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Abstract. The least inverse congruence Y on an orthodox semigroup S was considered
by Yamada [14] for the case where the band of idempotents of S is normal. It was considered in
the general orthodox case by Schein [12] and Hall [4]. An explicit construction for idempotent
separating congruences on an orthodox semigroup S in terms of idempotent separating congru-
ences on S/Y was given by McAlister [8]. In this paper we describe these congruences by inverse
congruences contained in u oY, where p is the greatest idempotent separating congruence on S.
Also, we obtain some mutually inverse complete lattice isomorphisms of intervals [Y, u o Y] and
[e, 1], where ¢ is the identity relation on S.

1. Preliminaries. In the following we shall use the notation and terminol-
ogy of [3], [5] and [10]. This will be suplemented with the following.

Let S be a regular semigroup. A congruence p on S is uniquely determined
by its kernel kerp = {z € S | zpe for some e € E} and trace trp = p |g, where E
is the set of idempotents of S [2].

REsuLT 1. (Lemma 1.3 of [6], Lemma 2.5 of [9]) For any family F of
congruences on o regular semigroup S, ker Nyerp = Nyer ker p.

A congruence p on S is idempotent separating if trp = € |g. The greatest
idempotent separating congruence on S is denoted by p.

Let C be a class of semigroups and let p be a congruence on S. Then p is a
C-congruence if S/p € C. The least inverse congruence on a regular semigroup is
denoted by Y.

REsuLT 2. [1, Lemma 3.1] Let p and £ be any congruences on an orthodoz
semigroup S. Then

(pCpand{CY)=pVE=pol
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If S is a regular semigroup and a € S, then V(a) denotes the set of all inverses
ofain S.

RESULT 3. [7, Lemma 1] Let p be an inverse congruence on a regular semi-
group S. Then

(Va,b € S)(apb = (Va' € V(a))(Vb' € V(b))a'pb').

REsuLT 4. ([4],[12], [5, Theorem VI.1.12]) If S is an orthodox semigroup,
then the relation Y defined by aYb < V(a) = V(b) (a,b € S) is the least inverse
congruence on S.

RESULT 5. [3] If f is an order isomorphism of a lattice L onto a lattice L',
then f is a lattice isomorphism.

LEMMA 1. Let p be an idempotent separating congruence on a regular semi-
group S and a,b € S. The following conditions are equivalent:

(i) apb,
(ii) a#Hb and (Va' € V(a))(3b' € V(b))a'pl’,
(iii) aHb and (Fa' € V(a))(3V' € V(b))a'pb'.
Proof. (i) = (ii) Let apb and o' € V(a). Then aHb that is a’'a = b'b and
aa’ = bb' for some b' € V(b) (by [5, Proposition 4.1]). Therefore
a' =dad =bba'p Vlaad = b'bY =V
(ii)= (é49¢) This is trivial.
(iii)= (i) Let aHb and a'pb’ for some o' € V(a) and V' € V(b). Then aHb implies
a'a = b"b and bb' = aa" for some a” € V(a) and b" € V(b) (by [5, Proposition
4.1]). So we have a = aa"a = bb'ap ba'a = bb"b =1b.
The implication (iii)=(i) is valid for any semigroup S and any congruence p
on S [8, Lemma 2.1].
2. The congruence poY. In the remainder of the paper, S will denote an
orthodox semigroup with the band of idempotents E.

Let a € S, a' € V(a) and e € E. Then by Result 4 we have aYe < V(a) =
V (e) which yields o' € V(e). According to [11] (see also Theorem VIL.1.1 of [5])
we have a’ € E. Since a € V(a'), by the same argument we get a € E. Therefore,
kerY = E.

LEMMA 2. Let p be an idempotent separating congruence on S and let & be
a congruence on S such that € CY. Then

(1) tr(pog) = tré, (2) ker(po€) = kerp.
Proof. According to Result 2, we have pV £ =po .
(1) For e, f € E we obtain
e(po&)f = epa and alf for some a € E (since keré = F)
= e=a and a&f (since trp =¢)

= e&f.
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Therefore tr (p o £) C tr& and thus tr (po £) = tré&.
(2) Fora € S and e € E, we get

a(pof)e = apb and bfe for some be E (sinceker{ = E)
= a € kerp.

Therefore ker(p o ) C ker p and hence ker(p o £) = ker p.

Notice that (1) is a consequence of Proposition of [13], and (2) is a special
case of Lemma 2.1 of [1].

If p and £ are congruences on S such that p C &, then the relation £/p on S/p
defined by (ap)&/p(bp) & alb (a,b € S) is a congruence.

According to Lemma 2 we have that for any idempotent separating con-
gruence p on S, (poY)/Y is an idempotent separating congruence on S/Y. In
particular, (uoY)/Y is an idempotent separating congruence on S/Y [8, Lemma
2.2).

The next theorem describes the inverse congruence poY, where p is an idem-
potent separating congruence on S.

THEOREM 1. Let p be an idempotent separating congruence on S and a,b €
S. Then the following conditions are equivalent:

(i) a(poY)b,

(ii)) (Fa' € V(a))(AV' € V(b))aa' = ab’'ba’, bb' = ba'ab’, ab' € ker p,

(iii) (Va' € V(a))@' € V(b))a'pl’,

(iv) (Fa’' € V(a))(3V' € V(b))a'pl'.
e

Proof. (i)&(ii) Since poY is an inverse congruence on S, we have

a(poY)b e (Ja’' € V(a))(3' € V(b))a'a(po Y)b'b, ab' € kerp
(by Theorem 1 of [7])
& (Ja’ € V(a))(3' € V(b))a'aYb'b, ab' € kerp
(by Lemma 2)
& (Ja’ € V(a))(3' € V(b))a'a = a'ab’ba’a, b'b=1b"ba’ab'b,
ab' € kerp
& (Ja’' € V(a))(3b' € V(b))aa' = ab'ba’, bb' = ba'ab’, ab' € kerp

(i)=(iii) Let a,b € S and a' € V(a). Then

a(poY)b= apc and cY'b for some c € S
= (3 € V(c))a'pc' and V(c) =V (b) (by Lemma 1 and Result 4)
= (3’ € V(b))a'pb'.

(iii)=-(iv) This is trivial.
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(iv)=(i) Let a' € V(a) and b’ € V(b). Then

apb = ad(po V)V
= a(poY)b (by Result 3).

Let p be an idempotent separating congruence on S and let £ be a congruence
on S such that £ CY. Let a,b €S. The proof of Theorem 1 shows that a(po £)b =
(iii) = (iv). But (iv)=(i) follows from the fact that poY is an inverse congruence
on S. In this context, the following result is of interest.

PROPOSITION 1. Let p be an idempotent separating congruence on S and let
& be a congruence on S such that £ CY. Then

(1) YCpol&el=Y, (2) pCpolsp=yp.

Proof. It is evident that £ =Y implies Y C po¢ and p = p implies p C po&.

YCpol=trY Ctr(poéf)
=trY Ctr (by Lemma 2) (1)
=>trY =tré (since £ CY).

Also, £ CY = keré CkerY = ker = F (since kerY = E). Therefore trY = tré
and kerY = ker¢, so by [2] we have Y = ¢£.

1 Cpo&=kerpCker(po)
= kerp C kerp (by Lemma 2) (2)
= keru =kerp (sincep C p).

Since tr p = tr p, by [2] we have p = p.

LEMMA 3. Let p be an idempotent separating congruence on S.
(1) Thenp=(poY)NH=(poY)Npu. In particular, YNH=Y Npu=c¢c.
(2) If € is a congruence on S such that E C poY, thenENp=ENH =E(Np.
Proof. (1) From Lemma 1 and Theorem 1 we have p = (poY) N H. Hence
p=(uoY)NH. Sowehave (poY)Npu=(poY)N(poY)NH=(poY)NH.
From the preceding equalities for p=eweget YN H=Y Nu=¢.
(2) Let £ C poY. By (1) weget ENp =EEN(poY)NH = ENH, and also
ENp=E&Nn(poY)Nu=ENp.
The equality Y NH = e can be found in [5] and [8].

3. Description of [Y, uoY]. In this section we describe inverse congruences
on S contained in g o Y. This leads to a characterization of idempotent separating
congruences on S (Theorem 2).
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LEMMA 4. Let £ be a congruence on S such that £ € [Y,uoY]. Then
§=(ENp)oY.
Proof. Y CECpuoY =>trY Ctré Ctr(uoY)

=>trY CtréCtrY (by Lemma 2)
StrY =tré
etr((fNp)oY)=trf (by Lemma 2).
Also,
ECpuoY = keré Cker(uoY)
= ker€& C kerp (by Lemma 2)
& ker(6Np) =keré (by Result 1)
Sker((Np)oY) =keré (by Lemma 2).

Hence, by [2] we get £ = (ENp)o Y.

PROPOSITION 2. Let £ € [Y,uo Y] and let  be any inverse congruence on
S. ThenéNpuCCNu=£CC.

Proof. Let a,be Sandlet ENp C¢Nu. Then

aéb = a'&b' and a'pb’ for some a' € V(a), b’ € V(b)
(by Result 3 and Theorem 1)
= d (€N p)b for some a' € V(a), b' € V(b)
= d' ((Nu)b' for some a' € V(a), ' € V(b)
= a'¢b’ = alb (by Result 3).

The following theorem describes idempotent separating congruences on S by
means of inverse congruences contained in g oY.

THEOREM 2. Let p be an idempotent separating congruence on S. Then
& =poY is the unique inverse congruence on S contained in poY and for which
p=HNE. Conversely, if € is a congruence on S such that £ C poY, then HNE
is an idempotent separating congruence on S.

Proof. Let p be an idempotent separating congruence on S and let £ = poY.
Then by Lemma 3, p = H NE&. Clearly, £ is an inverse congruence on S contained
inpoY. Let ¢ € [Y,uoY] such that HNE =HN(. Then by Lemma 3 we have
pN&=pund(. According to Lemma 4 we have ( = ((Nu)oY =({Nu)oY =¢&.

Now suppose that £ is a congruence on S such that £ C poY. Then by Lemma
3 we have HN& = pNE Hence HNE is an idempotent separating congruence on

S.

If p is a congruence on S and « is a congruence on S/p, then the relation &
on S defined by aab < (ap)a(bp), (a,b € S) is a congruence.

COROLLARY 1. [8, Theorem 2.4] Let p be an idempotent separating congru-
ence on S. Then a = (poY)/Y is the unique congruence on S/Y contained in
(£oY)/Y and for which p = HNa. Conversely, if a is a congruence on S/Y such
that « C (uoY)/Y, then HN a is an idempotent separating congruence on S.
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Proof. Let p be an idempotent separating congruence on S and let @ =
(poY)/Y. Then a C (poY)/Y and @ = poY. By Theorem 2 we have p = HNa.
Let 7 be a congruence on S/Y such that v C (poY)/Y and p=H N4. It is clear
that Y C ¥ C poY. According to Theorem 2 we have @ = 7, that is a = 7.

Conversely, let a be a congruence on S/Y such that @ C (zoY)/Y. Then
a C puoY. By Theorem 2, H N & is an idempotent separating congruence on S.

4. An isomorphism theorem. The preceding characterizations lead to
the following theorem.

THEOREM 3. For S, the mappings ¢ and v defined by

p:pr—rpoY  (p€lepn)),
p:&—&np (€Y poY])
are mutually inverse complete lattice isomorphisms between [g, u] and [Y, po Y.
Proof. Let p € [e,pu] and € € [Y, o Y]. Then
plp) = (pp)p = (po Y)Y =(poY)Np=p  (by Lemma 3), and
) =E)p=(ENwe=(ENp)oY =¢ (by Lemma 4).
So we have p¢ = I, ;) and ¢ = Ijy ,0y]. Since [, ] and [Y, o Y] are com-
plete lattices, and ¢ and % are order preserving, they are both complete lattice
isomorphisms [3].
COROLLARY 2. (1) (Nyerp) VY =Nyer(pVY) (F C[e, ),
(2) (Voerp) N = Voer(pNp) (F ClY,poY]).
Notice that the first part of Corollary 2 is a special case of Theorem 2.4 of
[1].
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