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ON PARACOMPACTNESS
AND ALMOST CLOSED MAPPINGS

Ilija Kovacevic

Abstract. Some properties of paracompactness in spaces which are not necessarily regular
and some properties of almost closed mappings are studied. It is shown that some properties of
paracompactness of regular spaces are hold even if the space is not necessarily regular. Beside
that, additional conditions are given for almost closed mappings to have a closed graph.

1. Preliminaries. Throughout the paper, spaces will always mean topolog-
ical spaces without separation axioms unless explicitly stated.

A space X is paracompact (nearly paracompact) iff every open (regular open)
cover of X has an open locally finite refinement, [1].

Let X be a space and A a subset of X. The set A is a-paracompact (a-
nearly paracompact) iff every open (regular open) cover of A has an open locally
finite refinement which covers A. The subset A is 3-paracompact iff it is paracom-
pact as a subspace. A space X is locally paracompact iff each point has an open
neighbourhood U such that Cl(U) is 8-paracompact [10].

A subset A of a space X is a-Hausdorff iff for any a € A and b € X\ A, there
are disjoint open sets U and V containing a and b respectively. A subset A of a
space X is a-regular iff for any point a € A and any open set U containing a there
exists an open set V such that a € V C C1(V) C U [4].

An open cover U is even iff there exists a neighbourhood V of the diagonal
in X x X such that foreachx € X V[z] CU (V[z] ={y: (z,y) € V}) for some
Uel 3]

A space X is almost paracompact iff for every open covering U of X there is
a locally finite family V of open subsets of X which refines ¢/ such that the family
of closures of members of V forms a covering of X [8].
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A mapping f : X — Y is almost closed iff for every regular closed set F' of
X the set f(F) is closed [7]. A mapping f : X — Y has a closed graph G(f) iff
G(f)={(z,f(z)) :x € X} isclosed in X x YV [2].

THEOREM 1.1. If A is an a-Hausdorff a-paracompact subset of a space X
and x € X\A, then there are disjoint regular open neighbourhoods of x and A.
Consequently, each a-Hausdorff a-paracompact subset of X is closed.

THEOREM 1.2. [4] If A is an a-regular a-paracompact subset of a space X,
then Cl(A) is a-paracompact.

THEOREM 1.3. [3] If an open covering U has a closed locally finite refinement,
then U is even.

THEOREM 1.4. [3] Let X be a space such that every open covering is even.
If U is a neighbourhood of the diagonal in X x X, then there is a symmetric
neighbourhood V' of the diagonal such that V oV C U.

THEOREM 1.5. [3] Let X be a space such that each open cover of X is even
and let A be a locally finite (or a discrete) family of subsets of X. Then, there is
an open neighbourhood V' of the diagonal in X x X such that the family of all sets
VIA] (V[A] = U{V[z] : z € A}) for A in A is locally finite (respectively discrete).

2. Some characterizations of paracompactness. It is well-known that
in a regular space X the following four statements are equivalent:
(a) X is paracompact,
(b)
(c)
(d) every open covering of X is even
(For a & b < ¢ see Theorem 1 in [5] and for a < d see Theorem 5.28 in [3])

In this section we consider a weaker conditions than regularity and show
for dense a-regular subsets that analogous characterizations of a-paracompactness
hold. Also the above characterizations of paracompactness of a space X hold if X
contains a dense a-regular a-paracompact subset, while X need not be regular. If
there is a dense a-paracompact subset D in a space X, then X need not always be
paracompact, as the following example shows.

every open covering of X has a locally finite refinement,
every open covering of X has a closed locally finite refinement,

Ezample 2.1. Let X = {a; : i = 1,2,3,...}, A = {a1,a2,a3} and let
each point of A be isolated. If the fundamental system of neighbourhoods of a;,
i=4,5,...,is the set {a;} U A, then the set A is a-paracompact (in fact compact)
such that Cl(A) = X. The space X is not paracompact, since the family U =
{{a;i} UA:i=4,5,...} is an open covering of X which admits no locally finite
open refinement.

Let A be an a-paracompact a-Hausdorff subset of a space X such that
Cl(A) = X. Then A = X (i.e. in the space X, there is no proper a-Hausdorff a-
paracompact dense subset, since such a subset is closed). Hence, if there is a dense
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a-paracompact subset A in a Hausdorff space X, then it is paracompact. If there is
a dense a-regular a-paracompact subset of a space X, then X is paracompact (the
closure of an a-regular a-paracompact subset is a-paracompact). Hence, if there
is a dense a-paracompact subset D in a regular space X, then it is paracompact.

The following example shows that a space containing a dense a-paracompact
subset need not be regular.

Ezample 2.2. Let X = {a,b,a;:9=1,2,...}. Let each point a; be isolated.
If {V*(a) :n=1,2,...} is a fundamental system of neighbourhoods of a, where
V™(a) = {a,a; : i > n}, and {U™(b) : n = 1,2,...} is a fundamental system of
neighbourhoods of b, where U™(b) = {b,a,a; : ¢ > n}, then the set D = {b,a; : i =
1,2,...} is a dense a-regular a-paracompact subset of X. The set X is not regular
at a, hence it is not regular.

THEOREM 2.1. If in a space X there is a dense a-paracompact subset A,
then X is almost paracompact.

Proof. Let U be any open covering of X. Since A is a-paracompact there
exists an open locally finite family V which refines & such that A C |J{V : V € V}.
Then, X = Cl(A) C CI(U{V : V € V}) = U{CL(V) : V € V}. We can show,
however, that the converse of Theorem 2.1 is not necessarily true. The following
example will serve the purpose.

Example 2.3. [7] Let X = {as;,bij,ci,a : i,j = 1,2,...}. Let each point
a;; and b;; be isolated. If the fundamental system of neighbourhoods of c; is
{U™(¢;) : n = 1,2,...}, where U"(¢;) = {ci,ai5,b;; : j > n} and that of a is
{U"(a) : n =1,2,...}, where U"(a) = {a,ai; : i,j > n}, then X is a Hausdorff
space which is almost paracompact but is not paracompact, hence there is no dense
a-paracompact subset A in X.

THEOREM 2.2. Let A be a dense a-regular a-paracompact subset of a space
X. Then, every open covering of A has a closed locally finite refinement.

Proof. Let U = {U; : i € I} be any open covering of the set A. For each
z € A, there exists an open set V, such that x € V;; C Cl(V;) C Uy for some
i(z) € I. Now, V = {V, : z € A} is an open covering of A, hence there exists an
open locally finite family H = {H; : j € J} which refines V and covers A. Since,
Hj C V,y;) for some x(j) € A, then Cl(H;) C Cl(V,(;)) C Uja(j))- It follows that
{Cl1(H;) : j € J} is a closed locally finite covering of A which refines . (Since
X =ClI(A) = U{C1(Hj) : j € J} Cc U{U; : i € I}, it follows that every open
covering of A is an open covering of X).

As a Corollary to the above Theorem we have the following statement:

COROLLARY 2.1. If a space X contains a dense a-reqular a-paracompact
subset, then every open covering of X has a closed locally finite refinement.

Similarly to the proof of Theorem 2.2, the following result can be established.
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THEOREM 2.3. Let D be a dense a-regular subset of a space X. If every
open covering of D has a locally finite refinement, then every open covering of D
has a closed locally finite refinement.

As a Corollary to the above Theorem we have the following statement.

COROLLARY 2.2. If every open cover of a dense a-regqular subset D of a
space X has a locally finite refinement which covers it, then every open cover of
D is an open covering of X, and every open covering of the space X has a closed
locally finite refinement.

In general every open covering of a dense a-regular subset D of a space X is
not always an open covering of X. The following example will serve the purpose.

Ezample 2.4. Let X = {a;,a:i=1,2,...}. Let each point a; be isolated. If
the fundamental system of neighbourhoods of a is the set {V"(a) : n =1,2,...},
where V"(a) = {a,a; : i > n}, then the set D = {a; : i = 1,2,...} is a-regular.
The family consisting of all {a;} is an open cover of D, but is not an open covering
of X. Note that D is not a-paracompact.

THEOREM 2.4. Let X be a space and D be its dense a-regular subset. If
every open cover of D has a locally finite refinement which covers D, then D is
a-paracompact, so X is paracompact.

Proof. Let U = {U; : i € I} be any open cover of D. There exists a locally
finite family .4 which refines & and covers D (i.e. covers X). By Theorem 1.5 and
Theorem 1.3, there exists an open neighbourhood V' of the diagonal in X x X such
that {V[A], A € A} is an open locally finite covering of X. For each A € A pick the
subset Ua of Y which contains A. Let Wq =UsNV[A] and W = {W4 : A € A}.
W is an open locally finite family which refines ¢/ and covers D, hence D is a-
paracompact, so X is paracompact.

Example 2.2 shows that a space which satisfies the conditions of Theorem 2.3
need not be regular.

In Theorem 2.3 the condition “every open covering of D has a locally finite
refinement” cannot be replaced by “every open covering of X has a locally finite
refinement”.

The following example serves the purpose.

Ezample 2.5. Let X = {a,bya;,b; : i = 1,2,...}. Let each point
a; be isolated. If the fundamental system of neighbourhoods of a is the set
{V™a) : n = 1,2,...}, where V"(a) = {a,a; : i > n}, the fundamental system
of neighbourhoods of b is the set {{b} U V"™(a) : n = 1,2,...}, and the funda-
mental system of neighbourhoods of b; is the set {U"(b;) : n = 1,2,...}, where
U™(b;) = {bi,a; : j > n}, then the set A = {a; : i =1,2,...} is a-regular. X is
not regular at a, hence X is not regular. The subset A is not a-paracompact. X is
not paracompact, since the family consisting of the sets V" (a), {b}UV™(a), U%(b;)
for all 4 and all {a;} is an open covering of X which admits no locally finite open
refinement. But every open covering of X has a locally finite refinement.
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Note that for a dense a-regular subset A, there is an open covering which
admits no X-locally finite refinement.

COROLLARY 2.3. [5] A regular space X is paracompact iff every open covering
of X has a locally finite refinement.

3. Some properties of almost closed mappings. Hamlett and Herring-
ton [2] proved the following result:

THEOREM A. Let f : X — Y be a closed function, where X is a regular
topological space. If f~1(y) is closed for every y € Y, then f has a closed graph.

It would be interesting to see whether similar statements hold for almost
closed mappings. Some results will be given in that direction.

THEOREM 3.1. Let f : X — Y be an almost closed mapping of a space X
onto a space Y such that f~1(y) is an a-Hausdorff a-nearly paracompact subset of
X for eachy € Y. Then f has a closed graph.

Proof. Let (z,y) € G(f) be any point. Since y # f(x), then z ¢ f~!(y). Since
f(y) is a-Hausdorff a-nearly paracompact, by Theorem 1.1 there are regular
open disjoint sets U and V of X such that z € U, f~'(y) C V. Since f is almost
closed, by Lemma 3 of [6], there is an open neighbourhood W of y such that
) c f/Y (W) V. Thus (z,y) € U x W, U x WNG(f) = 0. Hence, G(f) is
closed.

COROLLARY 3.1. [2] Let f : X = Y be an almost closed injection from a
Hausdorff space X onto a space Y. Then f has a closed graph.

COROLLARY 3.2. If f: X = Y is an almost closed mapping of a space X
onto a compact space Y such that f~'(y) is a-Hausdorff a-nearly paracompact for
each y € Y; then f is continuous.

Proof. Since G(f) is closed and Y is compact, then f is continuous.

The following two examples will show that the assumptions “f~!(y) is a-
paracompact” and “f~1(y) is closed” are independent even if the mapping f is
almost closed and X is regular.

FEzxample 3.1. Let X = {ai,a2,a3,a4} and 7 = {0, {a1,a2},{as,as},X}.
The space (X, 7) is regular. The identity map ¢ : X — X is almost closed and
i~1(z) = z is a-paracompact (in fact compact) for each z € X, but i !(a1) = a1
is not closed. Hence, i has not a closed graph.

Ezxample 3.2. Let X; be a regular but not paracompact space and X, =
{a1,a2,a3,a4}, where a; ¢ X; for each i € {1,2,3,4}. Let 7x, = {0,{a1,a2},
{as,as}, X2} and X = X; + X, be the topological sum of the spaces X; and Xo.
Let Y = {m,n} be the discrete space. Define a mapping f: X — Y by

@)= {

m, =€X;
n, x€ X,
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f is an almost closed mapping from the regular space X onto the space Y such that
f~1(y) is closed for each y € Y, but f~'(m) = X; is not a-paracompact (G(f) is
closed).

THEOREM 3.2. Let f: X — Y be an almost closed mapping of a space X
onto a space Y such that f~1(y) is closed, for eachy € Y. Then, for each a-regular
a-paracompact subset A of X, f(A) is closed.

Proof. Let y € f(A) be any point. Since f~1(y) is closed and A is a-regular
a-paracompact, by Theorem 2.5 of [4], there is a regular open set V such that
AcCcV cCl(V)c X\fHy). Thus f~1(y) c X\CI(V). Since X\CL(V) is
regular open and f is almost closed, there is an open neighbourhood W of y such
that f~(y) C f~1(W) c X\C1(V). Thus, W is an open neighbourhood of y such
that W N f(A) = 0. Hence, f(A) is closed.

Definition 3.1. A subset A of a space X is a-normal iff for every open
neighbourhood U of A, there is an open neighbourhood V' of A such that

AcVcCl(V)cU.

THEOREM 3.3. Let f: X — Y be an almost closed mapping of a space X
onto a space Y such that f~1(y) is an a-normal subset for each y € Y. Then:

(a) f is closed; (b) if X is Ty, then f has a closed graph.

Proof. (a) Let A be a closed subset of a space X and y ¢ f(A) be any point
of Y. Then, f~!(y) C X\A. Since f~!(y) is a-normal, there is an open subset V'
of X such that f~*(y) ¢ V C Cl(V) € X\A. Then U = (V) = Int (CL(V)) is
a regular open subset of X such that f~!(y) Cc U C C1(U) C X\A. The rest of
the proof is similar to the one given in Theorem 3.2. (b) Let (z,y) € G(f) be any
point. Since y # f(z), it follows that = & f!(y). Since X is Ty and f1(y) is
a-normal, there is a regular open subset U of X such that f~1(y) c U Cc C1(U) C
X\{z}. Since f is almost closed, there is an open neighbourhood W of y such that
) c f71(W) c U. Let V = X\CI(U). Then V is an open neighbourhood of
z such that f(V)NW = 0. Thus, (z,y) € VxW,V x WNG(f) = 0. Hence, G(f)
is closed.

The following example shows that in Theorem 3.3 the space X need not be
either normal or regular.

Ezample 3.3. Let X = {a,b,a;:i=1,2,...}. Let each point a; be isolated.
If {U™(a) : n € N} is a fundamental system of neighbourhoods of a, where U"(a) =
{a,a; : i > n} and {V"(b) : n € N} is a fundamental system of neighbourhoods
of b, where V™(b) = {b,a; : i > n}, then the space X is Tt but X is not a regular
space since Cl (U™(a)) = U™(a) U {b}, hence X is not normal.

IfY = {m,b; : i =1,2,...} is equiped with the discrete topology, then the
mapping f : X — Y of the space X onto the space Y defined by f(a;) = b;, i =
1,2,... ; f(a) = f(b) = m, satisfies all the conditions of Theorem 3.2. Hence f
has a closed graph.
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By combining Theorems 3.1 and 3.3 (b) we obtain the following result.

THEOREM 3.4. Let X, be a space and X2 be a regular space. Let X = X7+ X5

be a topological sum of the spaces X1 and Xo. Let f: X — Y be an almost closed
mapping of the space X onto a space Y such that for each y €Y,

(a)
(b)

(1]
(2]

(3]
(4]

(5]

if f7Y(w)NXy # 0, then f~1(y)N X, is an a-Hausdorff a-nearly paracompact
subset of X

if f7Y(y) N Xo # 0, then f~1(y) N X5 is closed.
Then f has a closed graph.
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