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OPTIMAL PROBLEMS CONCERNING INTERPOLATION
METHODS OF SOLUTION OF EQUATIONS

Ion Pavaloiu

Abstract. We consider optimality problems regarding the order of convergence of
the iterative methods which are obtained by inverse interpolation of Lagrange-Hermite type.
A similar problem for a class of Steffensen-type methods is solved.

Introduction

The inverse interpolation problem, connected with equation solution was es-
sentially approached in [5, 6, 7, 4]. In [4] it was shown that the most known
iteration methods, as: Newton’s method, Chebyshev’s method, chord method, as
well as various generalizations of them, are all obtained by means of Lagrange-
Hermite-type inverse interpolations. A classification of these methods according
to their order of convergence is not beyond interest. In this paper we propose to
solve two extremum problems concerning the order of convergence of the iteration
methods obtained by the Lagrange-Hermite-type inverse interpolation and that of
the Steffensen-type method which follows from the preceding ones.

The Lagrange-Hermite-type inverse interpolation polynomial with n+1 nodes
(n € N), each node having a given multiplication order, leads to a class of (n + 1)!
iteration methods. Out of this class of methods, we propose to determine the
method having the highest order of convergence. In the last part of the paper we
solve the same problem for a class of Steffensen-type iteration methods.

1. The inverse interpolation problems
and the determination of optimal iteration method

Let f : I — R be a function, where I is an interval of the real axis. Denote by
E aset of n+1 distinct points from the interval I, namely F = {z1,22,... ,Zpt1},
where z; #x; fori #j,4,7=1,2,... ,n+1.

AMS Subject Classification (1991): Primary 65D 05, 41 A 25



114 Paviloiu

Consider the natural numbers a;, s, ... ,an+1 and suppose that they satisfy
(1.1) a1 +as+ -+ o =m+1, m € N.

It is a well-known fact that the numbers y{, ij=01...,a =114 =
1,2,... ,n+1 being given, there exists a unique polynomial P, of degree at most m,
which satisfies the relations
(1.2) PO(z)=y!, §j=01,...,0;—1, i=12...,n+1.

The polynomial P satisfying the conditions (1.2) has the form:

ntlai—la;i—j—1 ALY (%) w(z)
(13) Z Z Z yz k! ||: w(m) :| (m_xi)ai—j—ka

i=1 j=0 = T=T
where
n+1
(1.4) w(z) = H (x — x;)
=1

If we suppose that the function f admits derivatives up to the (m + 1)-th
order on the interval I, and if we put y! = f9(z;), j = 0,1,...,0; = 1,0 =
1,2,...,n + 1, in (1.3), then P is the Hermite interpolating polynomial on the
nodes x;, © = 1,2,...,n + 1, associated with the function f, and the following
equality holds:

_ ()
(1.5) f(z) — P(z) = mw(x),
with £ € I.

We shall suppose, in what follows, that f'(x) # 0 for every x € I and denote
F = f(I). It follows that f : I — F is bijective, hence there exists f ! : F — I and
the function f~! admits derivatives up to the (m + 1)-th order, for every z € F.
The k-th order derivative, where k < m + 1, can be determined by means of the
following formula [7]:

(16) (f H™® (%)
Ly @2l D a0
N iolig! g (f!(mg))2k 1 1! 2! k! ’
where the above sum is extended over all integral and nonnegative solutions of the
system

ig+2iz+ -4+ (k—1)ip =k — 1;
(1.7) 2 ¥ 2y koo ¥ (k=i
iy +ig+ - +ip =k —1.

If we suppose that the equation:

(1.8) f®)=0
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admits a root Z € I, then the hypothesis f'(z) # 0 for every z € I leads to the
conclusion that this root is unique.

From f(z) = 0 it follows that Z = f~'(0) and the problem of the approximate
solution of the equation (1.8) reduces to the determination of an approximation for
f71(0). Let ¢ be a function which approximates the function f~!, at least in a
neighbourhood V of the point y = 0; thus an approximation formula of the form:

(1.9) f ) =) + RIf 9]

holds on the set Vj.

Neglecting the function R[f~!,y] and putting y = 0 into (1.9), we obtain the
following approximation for Z:

(1.10) Z = ¢(0),
with an approximation error given by the inequality

(L.11) |z — (0)] < [R[f~1,0]].

There are two natural conditions to be imposed on the function ¢:

a) to approximate the function f~1(y) as well as possible, i.e. the number

R[f~1,0] must be as small as possible;

b) to have some simplicity properties for the computation of its values.

The functions which agree with the second condition are (or rather seem so)
polynomials, since the computation of their values reduces to elementary arithmetic
operations.

Obviously, if we succeed in constructing the best approximating polynomial
for f~! on the set Vj, then the first condition will be satisfied too.

In what follows we shall not approach the problem from this point of view;
therefore the function will be replaced by the Hermite interpolating polynomial
associated to the function f~1, on the set F, called Hermite inverse interpolating
polynomial. For this purpose, in the interpolating polynomial (1.3) we consider,
as interpolating nodes, the values y; = f(z;), i = 1,2,...,n + 1, while for y/,
§=01,...,0i—1,i=1,2,... ,n+1, we consider ¢” = z;, i =1,2,... ,n+1,
respectively g\ = ()@ (y;), i =1,2,... ,n+1,5=1,2,... ,a; — L. In this way
the polynomial (1.3) acquires the form:

n a;—1 a; 1 .
1 P -3 S 3 e [ ] s
i=1 j=0 k=0 k' : W) L=y (=) h
where:
n+1
(1.13) w(y) = [ — i)™

i=1
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From (1.5) it follows that
-1 (m+1)
- P =
Taking into account the fact that z = f~1(0), from (1.14) one obtains:
[F =1 ()] D)
(m+1)!
where 7, is a point lying in the shortest interval which contains 0, f(z1), f(z2),
.+, f(zn+1). Denoting this interval by F; and putting:

(1.15") Mgy = sup |[f ()],

yeF

w(y), where g € F.

(1.15) z— P(0) =

it results, from (1.15),
_ Mm+1
1.1 - P < —
(1.16) 7= P(O)] < g ol 0)
and, since y; = f(z;),i=1,2,... ,n+1,

M1
#_:1),”(531”(11 Af @)% - [ f (@) [

From (1.17) it follows that if z1, s, ... , 2,41 are chosen sufficiently close to
Z, then the values f(x1), f(x2), ..., f(zn+1) are real numbers close to zero; so
much more the product H:’;{l | f(z;)|* will be close to zero. This remark allows us

to consider the value P(0) as an approximation for Z the root of the equation (1.8).

(1.17) |z - P(0)] <

If P(0) is not a good enough approximation for Z, then we can construct, by
iterations, a sequence of approximations (2)r>1, which, under certain conditions,
will be convergent, and lim z, = Z.

More precisely, let z1,x2,... ,Zn,+1 be n + 1 approximations of the root Z of
the given equation (1.8). We denote x,42 = P(0) and replace one of the n + 1
nodes z1,Z9,... ,Tnt1, then continue the iteration process by the above described
procedure.

The problem which arises is to determine the interpolating node which should
be replaced at each iteration step in order to obtain a sequence of approximations
(k) r>1 with a maximum order of convergence. To solve the problem, let us consider
the following equations:

(1.18) Pt)=t""! —a,it" —apt" " — - —ast—a; =0,

(1.19) Q) =t —ait" —aot™ ' — - —apt —any1 =0,

(1.20) R(t) =t"t" —at" —apt"™ ' — - —a;, t —a;,,, =0.

where a1, a2, ... ,a,41 are real number satisfying the conditions:

(1.21) ar+ax+---+ap>1, a; >0, i=1,2,...,n+1,

(1.22) U1 > Qn > ... > ay > ai,

while 41,42, ... ,i,41 is an arbitrary permutation of the numbers 1,2,... ,n + 1.

The following lemma holds:
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LEMMA 1. If a1,a9,... ,ant1 satisfy the conditions (1.21), then any of the
equations (1.20) has a single positive and supraunitary root. If, in addition, the
condition (1.22) is also satisfied and we denote by a, b, ¢, respectively, the positive
roots of the equations (1.18)—(1.20), then

(1.23) 1<b<c<aq,
i.e. the equation (1.18) admits the greatest root.

Proof. Consider one of the (n + 1)! equations of the form (1.20) and denote
by s the greatest natural number for which a;, # 0. We have a;, , = a;, ., = ... =
ai,,, = 0, and consider the function ¢(t) = R(t)/t"~**'. We have ¢(1) = 1—a;, —

- —a;, <0 and limy_, o, 9(t) = +o00. Accordingly, the equation () = 0 has at
least one supraunitary root and therefore R(t) = 0 has at least one supraunitary
root.

The uniqueness of this root follows easily if we consider the function f(t) =
—t"*+1 R(1/t) which satisfies the condition f'(t) > 0, for ¢ > 0.

In order to prove the inequalities (1.23) it is sufficient to show that R(b) <0
and R(a) > 0. Indeed, we have:

R(b) — Q(b) = (a1 — @i, )b" + (az — ai,)b" ' + - + (an — a3, )b + Gny1 — ai,
= (b — 1)[(&1 — a,-l)b”_l + (a1 +as —a; — aig)bn_Q +---

+(a1 +as+---+ap—1 — a;; — Qi —---—a,-n_l)b
+art+ar+--+an—ay —ay —-—a;,] <0,
sinceb>1landa; +as+---+as—a;, —a;, —-—a;, <0,s=1,2,... ,n.
The inequality R(a) > 0 can be proved analogously.
Consider now the permutation iy, is,... ,i,41 of the numbers 1,2,... ;n+1
for which the natural numbers aq, @z, ... ,a, 41 satisfying the equality (1.1), can

be increasingly ordered, namely:
(1.24) a;, <ag, <<y, <oy,
We renumber, accordingly, the elements of the set E, i.e. we consider:
E={zi,%iy,... ;Tip,}

For the sake of clearness we shall set:

(1.25) as = ,, s=1,2,...,n+1

and

(1.26) Us = T, , s=1,2,...,n+1,

and denote by H(y1;a1,Y2;a2,--- ,Ynt1;an+1; f | ) the Hermite interpolating

polynomial, corresponding to the nodes y; = f(u;), ¢ = 1,2,... ,n + 1, having the
multiplicities a1, aa, ... ,an+1 respectively.
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From (1.17) we obtain

~ B M. n+1
(1.27) |2 = H(ys;a1,92502, -+ s Ynt15ant1; [ [ 0)] < ﬁ 11 17 ()
=1

[e 23

where M,, 1 has the same meaning as in (1.15).

Let wi,u2,...,unt1 be the n + 1 initial approximations of the root Z of
the equation (1.8). We construct the sequence (up)p>1 by means of the following
iterative procedure:

(1.28) Unt2 = H(y1;a1,Y2;a2, -« ,Ynt15Gn413 1 0), -on s
‘ Untst1 = H(Ys,a1,Ys41,02; . .. ays—i-n;an-l-l;f_l |0): §=2,3,....

Denoting M = sup,¢p |[f ! (y)]™*V| and 8 = sup,c/ | f'(z)|, we obtain from
(1.27) and (1.28):

+1

M m+1 T )

b @i s=1,2,....
m

(1.29) 1Z = Zntsi1| < ——— | ] 12 — usti1
(m +1)! i=1

Denoting p; = 8%/ BM/((m + 1)!) |Z—u;|, i =1,2,..., we obtain from (1.29):

n+1

(1.30) Prtst1 < H Paiicts s=12,....
i=1

Suppose that there exists a d € R, 0 < d < 1, such that:
pi<d,  fori=1,2,...,n+1,

where w is the positive root of the equation (1.18). That number is called the
convergence order of the method (1.28).

If we suppose that:
pigd‘”i, i=n+2,n+3,...,n+s

then, taking into account (1.30) and the fact that w is a root of the equation (1.18),
we derive the inequality:

n+s+1

(1.31) Pnist1 < d° )

which is valid for every s = 1,2,... .

Taking into account the expression for p,is+1, we obtain the following in-
equality for the error evaluation:

]- n+s+1
T — Unts -d” )
N (D

from which it follows that lim,_,. up = 2.

(1.32) s=1,2,...,
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Observe that both the error evaluation and the convergence speed of the
method (1.28) depend on the root w of the equation (1.18). The greater w is, the
better the upper limit obtained for the error is.

Consider all (n + 1)! permutations of the set {1,2,...,n + 1}. To each per-

mutation 41,42, ... 4,41 it corresponds an iterative method of the form:
Tnt2 = H(yil;ailayiz;aiza cee ;yin+1;ain+1;f | 0))
(133) Tntst+2 = H(yi1+s; iy s Yintss Xins -+ - 5Ying1+s) Xy f | 0)7
s=1,2,....

All together we have (n + 1)! iterative methods.

Taking into account Lemma 1 and the results proved so far, we can state the
following theorem:

THEOREM 1. Out of the (n+1)! iterative methods of the form (1.33), with the
greatest convergence order (namely these which provide the best upper limit for the

absolute value of the error) is that determined by the permutation iy,is,... ,int1,
which orders increasingly the numbers o;,, o, ..., 04,,,, namely a; < a;, <
‘e S a’in+1 .

2. Some particular cases
In what follows we shall discuss some particular cases.

Case n = 0. From (1.12) one obtains the Taylor inverse interpolating poly-
nomial:

@) T =m+ 0Ty

L e
1!

(al _1)' (y_yl)alil

while, from (1-6), we obtain the following expressions for the successive derivatives
[F W)™, k=1,2,3,4

S = L
(22) 7N = iy
-1 "o_ _ .f”(x)
(2.3) )" = ~trp
4  er=-L (w)f[(fwl)(x—)]?[f (@)
“[f' @D (@) + 100" (@) " (@) "' (x) ~ 15[f" @)

@25) [ wI®=

[f' ()]
From (2.2) and (2.1) for a; = 2 we obtain:

1
T(y) =21+ m(y - f(x1)),
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which, for y = 0, leads to the approximation z» of Z given by the expression

f(z1)
f(x1)’

(26) Iy =T —

i.e. to the Newton’s method.
From (2.2), (2.3) and (2.1) for oy = 3 we obtain Chebyshev’s method, i.e.:
flz) 1 (1) f?(z1)

27 RENT R T2 [fa)P

Lastly, from (2.2), (2.3), (2.4) and (2.1) for oy = 4 we obtain:

flay) 1 f"@) (@) (@) f (21) = 31" (@)
fil@) 2 [f(a))? 6[f'(z1)]° '

From the above methods one obtains by iterations the corresponding sequence
of approximations, which has the order of convergence 2, 3 and 4 respectively.

(28) T2 =21 —

As one may notice from (2.5) and (1.6), for oy > 5 the expressions for the
derivatives [f 1 (y)]*, k > 4, have a more complex form. That is why the methods
following from (2.1) in these cases are also complex.

Case n = 1. In this case, from (1.12) it follows:

2 a;—la;—j—1 — )21 w
2o PH=3 3 3 [fl(yi)]o)k!%_![(y Yi) ] (y)

pr i Sl w(y) Loy, y—ya)>i—i=k

where:
(2.10) w(y) = (y —y1)* - (y —y2)*.

From (2.9) one obtains two iterative methods; namely denoting as above by
H(yi;01,y2;00; f~! | y) the Hermite inverse interpolating polynomial (2.9), we
find:

(211) z3 = H(yi;a1,y2500; f 1 [0), 21,32 € I, y1 = f(21), 92 = f(22),
‘ xn-l-lZH(yn—l;ahyn;a%fil'O)a 7’L=3,4,...,
or

(2.12) x3 =H(yi;00 1yas015f 1 0), 21,22 €1, y1 = f(21), y2 = f(a2),
‘ mn+1=H(yn—1§a27yn§a1§f71|0)7 n:3747""

The characteristic equations which provide the convergence orders for the two
methods are:

(2.13) t?—ast—a; =0
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for the method (2.11), and:
(214) t2 - Oélt — Q2 = 0

for the method (2.12).

If we denote by w; and ws, respectively, the positive roots of equations (2.13)
and (2.14), then it is clear that ay > «; implies we < wy; so, the method with
optimal convergence order is the method (2.11).

Now, we shall briefly discuss some particular cases.

From (2.9), for a; = as = 1, we obtain

(2.15) Pi(y) = —y2) 'y —v2) (1) — (¥ — y1) f " (92)]

wherefrom, taking into account the fact that f~1(y;) = 1 and f~(y2) = z2, we
find for y =0

f(@1)

[$1,$2;f],

f(z2) — f(z1)

where [z, z9; f] stands for the first order divided difference of the function f on
the nodes z; and z-, and

(216) Ir3 =T — f(xl) =T —

f(mnfl)

2.17 1l = Tpq —
2.17) Int1 = In-t [Tn—1,%n; f]

n=3,4,...,

which is the chord method. In this case, since a; = as, the above method has the
same convergence order as the other one, which follows from (2.12), i.e.:

f(zn)
2.1 il = Ty — — =2,3,....
( 8) Tt g [xnflamn;f] " ’

The order of convergence of the method (2.17) is wy = (1 + v/5).

Now we shall discuss the case a; = 1, ay = 2. In this particular case, we
obtain from (2.9) the following iterative methods:

(219) Zpip = Tp — T+l — T f(zy)

f(@nt1) — f(zn)
J(@ny1) = f(2n) = (@ng1 — 20) [ (Tny1)

[f(@n+1) = F(@n) P ' (Tnt1)

+ f(@n) - f(@nt1),

n=12,..., z1,z9€1

and

Tn — Tn
(2.20) Zpi2 = Tny1 — 7( = f(@nt1)

Tpn) = f(Tng1)
f(@n) = f(@nt1) = (@0 — Tny1) ' (@0)

T () — f@ni ) EF (@n)

f(@n) - f(@nt1)-
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Solving the corresponding characteristic equations, we find the convergence orders
wy = 1+ +/2 for the method (2.19) and w, = 2 for the method (2.20).

As we showed above, the Hermite inverse interpolating polynomial leads to
a large class of iterative methods. The convergence order of each method depends
on the number of interpolating nodes, the order of multiplicity of these ones, and,
essentially, on the interpolating node replaced at each iteration step by that calcu-
lated at the precedent one.

As Steffensen notices, in the case of the method (2.17), the convergence order
of this method can be increased if at each iteration step the element z, depends
in a certain manner on x,_;. More exactly, if we consider a function ¢ : I — R
having the property ¢(Z) = &, where Z is the root of the equation (1.8), and if we
put 2, = ¢(2r_1) into (2.17), then we obtain the sequence (z,)n>1 generated by
Steffensen’s method:

f(@n-1)

Tp =Tp—1 — , n=23,...,
" o1, 9(@n1); ]

which has, as it is well known, the convergence order 2.

3. Steffensen-type optimal methods
Now let p; : I - R, i =1,2,... ,n+ 1, be n + 1 functions satisfying the
following conditions:
a) pi(Z) =%,i=1,2,...,n+ 1, where f(z) =0;

b) there exist real numbers p; > 0 and p; > 1,4 =1,2,... ,n + 1 such that
the functions ¢; and f satisfy the relations:

3.1) |7 (i())] < pil f ()

Denote by ug € I an initial approximation of the root Z of the equation (1.8).
We construct n + 1 interpolating nodes z}, i = 1,2,... ,n + 1, as follows:

P, i=1,2,...,n+1.

(3.2) z1 = 1 (uo); Ty =gini(z)), i=1,2,...,n.

Denote y; = f(z}), i = 1,2,...,n+ 1, and consider the natural numbers
Qa1,Qs,... 0y satisfying:

(3.3) a1 +as+ -+ =m+1.

Using the interpolating nodes y}, i = 1,2,... ,n+1, and the Hermite interpo-
lating polynomial on these nodes, with the orders of multiplicity a1, as,... ,qnt1,
respectively, we obtain, for Z the following approximations:

(34) Uy = H(y%;a17y%;a27"' 7yrlb+1;an+1;f | 0)7

with the error evaluation given by the inequality:

(3.5) |2 —wi| < ———;
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where
(3.6) lw(©)] = [£(@)|** - [f(23)[* - ... | f (@gq0) |2+
Now, using the property b) of the function ¢;, we derive

|f(z1)] = (1 (u0))| < pr| f(uo)|™,

|f(23)] = |f(@2(@1))] < pal f(@1)* < p2pD?|f (o) P72,
and generally,

(B7) 1F(@ha)] < piwa g2 P2 - PP flug)prbencmiss

i=0,1,...

If we denote

n+1 1
(3.8) a=) o []»
i=1  j=1
and
n+1 .
ait+ i s Tl Pr
(3.9) p=1Lp" == e,
=1

having in view (3.6) and (3.7), we obtain:

(3.10) lw(0)] < plf(zo)|*
wherefrom, taking into account (3.5), we derive

Mp
3.11 T — < —— e,
(3.11) 7= ] < Bl o)

123

, M.

If we consider now some element u_; that we have constructed by iterations,
then the interpolating nodes z;, i = 1,2,... ,n + 1 corresponding to the next step

are obtained, as in the case of the first step, by using the relations:

(3.12) of = o1(un—r), o =), i=1,2...,m k>2

Constructing the element uy, as for the first step, we obtain:

(313) uk:H(y{saalayé}:a?’ 5yfb+1;a'ﬂ+1;f |0)5 k227

where y¥ = f(zF), i =1,2,... ,n + 1, which infers the following inequality
_ pM

3.14 — < — _1)|® =23,....

( ) |Z — ug| < (m+1)!|f(uk )% k '3,

Denoting 3 = sup,¢; |f'(z)|, the inequalities (3.14) take the form

Mpp®

|f—uk|5m|$—uk,1|a, k:1)27"')
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wherefrom we derive
k
(3.15) |7 — ug| < OV~ (CV =05 —q0))*
where C' = MpB®/((m + 1)}).
If we assume that

(3.16) CYO=a) |z — | < 1,
then, from (3.15), it follows
(3.17) kli}rr;o up = Z.
Let (k1,ko,... ,kny1) and (j1,52,--- ,Jn+1) be two arbitrary permutations of

numbers 1,2, ... ,n + 1. Also denote

H(y) = H(Yhky» i3 Yhy» Vin - -+ 5k 113 Gngrs [ 1Y)
the Hermite inverse inerpolating polynomial having the interpolating nodes yi, with
the orders of multiplicity o, 4 =1,2,... ,n+ 1.
With the above denotations, let us consider the following class of iterative
methods

(3.18) us = H(YZ,5 01 Ykoi %ar -+ 3 Ykniy) Xnsas £10)s s=1,2,...
where
vi, = f(x},), 1=1,2,...,n+1; s=1,2,...,

and
T, = Pk (Us—1),
(3.19) R ,
zy, = @k (TF,_,)s 1=2,3,...,n+1; s=1,2,...,
ug being the given initial approximation.

To each couple of permutations (kq, ka, ... , knt1) and (j1, jo2,- .. , jnt1) of the
numbers 1,2,... ,n + 1 there corresponds an iterative method of the form (3.18).
All together we have again (n + 1)! iterative methods of this form.

We shall attempt to determine, out of the (n + 1)! iterative methods, that
one for which the number « given by (3.8) is maximum.

With this goal in view, we shall first prove the following lemma:

LEMMA 2. Let p1,pa,--- ,Pnt1 With ay,ag,... ,apy1, with p; > 1, ag > 1,
i=1,2,...,n+ 1, be real numbers satisfying
(3-20) P12P22 ... 2 Pntl; o Say <...<apt-
Out of all numbers of the form
(321) = O, Pk, + Q5o Pk Pko ++ O3, 1Pk1Pko * - -+ " Pknyis
where (41,72, -+ ,jn+1) and (ki,ka, ... ,kny1) are arbitrary permutations of the set

(1,2,...,n+ 1), the greatest one is the number

(3.22) Omax = Q1P1 + Q2P1P2 + -+ Qpy1P1P2 * - - - * Pnt1-
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Proof. From the first set of inequalities (3.20) it follows that the inequality:

(323) Oy Pry + Qo Pl Py + - -+ Qg 11Pk1Pa * -+ " Phnya
oy pr+appipe+ o+ G, P1P2 - Padt

holds for any two permutations (j1, jo,- - - , jnt1) and (k1, ka, ... , kpe1) of the num-
bers (1,2,...,n+1).

Let us denote
(3.24) bi =pip2- ... Di, i=1,2,...,n+1,
and let us attempt to prove the inequality
(3.25) Qj, b + aj2b2 + ot oy, bn+1 < oi1by +agby + -+ Oén+1bn+1

for every permutation (41,72, .- ,jn+1). We shall do that by induction. For n = 0
the inequality (3.25) is obvious, since n +1 = 1 and hence a;, = 1. Suppose now

that the inequality is true for n pairs of numbers (a1,b1), (a2,b2), ..., (an,bn),
namely
(3.26) Oéjlb1 +aj2b2+---+ajnbn < aiby + -+ apby,

where a1 < a2 < ... < a, and by < b2 < ... < b,. Using the inequalities
by <by <...< b, <bpyr and a1 < as < ... < ay < apy1, as well as the
induction hypothesis (3.26), and assuming that j; =4, 1 < i < n, we have
aj by + o, by + -+ @y, bnga
=bi(aj +aj, +- -+ aj,,,) + (b —bi)aj, + (bs —bi)aj, +---
+ (bnt1 = b1) iy
<bi(ar+as+---+aps1)+ (b2 —b)ag + (b3 —b1)as + - -
+ (bi = b1)ai 1 + (biy1 — b1)aizs + -+ + (bny1 — b1)any1
<bi(an +az+---+apgr) + (by —bi)ag + (bg — by)az + - -
+ (b = b1)ay + (bir1 — b1)air1 + -+ + (bper1 — b1)ap41
=bias + baas + - + bpr1an41, q.e.d.

The above lemma leads to the following theorem:

THEOREM 2. Out of all (n + 1)! iterative methods of the form (3.12)—(3.13),
the one for which the maximum convergence order given by (3.8) is achieved, is the
method determined by the order of the numbers p;, a;, 1 =1,2,... ,n+1, given by
the inequalities (3.20).

The proof of this theorem follows immediately from Lemma 2 and (3.8).
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