™ T -9+ O - =y (P50

+Cln(-2) + % (02 + %) ) +0(n*"3(-2n)), n € N.

This equality includes generalizes and makes more precise the statement in Propo-
sition A. Aljan¢i¢ shows an interesting application of Proposition 1’ concerning
Karamats’s slowly varying functions. By definition L(xz) > 0, x > 0, is a slowly
varying function (SVF) if lim L(tz)/L(z) = 1, for any ¢ > 0. R(x) > 0 is called a
regularly varying function (RVF) with index «, a € R, if R(z) = z*L(x). Vuilleu-
mier [7] gives necessary and sufficient conditions for an SVF asymptotic relation.

PROPOSITION M'. If the matriz (ank) satisfies conditions

(1) D lanklk” = 0@"),  (2) D lanklk™" =0, (n— o0),

for some n > 0, and if there exist a number A such that
n
(3) Zank —A (n— o), then L,/L, > A, (n— 00),
1

for any SVF L,,, where L, = > anr Ly, (k=1,2,...).
We shall apply our results to Proposition M in the following way:
Let us define a triangular matrix (anx) by

& @t

_{(Z)“k n” a>0, 1<k<n
Anpp =
0, k>n

Proposition 1’ shows that, for the matrix (a,;) defined above, condition (3) is
satisfied with A = ((a + 1)/a)®. It also shows that

n n a+n
n\" a+1
DHEE MO
n I;lan” kz_%ank L ( a ) >
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so condition (2) is valid.

The validity of condition (1) is obvious since the matrix (a,) is triangular.
From Proposition M it follows that:

L = ZankLk ~ AL, (n = 00), that is
1

n k 1 a 1)
Z(n>a—Lk~<aZ > (a+1) L,, a,a>0, n— oo.

Pt k) ke ne

Puting R, = n~*R,,, we obtain:

ProproSITION 4. For any RVF R, with indez— o, o > 0:

i<z>akRk~(azl)(a+l)"Rn, a>0, (n— o)

k=1

(which, in fact, is true for every |alpha € R!).
The conclusion is that our Proposition 1 is the core of an asymptotic relation
for a wide class of sequence.
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