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THE QUASIASYMPTOTIC EXPANSION AND THE MOMENT
EXPANSION OF TEMPERED DISTRIBUTIONS

D. Nikolié-Despotovié and S. Pilipovié

Abstract. We prove that an f € A’, where A is one of spaces &, P, O¢, On,, or K, has the
quasiasymptotic expansions of the first and second kind and that they are equal to the moment
expansion of f. Also, Abelian-type results for the Stieltjes and the Laplace transforms of tempered
distributions are given.

1. Introduction. We investigate the connection between the quasiasymp-
totic expansions of tempered distributions at infinity introduced by Zavialov [9]
(see also [7]) and slightly modified and examined by Pilipovi¢ [5], and the moment
expansions, introduced by Estrada and Kanwal [1], [2], of distributions that ”decay
very fast at infinity”. These spaces A’ are duals of the spaces £, P, O, Oy, or K
which are denoted in [1] by A.

We shall show that every generalized function, supported by [0, 00), from A,
has quasiasymptotic expansions of the first and the second kind at infinity and that
those are equal.

For various generalized integral transforms, Estrada and Kanwal have derived
tha moment expansions of corresponding kernels and have given the asymptotic ex-
pansions of integral transforms of elements of A. Contrary to this method, we have
used the quasiasymptotic expansions of tempered distributions and for appropriate
integral transforms, (Laplace transform [6], Stieltjes transform [3]) we have given
the asymptotic expansions for their integral transforms.

We shall give the Abelian-type results for the Laplace and Stieltjes transforms
of tempered distributions, wich have quasiasymptotic expansions of the first kind,
and apply them on distributions with the moment expansions. Also, as an example,
we shall use the moment expansion from [1], of H(z)e!*I”, p > 0, where H is the
Heaviside function, and give the behaviour of its Stieltjes and Laplace transforms.

2. Notions and known results. Following [5], we shall give the defini-
tions of the quasiasymptotic expansions of the first and the second kind at infinity
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of tempered distributions. Denote by S the space of rapidly decreasing smooth
functions, defined on the real line R, supplied with the usual topology. Its dual is
the space of tempered distributions S’ and S, is its subspace with elements sup-
ported by [0,00). As in [8], we denote by S, the completion of S with respect to
the norm

loll, = sup{<1 LoD @) 7 € R, a < p}.

Recall that, S = N ,cn Sp » S" = U,en S, have the topological meaning and that
a sequence f,, from &' converges to f € &' iff it belongs to some S, , which, in the

dual norm of S, , converges to f € S, .

Denote by ¢, (X), m € N, a sequence of continuous positive functions defined
on (am,), an > 0, such that ¢,,(A) = o(cmi1(A), A = oo, (m € N) and
by um,m € N, a sequence of S/ such that u, # 0, m = 1,...,p, p < oo,
Upm = 0, m > p or u, # 0, m € N. Denote by A the set of pairs of sequences

(em(A); um)-
Let (¢m(A),um) € A and

tn (208 0@)) = (gm(@)0(@)) 0 € S, meN, )

where g, () # 0 if um, # 0, m € N. In this case we can write ty,~gm at 0o, with
respect to ¢, (A).

It has been proven [7] that in this case
gn = Clamt1, C#0, and cm(A) = A" Li(A), A > Ao,m, where,

H(z)2?/T(p+1), p>-1;
fp+1($) = k )
D fp-i-k-i—l(x)) p< -1, p+k>_]—7 keN
where D is the derivate in the sence of distributions, and L,, is the Kara-

mata’s slowly varying function, i.e. a positive measurable function such that
limy 00 L (Az) /Ly (A) = 1, uniformly for z € [a,b] C (0,00), m € N.

Denote by A; a subset of A such that (¢, (A),un) € Ay if (1) holds for every
m for which u,, #0 and g, 20, m=1,... ,p<occorm € N. Let f € §' and
(em(N), um) € A1, such that

z€R

im ((£0) = Y )] Oa)fen ), w(e) =0, pe s,

A—00

form=1,...,p < oo or m € N. Then it is said that f has the quasiasymptotic
expansion at infinity of the first kind with respect to (¢ (\), U ), so that we can
write
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Let f €S, (cm(N),um) € Ay withuy, €S, (m=1,...,p < oo orm € N) and

/\11>H30<< Z“l N/em(A), SO(SU))> =0, p €S,

form=1,...,p < oo or m € N. Then it is said that f has the quasiasymptotic
expansion at infinity of the second kind with respect to (¢p, (), um ), so that we can

write
_ p(c0)

g-e
fO2)= D ui(@)e(d) (@) at co.
i=1
As we have noted, Estrada and Kanwal introduced the moment asymptotic expan-
sion of generalized functions. They have considered several spaces of distributions
that decay very fast at infinity, which are subspaces of the space of tempered dis-
tributions. The testing function space is denoted in [1] by A(R").

THEOREM A. [1] Let A(R™) be any of the spaces £,P, O, O, or K. If
fe A (R"), then

fOz) ~ i (_l)mluaDaé(x), as A — o0,

N alllel+n
a|=0

where po = (f(x),x*), a € Ny, are the moments of the generalized function f, in
the sense that for every ¢ € A(R")

,ua 1
(f(A Z Wa|+n O{AN-HL-H}’ as X\ — oo.

la]=0

It has been noted that the moment asymptotic expansion does not generally hold
for elements of the spaces such as D' or §'.

3. Relations between asymptotic expansions. The quasiasymptotic
expansion at infinity of the first kind is more natural than the quasiasymptotic
expansion at infinity of the second kind. The following example can be used to
show that.

Ezample 1. Assume f(z) = ztn?|z| + 25, c1(A) = MIn?\, c2(\) = N,
A > 1. Then,

f(:c)%x4ln2|x| +2°, and
f(/\x) ( An? |z ) AN\ + (' In®|z| M Ind + (2 in?|z|)A* + X520,
PROPOSITION 1. Let A(R) be any of the spaces £,P,O¢, O, or K ([1]).

f € A'(R), then f has the quasiasymptotic expansion of the first and second kind
at infinity and they are equal.

Proof. If f € A'(R), then, according to Theorem A, we obtain the following
moment asymptotic expansion

- 1%5(1)( )
f(x) mz z',\H‘l as A — oo,
=0
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where p; are moments of the generalized function f, u; = (f(z),z*), i € Ny, in the
sense that if ¢ € A(R), then

()
(o), 0(0) = Y- 02 40 [

] as A — oo.
i=0

Since S C A(R) and
lim A (6% (Az), ¢(x)) = (—1)'¢D(0) = (67 (), ¢(z)), p €S,

A—00
we obtain
Cm “ ' 5<i> Az
)\11_>rrolo)\ +1 Z H )a #(z)) =
m /mﬁ() 1 (D)X F
m At lz QN [Am+2] - ZW«S( '02), $(@))| =
i=0

lim O[ ] =0, ¢€8.
A—00

With u;(z) = (—1)*u;69 () /i! and ¢;(A) = A~*~1, i € No; the statement has
been proven.

4. Application on Stieltjes and the Laplace transforms. Assume
f € S!.. By following Lavoine and Misra we say that f € J'(r), if there exists an
m € Ny and a locally integrable function F, supp F' C [0, 00), such that

a) f=F,  b) /%dm<w for g > 0.
R

The Stieltjes transform S, of index r, »r € R\ (=Np) of a distribution f € J'(r),
with properties a) and b) is a complex-valued function given by

(Sf)(2) = (r + D / Pl + 2 e
= (4 D(F(@), (2 +2) ™)z C\ (=o00,0],
where (r), =r(r+1)...(r+k—1), k>0and (r)o =1.

It is easy to show that (S,f)(z) is a holomorphic function of a complex variable
z € C\ (—00,0].
Let us recall that
s¢7'D(r — a)
L(r+1) ~’

The Laplace transform of f € S! is defined by L(f)(z) = (f(z),e**), z =u+iv €
R, + iR =T, where £(f) is an analytic function.

(Srfat1)(s) = §>0,r>a. (2)
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Here,
L(far1)(z) = (=i2)7*7!, 2 €Ty, a€R,(i=V-1). 3)
From previous expresions and Proposition 1, we derive the next proposition.

PROPOSITION 2. Let L, k € N, be a sequence of slowly varying functions
at infinity; ar, k € N, be a strictly decreasing sequence of real numbers; Ay,
k € N, a sequence of real numbers # 0; and r € R\ (=N), r > a;. Assume that
[ € S has the quasiasymptotic expansion at infinity of the first kind with respect
0 ALy, (A), A fa,,+1), m € N. Then, in the sense of ordinary asymptotic
expansions, we have

R )\ak r
Z (7‘ —ag), A— oo, (4)
=1
with respect to A*™ L, (\), m € N. Also, we have
L)) m Y Ap(—ie) !, e > 0%, (5)

k=1

with respect to e~(@mtVL, (1/¢), m € N. Particularly, if f € A'(R) and r > 0,
then,

A — 00,

> ]. pkl“ r+ k)
Z |I‘( /\k+r+1 ’
=0

with respect to A", m € Ny, and

with respect to €™, m € Np.

Proof. Since for every m € N

[f —Yhes Akfak+1] (Az)
Nom Lo (V)

-0, A =200, in S,

using the well-known argumets for the quasiasymptotic behaviour [7, the structural
theorem)], it follows that there exists a pog such that, for every p > po, there is a

continuous function F), supported by [0, 0o) such that f = Flsp )

Fy(Az) — Yy Ak for+pr1(A2)
Aem 2L ()

and

—0, A > o0.

First, assume that r — 1 < a,;, < 7. Then, as in [4, Ch. 4], with n € C*, n =1,
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x>—,n=0,z<—1—¢, we have

(801 = 21 Anfan ) 09
)\am—r—le()\)
_(r+2), - n(z)
= W«Fp - 1; A fartp+1)(2), m>
Fp(\z) — 2?21 Ak far+p+1(A2) n(z) >

Aan 2L (M) (s + 2)r e

where (., .) is the dual pairing of S;., ,.; and Sy4 41, which, because of a, > r—1,
implies that n(z)/(s + z)"t?*2 € S,4p41 and, hence, for s > 0

Fp()‘s) - Ekm:1 Ak for+p+1 (As)
Aem+P L (N)

=(r+ 2)p<

converges to 0 in S, 4+p+1 When A — oco. This also implies that for every s > 0,

[ST+1f Dy Akfak+1] (As)
/\am—r—le()\)

—0, A = o0.

Since

[Srf - ZAkfak+1] ()‘) :(T+ 1) /Oo Sr+1f - ZAkfak+1] (u)du
k=1 A k=1

=A\(r +1) /100 [smf -y Akfakﬂ] (\s)ds,
k=1

by Lebesgue’s theorem we have assertion (4) for ay, > r—1. If apy < 7 — 1,
then we directly consider the S,-transform of f — " A fa,4+1 and note that
n(z)/(s + z)"+** € S,.4p, and

Fp()‘s) - Z;nzl Ak for+pt1 (As)
Aem+P [ (N) ’

s> 0,

converge to 0 in S, , as A — oo. The proof can be completed by using (2).

Similar arguments as in (4) imply in (5). One has to use (3) and the fact that
k) = f_p. ke No.

As we have mentioned in the introduction, Estrada and Kanwal in [1], [2]
give the asymptotic expansions for S.¢ and L(¢), ¢ € A(R).

From [1] we recall the following moment expansion:

Ezample 2. If p > 0, then the function f(z) = H(+x)exp(Li|z|?), as well as
its combinations, belong to O!. Using values

> 1 1 ] 1
/ z%exp(iz?)dr = -T [a + ] exp [M] , aF—p,—2p,—-3p,...,
0 p p 2p
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one obtains

n+1 tmi(n + 1)
o (=1)"T exp| ——= S5 (z)
H(x)exp(+i(Az)?) = lz ( p > n'/\gﬂ 2p )
n=0 .

, A — 00,

and, consequently, by Proposition 2, for r > —1, z € C\ (—00, 0], one obtains

(=1)"T (m—“) exp (%p“)) T(r+n+1)

p
(m)!(Az)m+m+ID(r 4+ 1)

(Srf)(A2) =

, A — 00,

, €= 0.

REFERENCES

[1] R. Estrada, R.P. Kanwal, A distributional theory for asymptotic expansions, Proc. Royal
Soc. London A 428(1990), 399-430.

[2] R. Estrada, R.P. Kanwal, The asymptotic ezpansion of certain multi-dimensional general-
ized functions, J. Math. Anal. Appl. 163(1991), 264-283.

[3] D. Nikolié-Despotovié, S. Pilipovi¢, The quasiasymptotic expansion of tempered distribu-
tions of the Stieltjes transform, Univ. u Novom Sadu Zb. Rad. Prir.-mat. Fak. Ser. Mat.
18(2)(1988), 31-44.

[4] S. Pilipovi¢, B. Stankovi¢, A. Takaci, Asymptotic Behaviour and Stieltjes Transformation
of Distributions, Teubner-Texte Math. 116, Leipzig, 1990.

[5] S. Pilipovié, Asymptotic expansion of Schwartz’s distributions, Publ. Inst. Math. Beograd
45(1989), 119-127.

[6] S. Pilipovi¢, Quasiasymptotic expansion and the Laplace transformation, Applicable Anal.
35(1991), 247-261.

[7] B.C. Baagmumpos, I0.H. Ilposcxunos, B.W. 3asbanos, Mwnozomepwe maybeposan
meopembl 0asg obobuennnr ynryutli, Hayka, Mocksa, 1986.

[8] B.C. Bunangumupos, Obobuennus gynkyuld 8 mamemamuieckol gusuxe, Hayka, Mock-
Rra, 1976.

[9] B.M. 3aBbssoB, A8momo0ensad aCUMNMOMUKGE eAEKMPOMAZHEMHNUT Popm-Parmopos u
nogedenue ur Pypve-obpaszos 8 oxpecmnocmu ceemosozo Konyca, Teop. Mar. ¢puz. 17
(1973), 178-188.

Institut za matematiku (Received 12 07 1992)
Prirodno matematicki fakultet

21000 Novi Sad

Jugoslavija



