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ON EXTENSIONS OF MULTIVALUED MAPPINGS
OF TOPOLOGICAL SPACES

Miodrag Misié

Abstract. For some classes of multivalued mappings F' : X — Y we consider the unique-
ness and existence of extensions F' : X* — Y™, with X and Y dense in the spaces X* and Y*
respectively.

Introduction. We assume that all mappings are pointwise-closed, i.e. each
point of the domain is mapped into nonempty closed subset of the range. Note
that for the multivalued mapping F': X — Y, with F X =Y the inverse mapping
F':Y — X is defined with F'y = {z|yinFz,x € X} # 0, foreachy € Y. If F is
a multivalued mapping and A C X, the set FA:= J{Fz|z € A} = {y|F'yn A #
P} C Y is called the image and the set F* A:={y|F'y C A} C Y the small image
of the set A by the mapping F. For any A C X,FtA C F' holds. If B C Y, the
set F'B:= |J{F'y|ly € B} = {z|Fz N B # 0} C X is the inverse image and the set
F°B:={z|Fz C B} C X, is the small inverse image of the set B by the mapping
F. For any B CY, F°B C F'B holds. In addition we quote some well known
relations, inclusions, implications and definitions concerning multivalued mappings,
and use them subsquently.

(i) Forany AC X, FfTA=Y\F(X\A) and FA=Y \ F*(X \ A), and for any
BCY,F°B=X\F'(Y\B)and F'B=X\F°(Y \ B).
(ii) For any A C X,

F°FtACFFTACACF°FACF'FA, ()
and for any BCY,
FtF°BC FF°BC BC FtF'BC FF'B. (B)
(iii) For all A, A' C X
ANA' =)= FANF+tA =4, )
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and for all B, B CY BNB' =0 = F'BNF°B' = . ()
(iv) A multivalued mapping F' is upper semicontinuous (u.s.c.) iff the inverse map-
ping F' is closed (= F* is open) and a mapping F is lower semicontinuous (1.s.c.)
iff the inverse mapping F’ is open (= F° is closed). A multivalued mapping F'
is continuous iff F' is upper and lower semicontinuous. A multivalued mapping F'
is Y-compact iff the image Fx is compact, for every x € X and a mapping F is
X-compact iff the inverse image F'y is compact, for each y € Y.

Some criterions of semicontinuity. The next theorem gives some criteri-
ons of semicontinuity of multivalued mappings.

THEOREM 1. Let F : X — Y be a multivalued mapping.
(i) A mapping F is u.s.c. iff for any closed B CY and any other B' CY

BNnB' =0= F'BNF°B' =0 (1)
(ii) A mapping E is Ls.c. iff for any closed B C'Y and any other B' C Y,
BNB' =0= F°BNF°B' = . (2)

Proof. (a) Let B C Y be closed and B’ C Y any other set such that BNB' = {).
Then F'BN F°B’ = () follows from (§). If F is u.s.c. mapping, then F'B = F'B
since F’ is closed. Thus F’BN F°B’ = () and (1) is proved. If F is l.s.c. mapping,
then F°B = F°B since F° is closed. Thus F°BN F'B' = () so (2) is proved.

(b) Let now the implications (1) and (2) hold, and let B C Y be a closed
set. If we put B’ =Y \ B, then BN B' = {. By (1) we have F'BN F°B’' = () and
further F'B C X \ F°B' = X \ F°(Y \ B) = F'B, i.e. F'B C F'B. So we have
proved that the mapping F' is closed and that F' is u.s.c. Also BN B’ = ) implies
F°BNF'B' = () by (2) and further F°B C X\ F'(Y\B) = F°B, i.e. F°B C F°B.
Thus we have proved that the mapping F° is closed and that F is l.s.c.

COROLLARY 1.1. Let f : X — Y be a single valued mapping. Then f is
continuous iff for any closed set B CY any B' CY we have

BNnB' =0= f-'BnB =0.

Corollary 1.1. follows from Theorem 1 since any single valued mapping f is con-
tinuous, if it is u.s.c. or L.s.c. and is f=! = f°.

Results. When we discuss the extension of multivalued mapping there nat-
urally appears the question of uniqueness of these extensions. In connection with
this is the following

THEOREM 2. Let F': X — 'Y be a multivalued mapping and Xx*,Yx spaces
such that X = X*,Y =Y*.
(i) If the space Y* is a T3-space and F : X* — Y* is a l.s.c. extension, 'y : X*— Y*
i$ u.S.c. extension, or



On extensions of multivalued mappings of topological spaces 127

(ii) if the space Y* is a Ty-space and F : X* — Y* is L.s.c. extension, Fy : X*Y*
is u.s.c. and Y*-compact extension of the mapping F, then Fz* C F1x* for each
z* e X*.

Proof. If there is a point z* € X*, such that Fz* \ Fiz* # 0, let y €
Fz* \ Fiz*. Since the space Y is Ts-space, or Ty-space and Fiz* a compact
subspace and y € Fz*, there are open sets V* and W* in a Y, such that y € V*,
Fiz* CW*and V*NW* = . From y € Fz* and y € V* it follows Fx N V* # ()
and 2* € FV* = Ug. The set U = F'V* is open, since the mapping F is Ls.c.
From Fiz* C W* it follows z* € FiW* = U and the set Uy is open too, since
the mapping F is u.s.c. Then the set U* = Ug NU; is open in X* and U* # 0,
because z* € U*. Since the set X is dense in the space X*, we have. U* N X # 0.
IfzeU*NX,thenz € Uj = FV*andz € Up = UfW*. But the mappings F
and F; are extensions of the mapping F and Fo = Fx = Fiz, if + € X. Then
from z € FV* follows § # FxrNV* = Fz N V* and from z € F,W* follows
Fr=FizCW*. Thus D # FxNV* C W*NV*, ie. V*NW* # () and we have
the contradiction with V* N W* = (). Hence Fz* C Fix*, for each z* € X*.

COROLLARY 2.1. Let F : X* = Y* be an extension of a multivalued mapping
F:X->Y.

(i) If the space Y* is Ty-space and the extensions F continuous, or

(_11) if the space Y* Ty-space und the mapping F continuous and Y*-compact, then
F' is the unique extension of the mapping F.

Proof. If there are two continuous (= u.s.c. and l.s.c.) extensions F and F;
of the mapping F, then for each z* € X*, Fz* C Fiz*, since F is l.s.c. and F
u.s.c. mappings, and for each z* € X*, Fiz* C Fx*, since F is L.s.c. and F u.s.c.
mapping. So we have Fz* = Fyz*, for each 2* € X*, i.e. F = F;. Thus, with the
conditions (i) or (ii) there is the unique extension F of F.

We shall now consider the existence of an extension F of a multivalued map-
ping F. Tt is known that for a single valued mapping f: X = Y, if Y = Y* there
is not a continuous extension f : X* — Y, where X C X* and X = X* iff the
mapping f is perfect, [4]. A similar assertion for the multivalued mappings is not
true, because it can be proved that there are several classes of multivalued map-
pings that cannot be extended as u.s.c. or L.s.c. mappings. Such classes of mappings
contain necessarily the class of perfect single valued mappings. What is the largest
class of multivalued mappings which cannot he extended as u.s.c. or 1.s.c. mapping
is an open question.

THEOREM 3. X* and Y = Y™ be Ty-spaces and F : X — Y a multivalued
mapping, where X = X*. Then the mapping F can not be extended to the whole
X* (i) as u.s.c. and Y-compact mapping, if the mapping F is perfect (u.s.c., closed,
X-compact and Y-compact), or (ii) as l.s.c. mapping, if F is l.s.c., closed and X-
compact mapping.
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Proof. (i) If there was an extension F' : X* — Y of the mapping F' which is
u.s.c. and Y-compact, then for each point z* € X* \ X, the set Fz* is compact in
Y. Then the set F'Fz* C X compact in X as in X*, since the inverse mapping
F':Y — X perfect as the mapping F is perfect. Because z* € X*\X C X*\F'Fz*
and set F'Fz* is compact in Th-space X*, there are two open in X* sets O*
and U*, such z* € O*, F'Fz* C U* and O* N U* = (. Notice that the set
V =FtU* = {y|F'y cU*} = {y|F'y cU*NX} = F(U*NX) is open in Y,
since the mapping F is closed and the set U* N X # () is open in X. From (B)
follows Fxx C FTF'(Fz*) c FtU* = V, i.e. Fz* C V. Since the mapping F
is u.s.c. and the set V is open in Y, the set Of = F'V is open in X* - Fz* C V
implies z* € F°V = Of. The set Of = O* N OF is open and Of # 0, since z € OF.
Since X is dense in the space X*, Oy NX # 0. If z € Oy N X, then z € O*
and z € OF. Then z € Of = F V implies Fx = Fx C V = FTU*, and further
x € F°V C FPFtU*=F°FT(U*NnX)cU*NX cU* i.e. z € U*. Thus z € U*
and z € O* implies O* NU* # () and we get the contradiction with O* N U* = 0.
So (i) must be true.

(ii) Let z* € X*\ X and y € Fz* be arbitrary points. Since the mapping F
is X-compact, the set F'y C X is compact in X as in X*. As the space X* is a
T»-space there are two open in X* sets O* and U*, such that z* € O*, F'y c U*
and O* NU* = 0. By F'y C U* it follows that y € FtU%t = FH({U*NX) =V
and the set V is open in Y since the set U* N X # () is open in X and the mapping
F is closed (= F+ -open). From y € Fz* and y € V it follows that Fz* NV # ()
and o*F'V = Of. The set Of is open in X*, since the extension F is l.s.c. Thus
¥ € O*NOT =0 # 0 and Of N X # 0, since Of is open in X* and the set X
dense in X*. If z € O N X, then z € O* and z € Of. Since z € X, Fz = Fu.
From z € 0t = FV follows FxtNV =FanNV #0. fy € FxNV, then y € Fx
and y € V = FtU*. This implies that z € F'y C U*, i.e. x € U* and since z € O*
we have O* N U* # 0 which contradicts O* N U* = @. Thus (ii) must be true and
the the theorem is proved.

COROLLARY 3.1. If a multivalued mapping F : X =Y is (i) perfect and there
is an extension F : X* — Y* which is u.s.c. and Y compact, or (ii) Ls.c., closed
and X compact and there is an extension F : X* — Y* which is l.s.c. and the
spaces are Ty-spaces, then Y*\'Y # 0.

COROLLARY 3.2. If a multivalued mapping F : X — Y has an extension
F: X* — Y* under conditions (i) or (ii) of Theorem 3 then F’(Y* \Y)=X*\X
and F'Y = X.

Proof. If the extension F of F satisfies one of the conditions (i) or (ii),
then Fz* N (Y*\Y) # 0, for each 2*X* \ X. Hence z* € F (Y*\Y) and the
implication z*X*\ X = z* € Fy* \Y) is proved, from which follows the inclusion
(X*\X) C F(Y*\Y). From (Y*\Y)NY = @ and (§) follows F (Y*\Y)NFY =
0 and since Fx = Fz C Y, for each z € X we have X C FOY, and further
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F(Y*\Y)NX =§. Hence F (Y*\Y)N X*\ X and the first equality is proved.
By F (Y*\Y)NFY = §, the first equality implies (X* \ X) N F'Y = emptyset
and also F Y C X* \(X*\X)=X. As X C F’Y the second equality is proved.

The main result in this paper is the following criterion of existence of an
extension of a multivalued continuous mapping, if Y = Y* is compact space.

THEOREM 4. Let X he a dense set in o To-space X* and F : X - Y a
multivalued continuous mapping into a T>-space Y. Then there is a unique continuos
extension F : X* =Y of the mapping F iff for each pair B,B' CY of closed sets

BNB' =0 FB NF°B" =0, (1)

where F'B" and F°B' are the closures of sets in the space X*.

Proof. (a) Let a mapping F' has a continuous extension F' : X* — Y and
B,B' C Y be nonempty, disjoint and closed in Y. Then FBNFB = by
(8). Since F is us.c. and Ls.c., the sets F B and F B\ X*\ F (Y \ B') are

closed in X*. By F'B C F B and F°B' C B' we get ’'B. C FB = F B and
F°B" c F°B"" = F B'. Thus from F BNF B' = §. follows F B NF°B" = {
and the implication (1) is proved.

(b) Let now the implication (1) holds for the mapping F' and any pair of
closed, disjoint sets B, B' C Y. Denote by U(z*) the family of all open in X*
neighborhoods U* of a point z* € X*. The extension F : X* — Y of the mapping
F we define by the following equality

Fa:= ({FU*NX)| U € U}, )
for point z* € X*.

1. Since the set X is dense in the space X*, then U* N X # () for any set
U* € U(z*) and therefore F(U* N X) # 0, for any set U* € U(x*). So the family
F(z*) = {F({U*NX)|U* € U(z*)} is the family of nonempty, closed in Y sets.
If Uy,U3,...,Ur € U(z*), then U = N, U; € U(z*), and B # F(U;NX) C
FUNX), fori=1,2,...,n. Thus § # F(U; NX) C N, F({U N X) and it is
proved that the family F(z*) has the finite intersection property. Since the space
Y is compact, then {F(U*N X)|U* € U(z*) # 0, i.e. Fx # 0, for each z* € X*.

2. Ifx € X then z € U*N X and Fx C F(U*N X) for any set U* € U(x).
Thns Fz C ({F(U*NX)|U* € U(z*)} = Fz, ie. Fx C Fz. We shall prove
that Fz \ Fz # ( is impossible. If y € Fz \ Fz, as the space Y is a Ta-compact
space, there are two open in Y sets V and V', such that y € V, Fx C V' and
VNV’ ={. By the implication (1) we obtain now F'V NF°V' ={. As Fx C V'
iff x € F°V' C F°V', we have x ¢ F'V' ,ie. 2 € X*\ F°V = U§ and UjU(x).
Then Ui N F'V = and also U;F'V = . Therefore (U N X) N F'V = and by
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(7) we have F(UF N X)NFTEF'V =0 or FU;NX)NV = since V C FTE'V.
As the set V is open Y, it must be F(U; N X)NV =0 and also Fz NV = { since
Fz = ({FU*NX)|U* € U(x)} C F(U; N X). On the other hand, from y € Fz
and y € V follows Fx NV # () and we have a contradiction. Hence Fz \ Fz # ()
can not hold and Fz = Fz, if z € X. So we proved that the mapping F defined
by equality (2) is an extension of the mapping F'.

3. The continuity of the extension F' will be proved using Theorem 1. There-
fore we shall prove two following inclusions: F B C F'V and F°B C F°V ", where
B is closed and V open in Y set such that B C V.

(i) If z*F € B, then Fz* N B # 0 and therefore F(U*NX) N B # 0, for
each U* € U(x*). Then F(U*NX)NV # § and further F(U*NX)NV # B, since
the set V is open in Y and B C V. Hence there is a point £ € U* N X such that
FznV #Qandz € (U*NX)NF'V CU*NFE'V. Thus U* N F'V # ), for each
set U* € U(z*) and z*F'V*. So we proved the implication z* € FB=>zeFV,
which gives the inclusion F B C F'V .

(ii) If 2* € F'B, then Fz* C B and Fz* C V, since B C V. We shall prove
that there is a neighborhood U§ € U(z*) such that F(U N X) C V. In fact, if for
any neighborhood U* C U(x*) we suppose that F(U* N X)\V # () then the family
{F(U*NX)\V|U* € U(z*)} is the family of closed nonempty sets in Y. It is easy
to show that this family has the finite intersection property and, since the space Y
is compact, is must be

0 # (WETX)|U* € U(a*)} = ({FOX)|U € U(z")}\V = Fz*\ V,

ie. Fz* \'V # 0 and we have the contradiction with Fz* C V. Thus there is a
neighborhood Uy € U(x*) such that F(Us N X) C V. If U* € U(z*), then the set
U* NUj; is a neighborhood of the point z* and F(U*NU§)NX) C FU;NX) C
F{U;nX) Cc V. So we have Q(UsU*) N X C F°V and U* N F°V # 0, for
each neighbourhood U € U(z*) and therefore z%st € F°V™. So we proved the
implication z* € F'B = z* € F°V ", i.e. the inclusion F B C F°V .

Let now B,B C Y be any pair of closed, nonempty and disjoint sets. Since
each Th-compact space is Ty-space, there are two open sets V, V' C Y such that
BCV,B CV' and VNV’ = 0. By implication (1) then follows F'V N F°V' = 0.
As FB c F'V" implies 7B C F'V" and FeircB" C F°V  implies 7B C
FoV'™ and BN B' = () we have two implications

BNB' =)=FB NF B =, (3)
BNB' =)=>FBNF B =§. (4)

By Theorem 1 and (3) it follows that the extension F is u.s.c. and by (4) that the
extension F is l.s.c., i.e. the extension F is continuous. Corollary 2.1 implies that
the extension F' is unique and the theorem is proved.
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COROLLARY 4.1. Let X be a dense set in a Tr-space X* and f: X = Y
a continuous single valued mapping into a Ty-compact space Y. Then there is an
extension f: X* =Y of the mapping f iff for each pair of closed sets B,B' C Y,

BNB =0=f 1B nf 1B =0

The proof of this corollary follows from Theorem 4 since F = f L if F = f
is a single valued mapping [4, Theorem 3.2.1]. Using now the preceding theorem
we can prove the existence of extensions of Y-compact multivalued mapping of a
normal space.

THEOREM 5. For every Ta-compactification o 'Y of a Tychonoff space Y and
every multivalued continuous and Y compact mapping F : X — Y of a normal
space X into a space Y, there is a continuous extension F : X — oY, where BX
is the Stone-Cech compactifaction of the space X.

Proof. Let aY be any Tr-compactification of the space Y. Since the mapping
F is Y-compact every set F'x is compact in the space Y as in the space aY and
therefore is closed in oY, if € X. If we define a multivalued mapping F,, : X —
aY by F,xz = Fx, for each z € X, then it is a pointwise-closed mapping. We
need to prove that the mapping F, is continuous (= u.s.c. and l.s.c.) and that the
condition (1) for the mapping F, holds.

Since F,z = Fx C Y for each z € X, then for any closed in aY set B*
holds F!B* = F'(B*NY) and FSB = F°(B*NY). Since the set B®stNY is
closed in Y and the mapping F' is u.s.c. and l.s.c., the sets F,.B* = F' NY and
F2B* = F°(B*NY) are closed in the space X. Thus the mapping F, is u.s.c. and
l.s.c., i.e. F, is continuous.

Let B*,Bf C Y be any pair of closed sets such that B* N Bf = (). Then
F!B*N F2Bf = 0 by (). The sets F/,B* and F — a°Bj are closed in the normal
space X and since they are disjoint, their closures in the space 8X are disjoint too,
i.e. FTB* NFgB; = 0. Thus we have proved the implication (1) of the Theorem 4
and there is a continuous extension F = F,, : 3X — aY of the mapping F,, which
is an extension of the mapping F' too.

COROLLARY 5.1. For every Ty-compactification a Y of a Tychonoff space Y
and every continuous multivalued mapping F : X — aY of a normal space into
a space Y, there is a unique continuous mapping Fo : X — oY which is an
extension of the multivalued mapping F, : X — oY defined by Fox = F_x*, for
each z € X.

Proof. We must prove that the mapping F,, : X — aY is continuous when
the mapping F' : X — Y is continuous. We shall prove that the sets F;V* and
E!V* are open in the space X, whenever the set V* C aY is open in aY.

() If z € V*, then Foz C V* and Fz C Fz' = Foz C V*. As the space
a Y is normal there is an open in aY set V;* such that Fz C Fz = F,z C
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Vi € V¢ C V*. Then by Fo C V;* and Fz C Y follows Fz C V;* NY and
therefore z € F°(Vi* NY) = U,. The set U, = F°(V*NY) is open in X. since
the mapping F' is u.s.c. and the set V* NY is open Y. Now we shall prove the
inclusion U, C FSV*. If ¢! € U,, then Fz' C Vi*NY C Vi*, i.e. Fz' C Vi* and also
F,e' =Fa” c V¥ cV*anda' € FOV*. So the implication 2’ € U, = &' € FOV*
is proved which implies U, C FSircV*. This inclusion shows that the set FSV*
is a neighborhood in X of all its points, and the set FoV* is open in X. So the
mapping Fj, is u.s.c.

(ii) If the set V* C oY is open in oY, we shall prove the equality F,V* =
F'(V*(NY). Notice that z € FLV* iff Fox N V* # 0 or Fo N V* # ), since
Fox =Fz . But Fx NV* # 0 iff FxNV* # 0 since the set V* is open aY. As
FxCY, FxnV* £Qif Fen(V*NY) # @ and FzN(V*Y) £ iff z € F/(V*NY).
So we have proved the equivalence z € F,V* & x € F'(V*NY') which implies the
equality F,V* = F'(V*Y). From this equality it follows that the mapping F, is
L.s.c., since the mapping F is Ls.c. and the set F'(V* NY) is open, for each open
inaY set V*. By Theorem 5 we get the corollary 5.1.

COROLLARY 5.2. For every Ta-compactification o Y of a Tychonoff space
Y and every continuous single valued mapping f : X — Y of normal space X into
a space Y, there is a unigue continuous extension f, : BX — oY defined on the
whole Stone-Cech compactification BX of the space X [4, Corollary 3.6.6].
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