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OSCILLATORY AND ASYMPTOTIC BEHAVIOUR
OF SOME DIFFERENCE EQUATIONS

A. Sternal, Z. Szafranski and B. Szmanda

Commaunicated by Gradimir Milovanovié

Abstract. We consider the oscillation and asymptotic behaviour of nonoscil-
latory solutions of a class of nonlinear difference equations.

1. Introduction

We consider a nonlinear difference equation
A(THA(UH +pnun7k)) = qnf(unfl); n= 07 17 27 re (1)

where A denotes the forward difference operator, i.e., Av, = v,41 — v, for any
sequence (v,,) of real number, k and [ are nonnegative integers, (p,) and (g,) are
sequences of real numbers with ¢, > 0 eventually, (r,,) is a sequence of positive

numbers and
1
LI 2
PDERS ®

The function f is real valued function satisfying uf(u) > 0 for u # 0.

By a solution of (1) we mean a sequence (u,) which is defined for n >
—max{k,l} and satisfies (1) for all large n. A nontrivial solution (u,) of (1) is
said to be oscillatory if for every positive integer ng there exists n > ng such that
UpUny1 < 0. Otherwise it is called nonoscillatory.

Recently, there has been considerable interest in the study of oscillation and
asymptotic behaviour of solutions of difference equations; see for example [2], [3],
[5—15] and the references cited therein. For the general theory of difference equa-
tions one can refer to [1] and [4].
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Our purpose is to study the oscillatory and asymptotic behaviour of nonoscil-
latory solutions of equation (1). The obtained results extend those contained in
[14].

2. Main results

Here we give some oscillatory and asymptotic properties of solution of (1).

We will need the following assumptions:

f(u) is bounded away from zero if u is bounded away from zero, (3)
z Gn = 0. (4)
n=0

The following lemma describes some asymptotic properties of the sequence (zj)
defined as follows:

Zn = Up + PnUn—k, (5)
where (u,,) is a nonoscillatory solution of (1).
LEMMA. Assume that (3) and (4) hold and there exists a constant Py such

that P, < p, <0.

(a) If (u,) is an eventually positive solution of (1), then the sequences (z,)
and (r,Azy,) are eventually monotonic and either

lim 2z, = lim r,Az, = c (6)
n—oo n—oo
or
lim z, = lim r,Az, =0, Az, <0 and z, > 0. (7)
n—0o0 n—oo

(b) If (uy,) is an eventually negative solution of (1), then the sequences (z)
and (r,Az,) are eventually monotonic and either

lim z, = lim r,Az, = —c0 (8)
n—oo n—0o0
or
lim 2z, = lim r,Az, =0, Az, >0 and z, < 0. 9)
n—oo n—oo

Proof. Let (uy,) be an eventually positive solution of (1), say u,—r > 0 and
Up—y > 0 for n > ng. From (1) we have

A(rpAzy) = ¢uf(un_y) >0 for n > ng (10)

that is (r,Az,) is nondecreasing, which implies that (Az,) is eventually of constant
sign and in consequence (z,) is eventually monotonic.
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First suppose there exists m; > ng such that Az,, > 0, then since ¢, = 0
eventually, there exists no > ny such that r,Az, > rp,Az,, = ¢ > 0 for n > na.
Summing the above inequality, by (2) we have

n—1
znZzn2+cE — = 0 n — 00,
r.
i=’ﬂ2 g

hence z,, = o0 as n = oo.

Since uy, > 2y, SO Uy — 00 as n — 0o. Then summing (10) we get

n—1

TnAZn = TngAzng + Z qu(uz—l)

i:ng

which in view of (3) and (4), implies that r,Az, — oo as n — oo, and thus (6)
holds.

Now, if Az, < 0 for n > ng, then r,Az, - L <0 as n = co. Summing (10)
from n to m and letting m — oo gives

Z gif (i) = L —rpAz, < oo.

The last inequality together with (3) and (4) implies

lim infu, = 0. (11)

n—oo

Suppose that L < 0. Then we have r,Az, < L for n > ng. Also, we can choose
ng > ng such that z,, < 0. Summing the above inequality we get

n—ll n—ll
zngzn3+LZ;<LZF for n > ns
k3 1

i=ng i=ns
and, by assumption, we obtain
n—1 1
Plunfk Spnunfk<zn<LZ o n > ng
i=ns Ti

SO )
L &K1
un_k>—2——>oo n — 0o,
which contradicts (11). Thus lim, 7, Az, = 0. Next we show that z, > 0 for

n > ng. If not, then there exists ny > ng such that z,, <0, then since Az, < 0 for
n > ng 2 < 2ng < 0 for n > ng > ny that is

Up < Zng — PnUn—k forn >mns (12)
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By (11), there is an increasing sequence of positive integers (n;) such that u,, r — 0
as ¢ — oo. This together with the assumption about (p,) and (12) implies that
there exists 4o such that u,, < 25;/2 <0, contradicting u, > 0 eventually.

Since (z,) is decreasing, z, — L; > 0. If Ly > 0, then u, > 2z, > L,
contradicting (11) Thus (7) holds and (a) is proved.

The proof of (b) is similar to that of (a) and hence will be omitted.

THEOREM 1. Suppose that (3) and (4) holds. If there exists a constant P,
such that Py < p, < —1, then every nonoscillatory solution (u,) of (1) satisfies
|un| = 00 as n — oo.

Proof. If (u,) is an eventually positive solution of (1) such that (u,) does
not tend to oo as m — oo, then (6) cannot hold since z,, < u, eventually. Thus, by
Lemma (a) (7) holds. Moreover, from the proof of (7) we have (11) holding. But

0< 2z, =1uy + PrUn—k < Up — Up g,

SO Uy > Uy, which contradicts (11). This completes the proof for u, > 0. The
proof is similar when (u,,) is eventually negative.

From Theorem 1 we immediately obtain

COROLLARY 1. Under the assumptions of Theorem 1 all bounded solutions
of (1) are oscillatory.

THEOREM 2. Suppose that there exists a constant P3 such that —1 < P3 <
Pn < 0 and that f is a nondecreasing continuous function such that

+a
du
— < 00, a>0. 13
o @ 13)
If
Y LY g (14
n=no ' "1 iTh_y

then every nonoscillatory solution (uy) of (1) satisfies either |u,| = oo or u, — 0
as n — 00.

Proof. Assume that (u,) is an eventually positive solution of (1) which
does not satisfy our assertion. Then for (z,) defined in (5) we see from (1), that
A(rpAz,) > 0 eventually that is (r,Az,) is nondecreasing and (z,)is eventually
monotonic. Now if (z,) is eventually nonpositive, then the assumption concerning
(pn) implies u, < —ppun—r < —Pstp_k SO Uptr < —Psu, for all n sufficiently
large, say for n > ng. It then follows by induction that for all n > ng we have
Ungix < (—P3)tu, for every positive integer i. Since 0 < —P3 < 1, the last in-
equality implies that u,, — 0 as n — oo which contradicts our assumption. Also,
if there exists ny > mg such that Az,, > 0, then there is ny > n; such that
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Az, > 1, Azy, > 0 for n > ng which, by (2), implies that z, — oo as n — oo.
Since u,, > 2, we have u,, — 00 asn — 00, again a contradiction to our assumptions
on (up).

Therefore we have z, > 0 and Az, <0 for n > ng. Since 0 < 2z, < u, and f
is nondecreasing from (1) we get

A(rnAzy) > qnf(2n-1) forn>mny =ng+1

Summing the above inequality we obtain

n

Tn—i—lAzn—i-l —Tn_1Azp_ > Z Qif(zi—l)

i=n—I

and so
n

> aif(zic) < —rniBDzp n>ny

i=n—I

In view of monotonicity of (z,,) and f we see that

n
Z qi < _Aznfla
l

i=n—

f(zn—l)
n—1

r

and further

1 = —Azp_g Fr=l du
¢ < —F—— < / —, n>n.
Z f(z'ﬂ_l) Zn41-1 f(u) !

[

Summing the last inequality from ny to n by (13) we get
YLy q,.</z"”d—“</z"“d—“<oo
e TS e f(w) 0 f(u) ’
which contradicts (14). The proof is similar when (u,,) is eventually negative.

COROLLARY 2. Under the assumptions of Theorem 2 any bounded solution
of (1) is either oscillatory or tends to zero as n — .

THEOREM 3. Assume that there exist constants P3 and Py such that either
—1<P3San0 (15)

or
0<p, <P <1 (16)
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Then every unbounded solution (u,,) of (1) is either oscillatory or satisfies |u,| — 00
as n — 00.

Proof. Let (u,) be an unbounded solution of (1) which is eventually positive,
say un—p > 0 and u,—; > 0 for n > ng. Then as before we have A(r,Az,) > 0 for
n > ng, o (r,Az,) is nondecreasing and hence (z,) is monotonic.

First assume that (15) holds. Then it follows that z, > 0 for n > n; > nog.
Otherwise, there exists ns > n; such that u, + ppun—r = zn < 0 for n > ny and
(15) implies that u, < —Psu,—g < up—g. This implies that (u,) is bounded, a
contradiction.

Further we claim that (Az,) is eventually positive. Otherwise, (z,) is de-
creasing and hence is bounded from above, say 0 < z, < M for some constant M.
Therefore u, = zp — ppun— < M — Paup_g. Since (uy) is unbounded there is
an increasing sequence of positive integers (n;) such that u,, — 0o as i — oo and
Up; = MAXnp, <n<n; Un. Then we have

Un; < M_P3un,'—k < M—P3Un“

s0 (1 + Ps)u,, < M for all ¢ which is impossible in view of (15)

Finally, observe, as in the proof of Lemma, that (r,Az,) nondecreasing and
(Azy,) eventually positive implies that z, — 0o as n = oo and hence u,, & oo as
n — o0 since Uy > Zp.

Now assume that (16) holds. Then it is clear that z, > 0 for n > ng. Also
we see that (Az,) is eventually positive. In fact, if not, then (z,,) is decreasing and
so0 is bounded from above and since 2z, > u,, (u,) is bounded, a contradiction.

As previously we conclude that z, — 0o asn — oo. Since 2, < Up+Pyzp_g <
Un+Pyz, we have (1—Py)z,, < u, which in view of (16), implies u,, = oo asn — oo.

A similar argument treats the case of eventually negative solution.

THEOREM 4. Suppose that there exist constants Ps and Pg such that Ps <
Pn < Pg < —1 and f is a nondecreasing continuous function such that

* du /_°° du
— < 00, — < 00, e > 0. 17
. T LT ()
If
o0 1 o0
Z Z gi = 00 when | > k, (18)
n=ngp Tn—t i=n—k+1
or

ZT—Zqi:oo when l < k (19)

n
n=no =n

then all bounded solutions of (1) are oscillatory.
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Proof. Assume that there exists a bounded nonoscillatory solutions (u,) of
(1) and let u, > 0 eventually, say u,—r—; > 0 for n > ng. Then as before for the
sequence (z,,) defined in (5) it follows that (r,Az,) is a nondecreasing sequence and
in consequence (zj) is eventually monotonic. We show first that (z,) is eventually
negative. If there exists ny > mg such that z,, > 0, then by the assumptions
we get Up, = 2Zn, — PnyUn,—k > —DPsun,—k. Then it follows by induction that
Un,vit > (—Ps)'uy,,, which implies u,, 14 — 00 as i — oo contradicting the
boundedness of (u,). Therefore (z,) is eventually negative, say for n > ng. Now
we observe that Az, < 0 for n > ng. If not, then a similar argument as in
the proof of Lemma leads to the fact that z, — oo contradicting 2, < 0 for
n > ng. By assumption, we have Psu, r < ppun_k < 2, < 0, which implies that
0 < zntk/Ps < uy for n > ng.

In view of monotonicity of f from (1) we see that
A(TnAzn) > QHf(M) forn >ny =mng +1 (20)
Py

Summing (20) from n — k to m > n — k we obtain

m
Zith—l
i1 DZmi1 = T kDzn g > Y Qif(L)-

i=n—~k P5
After letting m — oo, we have
= z > z
i+k—1 itk—1l
o kA2 k> Y (Jz'f( H]; ) > > Qz'f( z} );
i=n—k 5 i=n—k+1 5
from which we get
Zn41-1 -
—Tn_kADzpn_p > f —p Z gi- (21)
5 7 imn—k+1

Since (r,Az,) is nondecreasing, for I > k we have r,_jAz,_; < rp_;Az,— and
further from (21) we obtain

1 > Aznfl
= Z g < ————1 " forn>mnj. (22)
i=n—k+1 f(T5)

In view of monotonicity of (z,,) and f for z,_;/Ps < u < zp41-1/Ps we have
1 1

7 ()
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and so

Znt1-1/Ps
/ du L A% for n > n;. (23)

p @2 Py (et

Py
Now using (23) in (22) and summing both sides from n; to n we get
n Zn41-1/Ps du

1 o0
2, 2 s B

j=n1

n > ny

which in view of (17) contradicts the condition (18).
If I < k, then summing (20) from n to m > n and letting m — oo we obtain

Since n+ k —1 > n + 1, it follows that

1R <1 (57)

Therefore from (24) we get

Z%_—@ for n > nq

and the rest of the proof follows analogously to that as above.
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