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CLASSES OF WEIGHTED SYMMETRIC FUNCTIONS*

Tan Cao Tran

Abstract. We generalize the concept of the k-th symmetric difference in the sense of
Stein and Zygmund to that of symmetric difference with respect to a weight system of order
n and the concept of symmetrically continuous functions and symmetric functions to that of
functions symmetric with respect to a weight system of order n. We also study the classes of
even symmetry and odd symmetry consisting of functions whose limits to the right and to the left
exist at each point; hence, their set of points of discontinuity is countable, and they are in Baire
class one. The functions symmetric with respect to a fixed weight system W, of order n form
a linear space V(W5,), and the subclass B(W5) consisting of bounded functions forms a Banach
space with the norm ||f|| = sup |f(z)|.

Classes of weighted symmetric functions

Definitions: We call a weight system of order n a set of real numbers
Wn={w_pn,... ,w_1,wo,w1,... , Wy}
such that >, w; =0 and |w,| + |w_n| > 0.
We say that a weight system W, is even if
w_p =wg, k=0,1,...,n,
with 37wy #0 and wg = =2, _; wy, # 0 and a weight system W, is odd if
w_p =—-wg, k=01,...,n,
with Y7, wy # 0 and wy = 0.
We call symmetric diference with respect to a weight system W, of order n

for a finite real function f(z) the following expression

n

Af(@;Wa,h) = > wyf(z + kh/2).

k=—n
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This symmetric difference includes the k-th symmetric difference introduced by
Stein and Zygmund [4]:

k

Akf(w,h) = (-1) (’;) flz + (k — 2i)h/2].

=0
A function f(z) will be called symmetric wih respect to a weight system W,
if
lim Af(z;Wy,,h) =0,
h—0
and then we write f € S(W,,).

We see clearly that if W is odd, then S(W;) is the class of symmetrically
continuous functions, that is, the class of functions satisfying the condition

1i — flx—h) =
lim (f(z + h) ~ f(z ~ 1) =0,
and if W is even, S(W7) is the class of symmetric functions satisfying the condition

Illiir%)(f(x+h) + fx—h) —2f(z)) =0.

Remark: Some classes are equal.

Example 1: Consider
W1 = {17_271}
Wy ={1,0,-2,0,1}
W3 ={1,0,0,-2,0,0,1}
w, ={1,0,...,0,—-2,0,...,0,1},

then
S(Wh) = S(Wa) = S(W3) = --- = S(Wp).

Ezxample 2: Let
Wy = {-1,0,1}
Wy = {-1,0,0,0,1}
Wn = {_1707"' 707"' 7071};

then
S(WL) = S(Wa) =+ = S(W).

Ezample 3: Let Wy = {1,—2,1} and let W> be an even weight system
Wy = {a,b,c,b,a}

such that
a#0,c=-2(a+b), |a|<|b| and w=0b/a<O.
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Let B(W;) be the class of functions bounded and symmetric with respect
to Wi; B(Ws) the class of functions bounded and symmetric with respect to Wh.
Then

B(W») = B(Wh).

Proof: Prop. 2, which follows this example, shows that
feB(Wy) = [ € B(W2).

Now we prove
f € B(Wy) = f € B(W).

Since f is bounded, we may assume f(0) = 0. For if f(0) # 0, the function
g9(z) = f(x) — f(0)
satisfies g(0) = 0 and
2 2
lim > w_g(kh/2) = lim 3" we [7(kh/2) ~ £(0)
—2

h—0
k k=—2

2 2
= lim > worf(kh/2) = £(0) D wp =0.
k=—-2 k=—2
There exists an M > 0 such that, for every =,
|f(z)| < M.

We show that if f is not symmetric with respect to Wy at z = 0, then there is a
contradiction.

Suppose there exists a sequence h, — 0 and
f(hn) + f(=hn) = 2(0) > e.
Since f is symmetric with respect to Wa, there exists a § > 0 such that for |h| < &
|alf(=2h) + F(2h)] + b[f (=) + f(B)]| <elal.
Let w = b/a with |w| > 1. Then
|F(=2h) + f(2h) + w[f(=h) + f(h)]| <e.

Since h,, — 0, we have, for n sufficiently large,

(1) —& < f(=2hn) + f(2hn) + w[f(=h) + f(R)] <.
But —w > 1, and thus we have
(2) —we < —w [f(=hn) + f(hy)] -

From (1) and (2)
3) (—w —1)e < f(=2ha) + f(2hn).
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We also have, for n sufficiently large,

@ e < f(—dhy) + f(4hy) +w f(—2hs) + F(2hy)] <é.
And by (3) it follows that
(5) (w? + w)e < —w[f(=2hy) + f(2h,)] -

From (4) and (5):
(w? +w — 1)e < f(=4hy) + f(4hy,).

Similarly, for n sufficiently large:
(—w? —w? +w —1)e < f(—8hy) + f(8h,).
In general, let
ap = (—1)PwP + (—1)PwP™t 4 (—1)P P2 4 (—1)P 2P 3 4 ... — 1.

Then for n sufficiently large it follows that

ape < f(—2Ph,,) + f(2Ph,).
We can choose p and n so that

ape > M and 2P|h,| <.

Then
f(2Ph,) + f(2Phy,) > M.

This is a contradiction.

ProposiTION 1. If f is continuous, then f € S(W,,) for any weight system

W,
Proof : Since
lim f(z + kh/2) = f(z), k=-n,...,n,
h—0
we have . .
lim k:z_n wy f(z + kh/2) = f(x) k:Z_n wy = 0.

ProposiTION 2. If f is symmetric, then f is symmetric with respect to any
even weight system of any order.

Proof: Let W, be any even weight system. Then

AF(z; Wy, h) = i wi f(x + kh/2)

k=—n

= wy [f(x +kh/2) + f(z — kh/2) — 2f ()] .

k=1
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Since
lim f(z +h/2) + f(z = h/2) = 2f(z) =,
we have
lim (@ + kh/2) + f(z = kh/2) = 2/(2) =0, k=0,1,...,n.
Thus

lim Af(x; W,,h) =0.
h—0

COROLLARY. Sgym = (\r—; S(even-W,) where Seym is the class of symmetric

functions, and S(even-W,,) is the class of functions symmetric with respect to an
even system W,.

Prorosition 3. If f is symetrically continuous, then f is symmetric with
respect to any odd weight system of any order.

Proof: Let W,, be any odd weight system. Then

Af(@; Wa,h) =Y wi [f( + kh/2) — f(z — kh/2)].
k=1

Since
lim /(2 +1/2) - f( = h/2) =0,
we have
%g%f(w +kh/2) — f(z — kh/2) = 0.
Thus

lim Af(z;W,,h) =0.
h—0

COROLLARY. Ssc = (., S(odd-Wy,) where S is the class of symmetrical-
ly continuous functions, and S(odd-W,,) is the class of functions symmetric with
respect to an odd system W,.

ProrosiTion 4. There are functions symmetric with respect to an even weight
system of order 2 but not symmetric.

Proof: 1) First we construct a bounded function, which is symmetric with
respect to
Wy ={1,1,-4,1,1} atz=0
but not symmetric at z = 0.
Let ¢ be a fixed positive number.
We define f as follows: f(0) = 0. For z & (—2¢,2¢), f(z) = 0.
For z > 0,
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fx)=0 forz=2cc,c/2,¢/2%...,¢c/2"...
fx)y=1 forxz=3c/2,3¢%/2,...,3¢c/2°" ...
f(z) = =1 for x =3c/2%,3c/2*,...,3c/2°"....
Forz < 0:
f(x)y=0 for z=-2¢c,—c,—c/2,—c/2% ... ,—c/2,...
T =—3c/2,-3¢/2%,3¢/2%,... ,3¢c/2",...
fx)=1 for z=-Tc/2% —Tc/2°,... —Tc/2%"F3 ...
x = —bc/2% —5¢/2°,... ,—5c/2P" T3 ...
f(x) = =1 forax=—T7c/2% —Tc/2%, ..., —Tc/2?",...
= —5¢/2%, —5¢/2, ..., —bc/2°", ... .

Between any two consecutive points listed above, f(z) is linear. Then we see easily
that f is symmetric with respect to Wy at £ = 0 but not symmetric at = 0.

2) We also construct an unbounded function, which is symmetric with respect
to the system
Wy ={2,1,-6,1,2} atz=0
but not symmetric at x = 0.
Let ¢ > 0 and let

flz)=1 for z € (—2¢,2c)

f()=0 forz=0

fl@) =1 for z = —2¢, —¢/2,—c/2%,... , [2°"t1 ..
f(x)=1/8 for z = —c,—c/2%, —c/2%,... , —¢/2®", . ..
flx) =1 for z = 2¢

f(xz) =-33/8 forz=c.

At the points
T =c/2,¢/2%¢c/2%,...

we define f(z) by the recursion formula
2[£(c/2") + f(=c/2M] + f(c/2"") + f(=c/2"*) =0

and we let f(x) be linear between any two consecutive points listed above. This
function is symmetric with respect to Ws but not symmetric at £ = 0. To show
this, we need the lemma:

LEMMA. For the function f given above and each h = ¢/2"

1) 2[f(=2h)+ f2R)] + f(=h) + f(h) =
2) 20f(=h) + f(W)] + F(=h/2) + f(R/2) = 0
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and, for any t in [h/2,h], [ satisifies
2[f(=2) + f2)] + f(=t) + f(1) =
Proof of the lemma: Let
f(=2h) = ao, f(2h) = ay
f(=h)=a1, f(h) =a;
f(=h/2) = a2, f(h/2) = ay.
Thus
(1) holds & 2(ap +a'o) + a1 +a'1 =0,
(2) holds & 2(a; +a'y) +az +a's =0.
Let L; be the segment joining (—2h,ao) and (—h,a;1); Lo joining (2h,a’y) and
(h,a'1); L3 joining (—h,a1) and (—h/2,as); L3 joining (h,a’1) and (h/2,d}).
Ly : y—aoz(al—ao)($+2h)/h
L2 Ly —- al() = (0/1 - a'o)(:c - 2h)/h
Ly: y—a; =2(ay—ay)(z+ h)/h
L4 Y- a'1 = —2(&’2 —a 1)(5[] - h)/h
Thus,
( 2t) (a1 - ag)(—2t + 2h) + ag
(2t) ( 1 —a 0)(2t - 2h) + (1,0
( t) (az—al)(—t+h)/h+(l1
ft)=—-2(a'2—a'1)(t —h)/h+ad'1.

So for every t in [h/2, h],
2[f(=2t) + f20)] + f(=t) + f(t) =

This lemma, applied to each step, shows that f is symmetric with respect to W at
z = 0. But by the recursion formula

Fe/2mh) + f(=c/2"1) = =2[f(c/2") + f(=c/2")],
we have:
Fe/2") + f(=c/2"T) = (=2)[f(c) + f(=0)]
= (=2)""[f(2c) + f(=2¢)] = 2(-2)"*+1.
Thus f is not symmetric at x = 0.

ProposITION 5. There are functions symmetric with respect to an odd weight
system of order 2 but not symmetrically continuous.
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Proof. 1) First we construct a bounded function symmetric with respect to
W) ={-1,-1,0,1,1}.
Let f(z) be the function of Part 1 in the proof of Prop. 4. Then we define
g(z) =f(z) forz>0
g(z) = —f(z) forz <O.

This function g(xz) is symmetric with respect to W4 and not symetrically continuous
at z =0.

2) We also construct an unbounded function symmetric with respect to
Wy ={-2,-1,0,1,2}.

Let ¢ > 0 and let

flz)=-1 for x < —2¢
f(x)=0 forz =0
f(z) =-1 for z = —2¢,—c/2,—c/2?, ... ,—c/2>"t!
f(x)=-1/8 for z = —c,—c/2%, —c/2%,... ,—c/2""
f(z) =1 for z > 2¢
flz)=-33/8 forz=c
At the points
r=c/2,¢c/2% ¢c/2%, ..., ¢c/2", ...

we define f(z) by the recursion formula

2[f(e/2") = f(=c/2M] + f(c/2"") = f(=c/2"*) =0

and let f(x) be linear between any two consecutive points listed above. Then by a
proof similar to that of Part 2 in Prop. 4, we see that the function f(x) defined here
is symmetric with respect to the odd system W' but not symmetrically continuous
at z = 0.

Thus there is a variety of functions satisfying different weighted symmetric
conditions.

ProrosiTioNn 6. A function f is continuous iff f is both symmetric and
symmetrically continuous.

Proof: If f is continuous, by Prop. 1, f is both symmetric and symmetrically
continuous.

Conversely, suppose f is both symmetric and symmetrically continuous, then

(1) lim (f(z +h/2) = (2 = h/2)) =0
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(2) lim (f(z +1/2) + (& — h/2) = 2f () = 0.
From (1) and (2) we have

lim (2f (¢ + h/2) — 2f(2)) = 0.
Thus, f(z +0) = f(z — 0) = f(z) and f is continuous.

PRrOPOSITION 7. If f is symmetric with respect to an even (odd) weight system
W, of order n, and if at each point the limits to the right and to the left of f exist,
then f is symmetric with respect to any even (odd) weight system of any order.

Proof: Fixn > 1. Let f be symmetric with respect to an even or odd system
Wh.

If n = 1, then the results are true by Prop. 2 and Prop. 3. Suppose n > 1
and W, is even.

Since the right limits and left limits exist at each point x, we have

lim > wi [f(z + h/2) + f(z — h/2) — 2f(x)] =0
k=1

h—0
[f(z +0) + f(z = 0) — 2f(2)] Y _wi = 0.
k=1

By the definition of an even weight system, we have

Z Wi 75 0.
k=1

Thus
f@+0)+ f(x —0)—2f(z) =0.

So f is symmetric, and by Prop. 2, f is symmetric with respect to any even system
of any order.
If W, is odd, we have

1
h—0

im > " wg [f(z + kh/2) + f(z — kh/2)] =0
k=1

and
n

[f@+0) + flo = 0)] D wi =0.

k=1
Since Y p_, wi # 0, we have

flz+0)— f(z-0)=0.

Thus f is symmetrically continuous and hence, by Prop. 3, f is symmetric with
respect to any odd system of any order.
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By Prop. 7, we see that functions which are symmetric with respect to an
even (odd) weight system and whose limits to the right and to the left at each
point exist form a special subclass of symmetric functions. There are only two such
subclasses which we call even symmetry class and odd symmetry class denoted by
Seven and Soqq-

1) A function in the even (odd) symmetry class is symmetric with respect to
any even (odd) weight system of any order.

2) If f is measurable and f is in Seven Or Sodd, then the set of points of
discontinuity of f is countable; hence, f is in Baire class one. For it is well known
that, for a function f, if the right limit and left limit exist at each point, then the
set of points of discontinuity is countable, and f is, therefore, Baire 1 [2, p. 283].

3) Seven C ooy S(even-Wy) = Seym.
The inclusion is strict; for instance, the function
f()=1+sin(l/z) forz >0
flz)=0 forz=0
f(xz) =—-1+sin(1/z) forz <0
is symmetric, but the right limit and left limit do not exist at = 0.
4) Sodd C ﬂzozl S(Odd—Wn) = Sec-
The inclusion is strict because the function
f(z) =cos(1/z) forz#0
f(z)=0 forz =0

is symmetrically continuous, but the right limit and left limit do not exist at z = 0.
Now consider the class of functions such that at each =z,

Jim T ; wy, [f(x + kh/2) + f(z —km/2) — 2f(z)] = 0

if W, is even, and

Jim  lim ; wi,[f(z + kh/2) + f(z — km/2)] =0

if W,, is odd.

Then it is clear that the left limit and the right limit of f exist at each point
xz. Hence, the set of points of discontinuity of f is countable, and f is Baire 1.

ProposITION 8. If {fi} is a sequence of functions symmetric with respect to
a fized weight system W,, (W,, need not be even or odd), and if f is the uniform
limit of {f;}, then f is symmetric with respect to W,.
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Proof. We have
Af(x; Wy, h) = Af(x; Wy, h) — Afi(z; Wy, h) + Afi(z; Wy, h)

n

= > wp[f(z+kh/2) — fi(z + kh/2)] + Afi(z; Wa, h).

k=—n

Then

|Af(@; Wa, )| < Y wil - |f (@ + kh/2) = fi(w + kh/2)| + | Afi(w; W, b))

k=—n

Since f; is symmetric with respect to W,,, there is a § > 0 such that
|Afi(z; Wp,h)| <e/2 for |h| < 6.

Since f; — f uniformly, there is an N > 0 such that

n

|f(x + kh/2) — fi(x + kh/2)| <& - (2 >

k=—n

-1
|wk|) fori > N.

Thus
|Af(z; Wy, h)| <e for |h| <4.

ProPoSITION 9. Given a weight system W, of order n, the sum of two func-
tions symmetric with respect to W, is symetric with respect to W,.

Proof: Suppose

lim Af(z;Wy,,h) =0, lim Ag(x; W,,h) =0;
h—0 h—0

then
lim A(f + ¢)(x; Wy, h) = lim Af(z; W,,h) + lim Ag(xz; W,,,h) =0.
h—0 h—0 h—0

ProposiTioN 10. The product of a function symmetric with respect to a weight
system W, by a scalar is symmetric with respect to W,.

Proof: Suppose
lim Af(xz; W,,h) =0.
h—0

Then
lim A(cf)(x; Wy, h) = clim Af(z; Wy, h) = 0.
h—0 h—0
THEOREM. Given a weight system W, of order n, the functions symmet-
ric with respect to W, form a linear space V(W,). The uniform limit of a se-
quence in V(W) belongs to V(W,,). Moreover, if B(W,,) is the subspace of V(W)
consisting of bounded functions, then B(W,) is a Banach space with the norm

I£1l = sup | f(z)]-
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