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ON GENERALIZATION OF FUNCTIONS n! AND !n
Zoran Sami

Communicated by Aleksandar Ivié

Abstract. A sequence yj, is defined, and its relation to Duro Kurepa’s left
factorial hypothesis is discussed. Also, a generalization of functions n!, !n and y,, a
sequence Un,m is defined, and a number of its properties is proved.

1. Introduction. Kurepa in [6] defined !n (left factorial) by:
m=014+14214---4+(n-1), neN (1.1)
and stated the hypothesis that
(In,n!) =2, for n>1, (KH)

where (a,b) denotes the greatest common divisor of integers a and b. In [6] was
proved that (KH) is equivalent to assertion that

IpZ0 (mod p), for all primes p>2 (1.2)

and this is the usual form of KH.

In [8], [9], [11], [12] and [13] there are several statements equivalent to KH,
which are all exposed in [5]. Here we cite, for example, the assertion proved in [14],
that KH is equivalent to

p—2
Z(k +1)P~*kF=1 £0  (mod p), for all primes p > 2 (1.3)
k=1

KH is verified in [2] for n < 10°. In this paper we will try to open some new
possibilities for considering KH.
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—Z
2. The sequence y,. Let f(z) =
sequence y, by:

and n € N U {0}. We define a

Yn = f(n) (0) (2'1)

It is easy to see that
n

o =3 (-1 (Z) k. (2.2)

k=0

The first few members, are: yo =1, y1 =0, 92 =1, y3 =2, y4 = 9, y5 = 44,....
Let us notice that the sequence y,, has a combinatorial meaning to. Namely, y,,
n > 0, is the number of derangements of the set of n elements, i.e. number of
permutations of an n-element set, in which no element is fixed. Let us establish
some properties of the sequence y,,.

PROPOSITION 2.1. For every n € N we have

Yo =gno1 + (1), (23) Y ( ) yr =nl, (2.4)
k=0
é (Z)yk_l =ln, (25) é ( ) ) RE) = ynoa. (2.6)

Proof. Since (1 — z)f(x) = e~?, it follows that

(1" = [(1 - 2)f (@))% = £ 0) = nf™D(0) =y — nyn_1,

so the equality (2.3) is correct. Further we have:

L o) =l = [ f @)™, i()yk

B (S E0)-E (1

i.e. the equalities (2.4) and (2.5) are correct. From (2.5) it follows that:

n = u(™(0), ui(x)=e” / Ftdt, (0 =0) 2.7)

and further uy(z)e™* = ff tydt = f=(0) = y,_1 = [ul(:c)e_w];"z)o, ie. the

equality (2.6) also holds.
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PROPOSITION 2.2. For every n € N, and every m € N U {0} the following

B T GO

k=0

The proof is easy and can be omitted.

Let us notice, that from proven equalities, one can obtain a number of con-
gruences by module p, when p € P, and P denotes the same set as above. From
(2.3) it follows

yp = —1 (mod p), (2.9)
Yp—1 + Yp—2 = 1 (mod p), (2.10)
Also, the substitution n = p— 1 in (2.4) give
p—1
Y (-DFyr = -1 (mod p), (2.11)
k=0

Finally, by substitution n = p in (2.6) and (2.8) we obtain

Yp—1 =!p (mod p) (2.12)
Ym + Ym4p =0 (mod p), m e NU{0} (2.13)
Bearing in mind (1.2), one can, without great effort, formulate a number of as-

sertions equivalent to KH. Really, according to congruences (2.9)-(2.13), KH is
equivalent to every one of the following statements:

Yp—1 Z 0 (mod p), for all primes p > 3, (2.14)
Yp—2 Z 1 (mod p), for all primes p > 3, (2.15)
yp, Z —1 (mod p?), for all primes p > 3, (2.16)
p—2
Z(_l)kyk # —1 (mod p), for all primes p > 3. (2.17)
k=0

Obviously, one can formulate a number of similar statements.

The sequence ¥, can be represented in another way.

PROPOSITION 2.3. For everyn € N
n! 1+ (-1)"
_ _ 2.18
Yn [e ] e (2.18)

where [z] denotes integer part of x, i.e. [x] € Z and [z] <z < [z] + 1.
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Proof. From (2.2) it follows

n +oo n
=30 (ras 0= [ e Yot
k=0 o k=0
+o0o 1 +o0
= / (x — 1" *dx = /(a: — 1" “dx + - / t"e tdt
0 0 0
;o
= % + /(m —1)"e "dx
0
Since we have
1 1 .
‘/(x - 1)"e*zdm‘ < /|a: —1le %dx = e
0 0

It follows that y, = [2] + 1, for n even and y, = [2], for n odd and thus, the
equality (2.18) holds.

Bearing in mind properties of the sequence y,, from (2.18) one immediately

obtains
_ _z7(n)
n! e ® e? + e 7
2 = — 2.1

Also, according to Proposition 2.1, it follows that for every n € N, the following
equalities hold:

[%'] - [(n;l)!] + 1 oy, (2.20)
é <Z> [g] =n=2" (2.21)
kz::l <Z> [(k p 1)!] =ln—2"71. (2.22)

Bearing in mind (2.9)—(2.13), it follows that for every prime p > 3, the following
congruences hold:

—1 (mod p), (2.23)

| p— |

o |8

—_—
[

0 (mod p), (2.24)
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i(—l)k [%‘ = 1%3 (mod p), (2.25)

k=0 -
[@- =!p—1 (mod p), (2.26)
[m?'] + [@ = —1 (mod p), m € N U{0}. (2.27)

The statements (2.14)—(2.17) all equivalent to KH, could be reformulated similarly.
From the discussion above, it is clear, that the sequence y,, is closely related to the
functions n! and In.

—

. and let up(z), m € Z, be the

3. The sequence uy,. Let f(z) = 16
sequence of functions defined by:

T t1 tm—1
e¥ [dty [dty--- f(tm)dtym, m>0
U (T) = Of 10f 2 Of . (3.1)
e” fCm)(x), m <0

The sequence of numbers u, m,, n € N U {0}, is defined by
Un,m = u{™(0). (3.2)

Let us first notice, that the sequence uy ., in some special cases represents the
functions n!, 'n and y,.

PROPOSITION 3.1. For every n € N U {0} following equalities hold:

Upo =nl, (3.3)
Up1 =n, (10=0), (3.4)
U0,—n = Yn- (3.5)

Proof. Referring to (2.1) and (3.1) and bearing in mind (2.7), it follows
immediately that

Up,o = =nl,
11—z =0
T (n)
Up, = e’”/ (t)dt] o =In,
L : =
Ug,—n = _ezf(n) (x)] o fm (0) = yn,

which proves the assertion.



10 Sami

Considering further properties of the sequence uy, nm,, let us show, that the
sequence u, ,, has some properties similar to those of binomial coeflicients.

PROPOSITION 3.2. For every n € N U{0} we have:

Un,m + Un,m+1 = Unti,m+1, M E Z, (3.6)
m>n= Upm=0, mEN, (3.7
Upp =1, (3.8)

Up,n—1 = N. (3.9)

Proof. Referring to (3.1) we have
U (2) = € (Um+1(2)e™")" = Uz 41 (%) — Um41(2) =
Un,m = U%L) (0) = [ulm-i-l (:E) — Um+1 (-’E)];(cnz)o = Un+1,m+1 — Un,m+1,

and thus, the equality (3.6) holds.
Let m > n, then

T t1 tm—1
n o - (k)
u™(z) = e kz:% (Z) [O/dtlo/dtQ--- 0/ f(tm)dtm]
z tm—1
=% " .
e ;(k)b/dtk+l / f(tm)dtm,

and after substituting z = 0, we obtain (3.7).
Further, from (3.6) and (3.7) it follows

Unmpm = Un—1mn—1 T Un—1,n = Up—1pn-1 =" "= U0 = 1

Unn—1 = Up—1,n—2 + Un—1,n—1 = Up—1ip—2+1=--=uo+(n—1)=n

and thus, the assertion is proved.

We can easily calculate members of the sequence u, . For example, for
|m| < 5 and n < 6, we have:

-oe—4 -3 -2 -1 0 1 2 3 4
0 9 2 1 0 1 0 0 0 0
1 53 11 3 1 1 1 0 00
2 362 64 14 4 2 2 1 00
3 2790 426 78 18 6 4 3 1 0
4 24024 3216 504 96 24 10 7 4 1
5 229080 27240 3720 600 120 34 17 11 5
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PROPOSITION 3.3. For every n € N, and every m € Z, the following
equalities hold:

n
> (=D Mk = Un—1,mo1, (3.10)
k=m
n—1
Uk,m = Un,m+1 — UO,m~+1- (311)
k=0

Proof. Referring to (3.6) and (3.7) we obtain

n n
Z (=) Mg = Z (=1 ™ (Up—1,h-1 — tn_1,x)
k=m k=m

=tn1m1t+ Y (DM un ko (D) M unm+ Y (D) M un 1

k=m+1
n— n—1
_ k—m+1 E : k—m —
=Up—-1,m—1 + E (_1) Up—1,k + (_1) Un—1,k = Un—1,m—1-
= k=m
Also
n—1 n—1
E Uk,m = E uk+1,m+1 - uk,m—l—l E Uk,m+1 — E Uk, m+1 = Un,m+1 — U0,m+1-
k=0 k=1 k=0

and that proves the proposition.

PROPOSITION 3.4. For every k,n € NU{0} and every m € Z, the following
equalities hold:

n
_ n
Z(—l)" ! ( -)uk+i,m = Uk,m—n> (3.12)
=0 ¢
= n
Z ( -)uk,mi = Un+k,m- (313)
i=0 t

Proof. According to (3.1), we have

n

tnn(2) = € (2)e) = 31" (1)l o)

=0

Differentiating the last equality k times and substituting z = 0 we obtain (3.12).
Further we have

910235 (ot 105 ()0

and by substituting = 0 we obtain (3.13).
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Let us notice, that by substituting £ = 0 in (3.13) and considering (3.5) and
(3.7) we obtain

B 1 () S Y ) P

i=0
m—1 n

Un,mzz ( )U()m z+Z( )UOm 1,:2(7;>yi—m7 (0<mﬁn)
=0 i=m

We can conclude that, for every n € N U {0} and every m € Z, m < n holds

Unm = i (’Z) Yiems s =max(0,m). (3.14)

i=s

Referring to (2.8), substitution m = —k, k € N U {0} in (3.14), gives

U ; ( >y,+k - "'Z ( ) (” :r Z)z.. (3.15)

Especially, for £ = 1 we obtain
Up,—1 =N -nl (3.16)
It is obvious that for m <0
Up,m =0 (mod n!). (3.17)
Substitution n = p, p € P in (3.13), gives us
Uk,m + Uk,m—p = Uptk,m (mod p). (3.18)
According to (3.17) and (3.18), for m < p < k, we obtain
Uk,m = Upt+k,m (mod p). (3.19)
Let us notice, that for n = p+ 1, p € P, p > 2, in (3.14), referring to (2.10) we

obtain:
Up+1,2 =1 (mod p) (320)

At last, let us prove two recurrent formulas for the sequence wy, s -

ProrosiTioN 3.5. For every n € N and every m € Z following equality
holds
(m—Dupm =0 —m+ Dupm-1 — Unm—2 + a(n,m), (3.21)
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where
(i) m22

m—2

0, m<2

a(n,m) = {

Proof. For m = 1, the equality holds, since (3.21) reduces to (3.16). For
m < 1, according to (2.3), (3.6) and (3.14), we obtain

1
n+ n+1
Un,m—1 + Un,m—2 = Un+1,m—-1 = E i Yi—m+1

=0
=:i ("I - mr g (—1)“”:21 (" T
STUER) o) (R PN oY (i P

i=1

= (’I’L + ]-)un,m—l - (m - 1)(Un,m + un,m—l)-

=0

and, after putting this in order, we obtain (3.21).

For m > 1, we have

n+1
n+1
Un,m—1 + Un,m—2 = Unt+1,m—1 = E i Yi—m+1

() B (e ()
= (::D +(n+ l)g (Z f 1>yi—m —(m— 1)§ (njl)yi—m

SIS I (i [

=0
n+1 n n
_ (m " 1) oty 3 (i>yi_m+1 — (m = Dtpgim — (m g 1)

n
= (m B 2) + (n+ Dupm_1 — (M —=1)(Un,m + Un,m—1),

n
=m-—

and, after putting this in order, we obtain (3.21).

PROPOSITION 3.6. For every n € N U {0} and every m € Z, the following
equality holds:

Unt2a,m = (W —m+ 3)upt1,m — (0 + 1)tp,m + a(n,m). (3.22)
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Proof. According to (3.6), (3.12) and (3.21), we obtain
Un+2,m — 2Unt1,m T Unym = Un,m—2
=(n—-—m+Dupm-1— (M —Luym+aln,m)
= (n—m+1)Un+1,m—Un,m) — (M—1)Up m + a(n,m),
and, after putting this in order, we get (3.22).

Notice that, according to (3.4) and (3.6), after substituting m = 2 in (3.22),
we obtain

Unt2,2 = (n + 1)(‘”) + 1. (323)

From properties of the sequence uy ., it is clear that one can state num-
ber of assertions equivalent to KH. For example KH is equivalent to all following
assertions:

(Fk)(k > pAug2 Z1 (mod p)), for all primes p > 2, (3.24)
up_1,2 Z0 (mod p), for all primes p > 2, (3.25)

Up—2,2 Z 0 (mod p), for all primes p > 2, (3.26)

Upr1,2 Zp+1 (mod p*), for all primes p > 2. (3.27)

Really, (3.24) and (3.27) are direct corollaries of (1.2) and (3.23), while (3.6) implies
(3.25) and (3.26).
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