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KBASVMACUMIITOTNYECKOE PA3JIOSKEHUE MEPBI

0. H. Hpo:x:xuuos, b. 1. 3aBbsaios

Peszrome. B cratbe paccmorpena TaybepoBa TeopeMma Tuma Xapau—JlurtiaByna—
KapamaTta AJyis KBa3sMaCUMIITOTUUECKUX DPA3JIOMKEHUI Mep, COCPENOTOUEHHBIX HA MOJIOMKU-
TeJBbHOU mosyocu. IIpu »TOM mpeamnosiaraercsi, YTo UJeHbl KBA3UMACUMIITOTUUYECKOIO pa3-
JIOXKeHUsI — OOOOIIEHHBIE (YHKIMHU, COCPENOTOUEHHbIE B HauaJle KOOPAWHAT, a aCUMIITO-
THUUECKOE IIOBEJEHUE OCTATKA OLEHMBAETCH OTHOCUTEJBHO IIKAJbl IPABUJIBHO MEHSIOIMX-
cs1 (aBTOMOZEJBbHBIX) (GyHKIMM. Pe3ynbTaTbl NPUMEHSIOTCS B TEOPUW BEDPOSATHOCTEH 1JIs
OIIpe/Ie/IEHNs IIOBEAEHMs ”’ XBOCTOB” (DyHKIMM PACIPEAEIEHUA 110 ACUMIITOTUYECKOMY [IOBE-
JIEHUIO XaPaKTEePUCTUYECKON (yHKIIM.

Beenenue

IycTs du(t) HEOTpUNATENLHAA MEPa HA NOJOKUTEILHON moxyocu, t > 0,
u nycth eé npeobpasosanue Jlammaca Elp(y) = [e7¥ du(t) B magamse KoOp-
OUHAT DOMyCKaeT aCUMITOTHYecKoe pasioxerme du(y) ~ P(y) + h(y), rae
P(y) nomsoM, a ocrarok h(y) cremeHHbiM (IPABMILHO MEHSIOMMMCH) 0Opa-
30M yOBIBaeT npu IpubIrmKeHWM K HAJYaJy KOOPAMHAT. UTO MOMKHO CKa3aTb
06 acUMOTOTUYECKOM (KBA3MACUMITOTUYECKOM) MOBEICHUM CAMON Mepul di,
€€ MOMEeHTaxX wiu €€ nepBooOpa3HbLIX?

IMlycte F(t) ¢yuxmus pacupenenenus. Kaxk, 3Has e€ XapakTepUCTUUEC-
Ky (yHrmumio, (npeobpasoBanune Pypre ¢pyuxmum F(t)), onpemeauTs acuMIr-
TOTUUYECKOE TOBeAeHuEe ’XBOCTOB”, TO eCTh acuMnToTury F(t) mpu t — —oo,
u acumnToTuky 1 — F(t) npu t = +00. DTU BOOPOCH U PACCMATPUBAIOTCA B
HacTosAme# padore.

N3yuenuio ocrarka B 1ay0epOBLIX TEOPEMAX MOCBSIEHEI MOHOIDA(UU
T.X. lanemnyca [2], M.A. CyGxaukynosa [6], A.I'. Ilocraukosa [7], B KO-
TOPHIX YKA3aHBl MHOTOUNCJIEHHBEIE IIPUMEHEHUs TayOepOBBIX TeOpeM C OC-
TATKOM B TEOPHU 4YMCeJ, TeOpMK (YHKIW, CIEKTPaJbHOR Teopmu mude-
PEHIMAJLHLIX ONEepaToOpoB U Apyrux obnactsax marematuru. OcobeHHO OT-
metum morOrpaduo C. Anparunua, P. Bosauua, M. Tomuua [3], roe paspa-
6oTaHa TEOPUS NPABUILHO MEHSIOMUXCH PYHKIUI C OCTATKOM M Ha €€ OCHOBE,
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meromoMm ['. @peiina [1], nomyuer psax TayOepOBLIX TEOPEM C OCTATOUYHLIMU
uneHamu. OTMeTHM Takke Pe3yJbTATHI IO TayOepOoBOH TeOpHUM C OCTATKOM,
noayuenusle C. ANbAHYMYEM, U U3JIOMKEHHBIE UM B TPYJAX KOH(OEPEHIWH IO
ANNIPOKCUMAIMN QYHKIUR, cM. [5]

! . (X}
UYepes §, 0603HaUMM TPOCTPAHCTBO ODOOMEHHLIX (yHKIME MeICHHOTO
pOCTa C HOCHTEJNSMU Ha IpaBoit nmosyocu. IIpeobpasosanue Jlannaca

FR)=LIfl= (F1), ™), z=z+iy feS,,

yCTaHABNMBAET U30MOP(YU3M CBEPTOIHON aureGput S;_ na anrebpy H ((0, +00)),
(GyHKOUi, TOTOMOP(HEIX B BEpXHE# HOIYIIOCKOCTH, Mg KOTOPHIX CIIPABE /-
Ba OIEHKA:

5 1+ 2" ’

f(Z) SMTJ z =1z + 1y, :U>0;
st HeKoTtopuix M, a,b.

7
Onpedenenue. Ecmm f(t) € S, u p(k) HeKOTOpas TMONONMTENLHASA W
HEIPEPLIBHASA DU NOCTATOYHO OOJBOIMX K (YHKIMSA, TO MBI FOBOpPMM, 4TO f
obaadaem weasuacumnmomurot ornocurensuo p(k), ecnn

1 .
mf(kt)—)g(t), k—ooB Sy,
rIe g HEKOTOpas QYHKIUSA M3 S;, OTANYHASA OT TOKIECTBEHHOI'O HYJIS.

B sTom cayuae p(k) 00513aT€IBHO ABIAETCA IPABUILHO MEHAIOmENCs (aB-
TOMOZEeNBbHOM) (QynEumeit, cm. [3], [8]. Apyrumu cnosamum, muas mo6oro a > 0
Y HEKOTOPOro &

p(ak)/ok) = a®, k= o0

paBHOMepHO Ha KoMmakTax 1m0 a B (0,+00). Yucio a Ha3pBaeTCA N0PA0KOM
p. IlpumepaMy aBTOMOZAENBHBIX (DYHKIMI HOPAIKS & MOTYT CIYXUTL (QYyHKINAN
BUIA:

k*, k*Ink, k%*Inlnk, k*(1+ :sinlnlnk) wu ap.

B sToMm e caydae ¢QyHruus g(t) nmeer BuL:
ettt

g@t) = fat) =S (@)
fz(vji)a(t)a npu @ < 0, + N > 0, N nenoe,

, mpu a >0

3ameruM, 4O »TH 000OmEHHBIE QyHKIUKM OOPA3yIOT CBEPTOUHYIO Aaredpy B
S;_, (fa(t) — nuyBunneBCKMe sifpa APOOHOTO MHTErPUPOBAHUA U IUP(epeH-
muposanusn). Ilpm »TOM mepBoobpasHol nopazaka « (ysrmum f(t) HA3LIBAIOT

00OOIMEHHYIO (yHKIMIO
7o) = fa(t) * £(2).

Ecau ¢(t) = 0, To mMur roBopuM, uto f(t) 00nazaeT mMpusuasvholl KBa3u-
ACHUMITOTHKOH.
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B repMunax kBasuacuMnTOTUKA TayOepoBa Teopema Xapm—JluTTasyma—
Kapamara ¢opmynupyercs cnenyiomum 0Opa3oM:

TEOPEMA 1. Iyems du(t) € S; neompuyameavnaa mepa u p(t) — npasgu-
ABHO MENAIOUAACT PYynKyuT nopsoxa o. Jas mozo wmobw d u(t) obaadara Keasu-
ACUMNMOMUKOT 0MHOCUMEAbHO %p(k), mo ecmo

k ,
——du(kt) — Afa, k=0 eS,, AZ£0

p(k)
HE00T00UMO u 00CMAMOUWNO ¥ MOobBL
1 /°° o
—_ e Vdu(t) — A, y — +0,
o070 Jo ©
npu amom
1 /’c u(k) A
— du(t) = — , k— oo
o) Jy M= 0 T Ta s

1. Tay6epoBa TeopeMa i KBa3MaCMMITOTMUECKNX Pa3JIosKeHUN Mep

Nmeer mMecTO Caemyiomas TeopeMa:

TEOPEMA 2. ITyecms f(t) € 8; neompuyamenvrad mepa u p(k) — npaeu-
ABHO MENTIOULAACA PYRKyUT nopaoka a, ede —n—1 < a < —n. Tozda caedywoujue
YCAOBUS IKBUBAAECHMMNDL:

(1) cywecmeywom nocmoswnse Co,...,Cn, Makue, ¥mo npeobpazosanue Ja-
naaca f(t) na wucmo mrumoi ocu umeem npedcmasienue

Fliy) =) ey’ +hliy); v >0, (1)
j=0
NPULEM
1 -~
h(iy) — A, y — +0; 2
o ®
(2) cywecmeyrom nocmoanHbe Cg, . . ., Cp, MAKUE, MO 0000UWENNAT PYNKYUT

n

h(t) = £(t) = Y09 (1) 3)

Jj=0
o 1
obradaem xeazuacumnmomurol ommocumenvro i p(k), mounee

k ’

(3) 0ax awbozo yenozo £ >0

k
/0 #f(B)dt = (=)t ee + Kplk) | oy
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npu IMoM Moxacho cuumams ¢g = 0 dasg £ > n;
(4) 0as nexomopozo yenozo N = 0 cyuecmayem nocmoanKag Cn , MAKGT 4MO

k
A -
tN ft)dt = (-1)NN! ENp(k) | ————~ + (1) | , k ; (6
8 50t = 1 Niew + K plb) | ey + 00| k= oo ©
(5) Onar arwbozo yenoeo £ > 1 cywecmeyiom NoCMOTHNBLE Co, C1, - - - , Ce—1 TMAKUE,

wmo nepeoobpasnas om h(t) = f(t) — Zﬁ;(l) ;00 (t) nopaoka £ umeem
acumnmomury omnocumensro k*1p(k), mo ecmp

1 A
li M=) = — = . 7
s s LGy Pyt 0
(6) 0as mexomopozo yeaozo N CYw,ecmeyiom NOCMOAMNBLE CoyCl,---,CN_1
maxue, ¥mo OAs
N-1 ‘
ha(t) = f(t) = ) ;69 (t) ®)
=0
uUMeem Mecmo
. 1 (—N) A
lim — .
dm et ® = raEm ©)

k
B myskTax 3) u 4) nox nETErpasoM [ MOMHO HOHMMATH JMI000E 3HAUECHME
k=0 k+0
mexny [© om [,

3amewanue. OrmeTnM, 9TO MMIIUKAIWs 1) = 5), B HECKOILKO MHOU (Op-
MynupoBke, nokasana Kaaycom Hesenncom B ero noxkropckoit quccepranuu [4].

Loxazameavcmeo. Mul nokakeM TONBKO mMIImkammio 1) = 2). Mwmn-
aukanuy 3) = 4) u 5) = 6) oueBmzmubl. JIOKA3aTENLCTBO OCTABIIMXCS KMII-
JIMKANU MOKHO HaliTu B paGore [10].

s moxa3aTenbLCTBA HAM MOHAIOOUTCS TeopeMa O AesieHur 0000mEHHOM
(i)yHHL[I/II/I Ha IDOJMHOM C COXPaHEHMEM KBA3UACHMMIITOTUKHN, a MMEHHO!:

TEOPEMA 3. Ilyems f(t) € S;L u p(k) aemomodesvnas gynkyud nopsoxa
a # —1,-2,... u nyems a7 nexomopozo N dynxyus t" f(t) obaadaem xeaszu-
acumnmomuroii ommocumenwvro k¥ p(k), mozda:

(1) ecau a > —1, mo f(t) cama obaadaem KEa3UACUMNIMOTNMUKOT OTMHOCU-
meavrno p(k);

(2) ecau o < —1, mo cywecmeyiom wucae ¢; j = 0,1,...,p marue, wmo

Pynwyua f(t) — E?:o ¢;j0) (t) obradaem xeasuacumnmomuroi ommocu-
menvno p(k).

JlokaszareancTBo M. B [9].
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JlokaszaTensecTBy UMIIMKanuy 1) = 2) npeanomaéM CIenyomyo JIeMMy,
KOTOpasd MPEACTABIIAET U CAMOCTOATEIbHBII UHTEPEC.

Nemma.  ITyemoe sadanw yeaoe wucao N 2 0 u po(k) — N paz dufde-
PEHYUPYEMAT NPABUALNO MENTIOUATCH PyYNKYus, onpedeaénnar npu k > ko > 0,
nopadka o # —1,—2,.... Ilycmsy kpome mozo

a1V
pn(t) = [t2£] Po(t) — MOHOMONNHO 803PACMAIOWAT PYNKUUST . (10)

Tozda pn (k) npasuavno mensemes u, boaee mozo,

kp#(()]z})c)—) const, k—oo (const=a(a+1)...(a+N-1)). (11)

Loxazamenvcmeo aemmu. Hoonpenemum po(k) xaxkum mubo o6pazom mo
¢yHKIMM, 330AHHON Ha BCel momyocm [0,+o00). IloxGepém M Takmm, dgTO-
61 tM po(t) Gbra mpaBMILHO MeHsIomeRca (yHkmel nopsamka o + M > —1.
Torma obobméunas dynxmaa tM py(t) obramaer KBa3MaCUMITOTUKOM OTHOCH-
temwro kM po(k) mopsaka a + M, cm. [9]. IIpumensas Tenepn Teopemy 3 o me-

JICHWU, 33KJII0YaeM, YTO CyImecTIBYIoT ¢j,j = 0,1,...,p Taxkne, ur0 0006mEHHAN
¢yHKIIA
P
P(t) = ;09 () + po(t)
j=0

00samaer KBasmaCUMITOTUKON oTHOCHTENLHO po(k).
241N --
3aMeruM, 4TO B CUIy ODHOPOITHOCTHU OIEPATOPA [t E] 0600ménuasn

N o
dynrmms [t %] (t), coBnamaromasn npu t > kg ¢ IPABMILHO MEHAIOMENCS
N
pyurmmeit py(t) = [t24]" po(t), obnanaeT KBA3MACUMITOTUKON OTHOCHTEILHO
kN po(k) nopsinka N + @ u MmonoTOHHA TIpU t > k9. OTCloma ciemyer, 4TO OHA
obnanaer OOLIUHON ACUMITOTUKOR, cM. [9], To ecTn Bemoxreno (11). Jlemma

IOKA3aHA.

Ilepeiiném Tenmepn K mOKa3aTeanCTBy TeopeMmbl. Ilpu N > n umeem
n
tNF(E) =tV >89 (t) + tVh(t) = tVR(t).
=0

CreBa CTOUT HEOTPUIATEILHAS MEPa U, CICIOBATEILHO, 1V h(t) Takxe HEOTPU-
aTeJabHAsA Mepa, a MOTOMY

N o R
(_i) T(iy) = / e VN h(t)dt = / e VN f(t)dt (12)
dy 0 0
1
y’
k2 dd_k]Nﬁ(%) MOHOTOHHO BO3pacTaromasa Pyukmus. Io ycaosuto (2) dyskmms

MOHOTOHHO pactér mpu y — +0. [lenas 3ameny k = MOJIy4YMM, YTO
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2d N7

h(i/k) nopsamxa a. Io moxasammoit nemume ¢ymxmus [k2-2]" h(2) npasmisno

MeHsileTCA U, ¢ yuéToM paBeHcTBa k = 1/y,

y" d\" >
——— | —— h(iy) — const, y— +0.

p(1/y) ( dy) ’
Cormacuo teopeme 1, uz (12) 3axmiouaem, uro mepa tV f(t) obranaer KBaszu-
acumnroruroit orrocurennuo kY !p(k). Ilo Teopeme 3 cymecTBYIOT IOCTO-
sHEBIE aj, j = 0,1,...,p Takue, uro ¢ymrumsa hi(t) = f(t) — 257:0 a0 (t)
obamaeT KBa3smacuMITOTUKOM oTHOCcuTensHo k~1p(k). OTKynma BLiTekaeT, uTo

hi(y) — const, y — +0.

(1/ )

Cpasuusas ¢ (1) u (2), numeewm:

=

1
p(1/y)

Tak xak mysa a1000ro € CymecTByIoT mocrosinusie ¢ u C. Takue, 4To

aj —¢;)y’ — A —const,y — +0. (13)

[t (v) = Rtiy)] = -

J=0

Yy T < p(l)y) < Cey™™ Fm —n—1<a<-n,
To (13) BO3MONHO sumb mpu a; = ¢j,j = 0,1,...,p. Otryma u crexyer

cupaseguuBocThb (4). VMnnukanusa moxasana.

2. AcuMnToTMYeckoe MoOBeneHVE “XBOCTOB” (YyHKIUU pacIpeneIeHUs

Ilycte F(t) ¢pysrums pacupenenenus, Tak 4ro dF(t) — BeposTHOCTHAs
Mepa:

“+o0
t_lg{noo F(t) = F(—o0) = 0; t_lgrnoo F(t) = F(4+00) = 1; /_Oo dF(t) =1
Yepes f(x) 0603HAYAEM XA PAKTEPUCTUIECKYIO ()YHKIUIO BEPOATHOCTHON MEPHL:

~ +OO .
Fla) = / ¢ d F(t)

—00

TEOPEMA 4. ITycms F(t) — dynkyus pacnpedesenusd nexomopol caywalinot
seaununsl, p(t) — NPABUABHO MENTIOWATCT PYNKYUT NOPAOKL @, 20e —n—1 < o <
—n Oas nexomopozo n = 0,1,.... Jax 3a0annozo € > 0 nosoxcum

RFIGLIS (14)

¢ = .

30decoy f(;c) ZTapaxmepucmuseckas PynKyus eepoasmuocmuol mepu d F.
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Toz0a, ecau cyuLecmeyiom NOCMOTHHBLE Co,Cl, - - - ,Cp, MAKUE YMO
j=0
NPULEM B
h(y) ~ Ap(1/y), y— +0, (16)
mo 1
1-F(t)~ ——A . 1
Ananozuuno, ecau
7=0
NPULEM B
h(y) ~ Ap(1/y), y— +0, (19)
mo 1
F(—t) ~ ——Ap(t t— . 20
(1) ~ Spray et - +o0 (20)

30ecv A neKomopas nocmoTHHOA.

Loxazameavcmeo. Beeném ¢yHKImIO

sy L [ f(§dg
@(z)—Q—m_/_E o

Tax xak f(x) HempepnBHa, To u3 (14) BhiTekaer, uro $(z) aHANUTUUHA B
BepxHell u HwkHeR monymnockoctu. O6osHauas yepes P4 (r) eé rpaHnuHbIe
3HAUEHUS CBEPXY U CHU3Y (COOTBETCTBEHHO), UMEEM

&;4_(33) - 5— (.’L') = f(x)X[—s,a] (.CL'), (21)

TH€ X[—c,] — XaPaKTePUCTWYeCKas (yHKIus uHTEpBaIa (—¢,€).

IIpencraBum mepy dF' B Buge:

dF(t) =dps(t) —dp—(t),
rae du+(t) — meorpunarenvHas (COOTBETCTBEHHO HEMOJIOKUTENLHAS) Mepa,
COCPENOTOUEHHAA HA MOJOMKUTENLHOR (OoTpumanTensHoit) noxyocu. IIpeoGpa-
soBanue Jlannaca dp,(z) — aHamuTrueckue (GyHKIMM B BepxHei (cooTBert-

CTBEHHO HwrKHEH) momymmockoctu. O6osmauas gepes dpu, (r) mx (coorser-
CTByIOH_U/Ie) I'PAaHMYHLIC 3HAYCHUSA, IMEEM

f@)=dp, () —dp ().
Ilokaxkem, uTo

diy(2) = 8(z) +m(z),  npu Imz >0, (22)
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rae n1(z) — aHaIUTUYHA B OKPECTHOCTH HYJIS.

JleficTBUTENILHO, BBOAS (hYHKIUIIO

= . 1 5 +oo f(&d¢
Ve =0 () [ exiaey

AHAJUTAYECKYIO B BEPXHEH U HWKHEN OIyIoCcKocT, 0603Hauas uepes Wy (x)
€8 IrpaHUYHEIE 3HAYEHUS CBEPXY U CHU3Y (COOTBETCTBEHHO), MMeeM

Wi (@) = W-(z) = f(z) = dpp, (z) —dp_(2).
Ilepexons k oOpaTHOMY npeoOpasoBanuio Pypne, moaydaem
Wi (t) = W_(t) = dp4(t) — dp—(2).

IMpuuém W, (t) cocpemorouena Ha mpasoit moayocu, a W_(t) ma meBoii. A
noromy, d py (t) ornuuaercs or W, (t) nums Ha 0GOCIMEHHYIO QYHKIIO COCPe-
[OTOYEHHYIO B Hyse. llepexonsa k mpeobpaszosanumio Jlamnaca, BUIUM, UTO
cymecTtByer noauHoMm P (z) Tak, 4To

dp,(2) =W(z)+ Pi(z),  mpm Imz>0. (23)

Broasa ¢ynrnuio

= 1 5y £ f(&de¢
W) = 5 (1) [ eiiaey

1 0003Ha4as1 e COOTBETCTBYIONMME IPaHUYHEIE 3HAUeHNs depe3 W (z), nmeem

Wi (@) = W2 (2) = [(@)x-e.(2)
Cpasausas c (21), nomyuaem
We (2) — We () = &, () — b_(2).
ITepexons ¥ oOpaTHOMy nmpeoobpasoBanuio Pypne, nmeem
W)~ W2 (1) = B4 (1) — (1),

mpuuém W5 () u S, (t) cocpemoTouent na npasoit momyocu, a We () u & (t)
ua nesoit. CuenoBarensno, W5(t) ormmuaerca or $4(t) Ha 060OmMEHHYIO
(GYHKIMIO COCPENOTOYECHHYIO B HyJIe U, IePeX04a K npeobpasosanuio Jlannaca,
BLIBO, VM

&, (2) = Wi(2) + Py(2), upw Imz >0, (24)
rae P(z) monmuOM.

Cpasrusas teneps (23) u (24), a Takke 3amMadas, 9TO

W (z2) = We(2) +12(2),
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rae 72(z) aHAIUTUYHA B OKPECTHOCTU HyJs, moaydaeMm (22).
IIycto Tteneps Bomoanenst ycaosus (15)—(16). Cornacuo (22), pasnaras
m(z) B pan Teitnopa, mua dp, (iy) momyunm

dp(iy) =Y c'sy7 +holiy), y >0,
=0
rme _
ho(iy) ~ Ap(1/y),  y — +0.

ITo Teopeme 2, (yrBepixaenue 3 npu £ = (), 1ya nepBoit nepBoOOPA3HOY UMeeM

¢
A _
dF(t) = t) | —— +0o(1)].
[ ar @ =+ o) | s +50)
Tak kak F(0) + ¢p = 1, ub6o d F — BepoarrocTHaa Mepa, Mul noxydaem (17).
Ananoruuno, us (18) u (19) nonxyuaercs (20). Vmnaukanms mokasaHa.

Pabora BnmmosHena mpu (UHAHCOBOM monmepskke Poccuiickoro ¢oxga
¢yHmaMeHTANbHEIX uccaenosanmii (mpoexr 93—-011-140).
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