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ON ONE HILBERT’S PROBLEM
FOR THE LERCH ZETA-FUNCTION

R. Garunkstis and A. Laurincikas

Communicated by Aleksandar Ivié

Abstract. The functional independence of the Lerch zeta-function L(A, o, s)
is obtained. The cases of transcendental and rational « are considered.

1. Introduction

During the International Congress of Mathematicians in 1900 D. Hilbert
raised a problem of algebraic-differential independence for functions given by Dirich-
let series. Let s be a complex variable, and let, as usual, ((s) denote the Riemann
zeta-function. D. Hilbert noted that an algebraic-differential independence of ¢(s)
can be proved using the algebraic-differential independence of the Euler gamma-
function I'(s) and the functional equation for {(s). He also conjectured that there
is no algebraic-differential equation with partial derivatives which can be satisfied

by the function
oo -Z'm
((s,2) = Z me
m=1

This conjecture was proved independently by D. D. Mordukhai-Boltovskoi [6] and
by A. Ostrowski [7]. A. G. Postnikov [8] generalized the Hilbert problem for a
system of Dirichlet series considering their differential independence. In [9] he

dealt with the function
= xm)
L(z,s,x) = Z Fm )
m=1

where x(m) is a Dirichlet character modulo ¢, and proved that the equation

O L(w, 5, %) _
P(.’E,S, W) =0

AMS Subject Classification (1991): Primary 11M35, 11M41
Keywords: Lerch zeta-function, functional independence, universality.
Partially supported by Grant from Lithuanian Foundation of Studies and Science.



64 Garunkstis and Laurincikas

can not be satisfied for any polynomial P. S. M. Voronin [10], [12] obtained
the functional independence of the Riemann zeta-function, see also [3]. Let Fj,
[=0,1,...,n, be continuous functions, and let the equality

> s F(¢(5),¢(5), -, (VT (s)) =0
=0

be valid identically for s. Then he proved that F; = 0 for [ = 0,1,...,n. The
functional independence of Dirichlet L-functions and of Dirichlet series with mul-
tiplicative coefficients was obtained in [1], [11], [12], and in [2], [3], respectively.

The aim of this note is to prove the functional independence of the Lerch
zeta-function. We recall that the Lerch zeta-function L()\, a, s), for o > 1, is given
by the following Dirichlet series

e27rzkm

L(/\,O[,S) = Z m;

m=0

and otherwise by analytic continuation. Here A and «, 0 < a < 1, are real pa-
rameters. If A\ ¢ Z, where Z is the set of integer numbers, then L(\, a,s) is an
entire function. In the case A € Z the Lerch zeta-function reduces to the Hurwitz
zeta-function ((s,a). In this note we will discuss the case A € Z only. So we can
suppose 0 < A < 1. Let N be a natural number.

Theorem 1. Let a be a transcendental number. Let F;, 1 = 0,1,...,n, be
continuous functions, and let the equality

Z s'F (LA o, 8), L'\ @, 8), . ... AT W 5)) =0
1=0

be valid identically for s. Then F; =0 for | =0,1,...,n.

The case when «a is a rational number is more complicated. Let a = %,

1< a<gq, (a,q) =1. In this case we suppose that the parameter A is rational, too.
Let A = %, 1<l <r, (I,r) = 1. Moreover, we take k = rq, d = (k,m), Bm = le
Then, for ¢ > 1,

where
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Here x, denote the Dirichlet characters modulo k, L(s, x,) are the corresponding
Dirichlet L-functions, and ¢(k), as usual, stands for the Euler function.

Theorem 2. Let \ = % and a = % be rational numbers. Suppose that
there exists at least two primitive characters modulo k such that the corresponding
numbers 1, are distinct from zero. Let the equality

Z Sl.F'l (q—sL()\, a, S), (q_sL(/\, a, 8))1, s (q_SL()\, a, 8))(N—1)) -0
=0

be valid identically for s. Then F; =0 forl =0,1,...,n.

2. Auxiliary results

The proof of Theorem 1 and 2 is based on the universality property of the
Lerch zeta-function. The universality of L()\, @, s) was obtained in [4] and [5]. Let
D ={s€C: 1 <o <1} where C stands for the complex plane. Denote by meas
{A} the Lebesgue measure of the set A, and let, for T > 0,

vr(...) = %meas {relo,T],...},

where instead of dots we write a condition satisfied by 7.

Lemma 1. Let a be a transcendental number. Let K be a compact subset
of the strip D with connected complement. Let f(s) be a continuous function on
K which is analytic in the interior of K. Then for every ¢ > 0

lim inf VT(sup LA\ a,s +1i71) — f(s)‘ < s) > 0.

T—o0 seK

Proof of the lemma is given in [4].

Lemma 2. Let \ = % and a = % be rational numbers. Suppose there exist
at least two primitive characters modulo k such that the corresponding numbers
ny are distinct from zero. Let 0 < R < 1, and let f(s) be a continuous function on
the disc |s| < R and analytic in the interior of this disc. Then for every ¢ > 0

. _s—3_ir § . . ‘
lﬁlo%fVT(Isﬂlg}qu a L(/\,a,s+4+w) f(s) <a) > 0.

Proof of the lemma is given in [5].

We note that the proof of Lemma 1 is based on a limit theorem in the sense of
the weak convergence of probability measures for L(\, a, s) in the space of analytic

functions H (D). Let
o0
Ql = H ’Y‘m7
m=0
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where v, = v, m = 0,1,2,..., and v{s € C: |s| = 1}. Then Q is a compact
Abelian topological group, and we have the probability space {1, B(Q1), mim),
where B(S) denotes the class of Borel sets of the space S and mip is the Haar
measure on (Q1,B(Q1)). Let wi(m) stand for the projection of wy € 2 to the
coordinate space v, and let

e eQm’Amwl (m)

Ll()‘7a73aw1) = (m + a)s

s€ D, w €.

m=0

Then L;(A, a,s,w1) is an H(D)-valued random element defined on the proba-
bility space (1,B(1),mim). Note that {wi(m), m = 0,1,...} is a sequence
of independent random variables with respect to the measure mig. Now, us-
ing the linear independence over the field of rational numbers @) of the system
{log(m + ), m = 0,1,...} it is proved that the probability measure

Pr(A) Y v (L 0,5 +i7) € A, A € B(H(D))),

converges weakly to the distribution of the random element L1 (A, a, s,w;) as T —
00. From this Lemma 1 easily follows.

In the case of rational « the system {log(m+a), m =0,1,...} is not linearly
independent over (), and we must consider the system {logp, p is prime }. In this
case the torus 2; is changed by

2 = H’YIJJ
p

where vy, = - for all primes p, and we obtain the probability space (Q2, B(Q2), mas)
denoting by meg the Haar measure on (Q2,8(23)). Let wa(p) stand for the pro-
jection of wa € Qs to the coordinate space 7y, for a natural m

wa(m) = [] ws(®),
p*|m
and let

; s (2mirm)/q
Lo(\, a, 8,ws) = ws(q)gPe?mira)/a Z e2midm)/ay;, (m)

m=1
m=a(mod q)

e , wy €Qy,5€D.

Then it is proved that the probability measure Pr converges weakly to the distribu-
tion of the H(D)-valued random element Ls (A, a, s,ws). Unfortunately, the random
variables ws(m), m = 0,1,..., are not independent with respect to the measure
mag, and therefore the above mentioned limit theorem for L(\, , s) in the space
H(D) cannot be used to obtain the universality theorem. To prove Lemma 2 we
write L(A, @, s) in the form of a linear combination of Dirichlet L-functions and
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then we apply a joint universality theorem for L-functions. However, this approach
require a condition indicated in the statement of the lemma.

Lemma 3. Suppose « is a transcendental number. Let the map h : R — CV
be defined by the formula

1
h(t) = (L()\,a,a +it), L'\ a,0 +it),... LV D\, a,0 + it)), s<o<l

Then the image of R is dense in CN .
Proof. Tt is easy to see that it is sufficient to prove that for each € > 0 and
for arbitrary complex numbers sq, s1,...,5x5_1 there exists a number 7 such that

|L(j) N a,0+41) — 3j| <e (1)

for j =0,1,..., N — 1. We consider a polynomial

N-1 N-2
LV LS.
e =Nt v Tt o

Then, clearly, '
pY(0) =,
forj =0,1,...,N—1. Let oy, % < 01 < 1, be fixed, and let K be a compact subset

of the strip D such that o is an interior point of K. Denote by ¢ the distance of
o1 from the boundary of K. Using Lemma 1, we find a number 7 such that

g6V
sup |[L(A\,a,s +1i7) —pn(s —01)| < == - 2
sup |L( )= (s —on)| < v 2)

Hence the Cauchy integral formula

Fis / L\, a,5+i1) —pNn(s —01) s
(s —o1)itt

L(j)(/\,a,al +iT) —8; = i
Y0
‘S—a'1|=(5/2

together with (2) yield (1).

Lemma 4. Let A = % and a = 2 be rational numbers. Suppose there exist
at least two primitive characters modulo k such that the corresponding numbers
n, are distinct from zero. Let the map h: R — CN be defined by the formula

h(t) =((q*"*"tL(/\, a,0 +it)), (q*"*“L(/\, a,o + it))l,

) _ 1
- (q*"*’tL()\,a,o + it))(N 1)), 2 <o<l1.

Then the image of R is dense in CV .
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Proof of the lemma uses Lemma 2 and completely coincides with that of
Lemma 3.

3. Proof of Theorems 1 and 2

Proof of Theorem 1. We use the Voronin method [1], [12]. It is sufficient to
prove that F;, = 0. Let contrary to the assertion of the theorem F;, # 0. Hence it
follows there exists a bounded region G in CN such that the inequality

|Fn(80781,...,SN,1)| >c>0 (3)

holds for all points (sg, s1,...,88—1) € G. By Lemma 3 there exists a sequence
{tr}, klim tr = 00, such that
— 00

(LN a0 +ity), L' (A, 0 +ity), ..., LYV (N, a,0 +ity)) €G.
However this and (3) contradict the hypothesis of the theorem. Hence F,, = 0.

Proof of Theorem 2 is similar to that of Theorem 1, and it uses Lemma 4.
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