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ABSTRACT. We define lél—projective geodesic mappings (§ = 1,...,5) of two gen-

eralized Riemannian spaces and obtain some invariant geometric objects of these
mappings, generalizing Weyl’s tensor. Also, we define é%—projectively flat generalized

Riemannian spaces GRy and find necessary conditions for the space GRy to be
}gi-projectively flat.

0. Introduction

DEerFINITION 0.1. A differentiable N-dimensional manifold GRy is a general-
ized Riemannian space in the sence of Eisenhart’s definition [2] if it is equipped
with a nonsymmetric basic tensor g;;.

Consider two N-dimensional generalized Riemannian spaces GRy and GRx.
The connection coefficients of these spaces are generalized Christoffel’s symbols of

second kind, T}, and T, respectively. In the general case I'; # T'% .

DEFINITION 0.2. The mapping f : GRy — GRy is geodesic [6], if the geodes-
ics of the space GRy are mapped into to the geodesics of the space GRy .

We can consider these spaces in the common by this mapping system of local
coordinates, i.e., if f : M(z) = M(2',---,2V) — M, then we have M(z) =
M(z!,--- ,2). For Christoffel’s symbols of second kind of the spaces GRy and
GRy in the corresponding points M (z) and M (z) we can put

=t

(0.1) Th(@) =Th(@) + Pi(@)  (gk=1,...,N),
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where ij (z) is the deformation tensor of the connection I' of GRy according
to the mapping f : GRxy — GRx.

A necessary and sufficient condition [6] for the mapping f : GRy — GRx to
be geodesic is that the deformation tensor P}k from (0.1) at the mapping f has the
form

02) i (2) = 8 u(z) + 6L (2) + Ey (@),
where
03) @) = (@) - T8O, §u@) = Py = 5P - Ply).

In a generalized Riemannian space we can define four kinds of covariant deriv-
ative [3,4]. Denote by |, | a covariant derivative of the kind 6 in GRy and GRnx

respectively. ]
For the torsion tensor of the space GRy it holds (eq. (2.10) in [6])

(0.4) e, = 0.
A\

In the space GRy we have five independent curvature tensors [5]:

(0.5 R =Tl = Tim + D5 lin = Tinllm,
(0.6) ‘gi_jmn = Finj,n - F;j,m + F?njrim - ngrinaa
07 Blymn = D= T+ TinTha = T Tem + T (T = Tho),
09 =T Chyt T~ [T+ T~ TS0)

(09) ‘lgzjmn = i(rgm,n_{_ F:nj,n_ F;n,m - F:Lj,m_‘_ F]o'(m]'—‘})m+ F%jrza
—rert —TeTt ).

jinT ma nj- am

Dglote by g;mn (8 = 1,...,5) the corresponding curvature tensors of the space
GRNn.
In the case of a geodesic mapping f : Ry — Rx of Riemannian spaces Ry and
RN we have an invariant geometric object ([8, p. 80] or [1, eq. (37.5)]):
1

1 Cmn = R
(0.10) w R,mn+N_1(

jimn

St Rjn — 6}, Rjm)-

where R, is Riemann-Christoffel’s curvature tensor of the space Ry, and Ry, is

Ricci’s tensor. The object Wijmn is called Weyl’s tensor, or the tensor of projective
curvature [1], [8]. Having a geodesic mapping of two generalized Riemannian spaces,
we can not find a generalization of Weyl’s tensor as an invariant of geodesic mapping
in the general case. For that reason in [7] we defined a special geodesic mapping
f : GRy = GRy, that we called equitorsion geodesic mapping. Here we define
and study new kinds of geodesic mappings of generalized Riemannian spaces.
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1. Il%-projective mappings

DEFINITION 1.1. The geodesic mapping f : GRy — GRy is Il%—projective if
the following condition is satisfied

J
(11) +2¢j£ﬁnn + g]qmg(ixn - Ejnfam + 2F%n¢] + 2F%n¢a5;
+2F;1nn£;a = 07
v

8 (?mn - zl)nm) + (5;1 5’ Djm + (51 Ot _ (51 a )¢a

where

N

1
(1.1") _m( ;.xﬁggm - zr%jzpa - QF%ﬁgja),

1
e — 7(4?* b + 2T ﬂg —2T%¢80 )
\2

and mj, as in (0.3), denotes an antisymmetrisation with respect to indices m and j.
\%

DEFINITION 1.2. The space GRy is Il%—projectively flat if there exists an 112—

projective mapping of the space GRy to a flat space (i.e., to a space, whose con-
nection coeffitients in special coordinates are zero).

Using (0.1), we get the relation between the first kind curvature tensors (0.5)
of the spaces GRy and GRy

(12) R;mn = }lzijmn + Jlmln - jn|m + P]C;n,P;m P]%P(im + 2F;1nnpjza
Denoting
(13) "é)mn = wm|n — YmPn (0 = 1a2)

6

and substituting P with respect to (0.2) in (1.2), we obtain
Bin = B'jmn + 0 (b = Yum) + 0 i = 6 jm = I &0
(1.4) + 6, imWPa t szmln - §;n| + 29565, + iméan — &in -
+ 2ri,¢n¢j + 2F$nvn¢a5’ + 207, o
Contracting (1.4) with respect to ¢ and n and using (0.4) we get
Bim = Bim = 2 jm + (1= N)thjm + (N = DEftha + sfmlﬁ

(1.5) Jggﬂ +2r? ,3‘/)] + 2anj¢a + ZF;XnﬂSJ@a'
\% \%
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Here ?jm and ]13jm denote the first kind Ricci tensors of the space GRy and GRy

respectively.
From (1.5) we obtain

(1+N)1fjcn=1§jcl—?jcn+(1\7 1)&5, wa+§ ﬂ+21“ J«pa

(1.6) + F%ﬂﬁfg - F?Vgéﬂna

Substituting (0.3) in (1.6) we get

_ 1 _
P » - ; _ 1) B
fom = flm = N7 [2]5’5” 2B jm + AN = Djintba + 2£jmlﬂ

+ 4T Ve + 25560 = s + (1= N)jm + (N = D,
\%

ol + 2F%jwa +2re ﬁg

jo

+£Jm\ﬁ

i.e.
_ 1 _ .
(N - 1)¢jm = Rjm = Ltjm — 7 [21§jm — 2B jm + 2(N = 1) %a
(1.7) +2¢0 jm| 3 + 4F%j¢a + QF%ﬁEj — 2Ij, 'f o) + (N = 1) 1o + ¢ jm 5

— E55E0 + 2 0a + 2r$nvﬁgfa.
Replacing (1.7) in (1.4) we get

1 . —
‘1Rl]mn = ?zjmn _ 16; {-Zl%mn - -lRmn N ¥ 1 [

1 v

2Rmn - ?mn

+ (N = Dénntba +Enpg = Emplion + 2F;tvm¢a + wﬁg ~ Rum + Rum
1

1
B
+ = N ¥ 1 [2an - -llzn\;n + 2(N - l)é.gm"vba + 2§nm|6 + 4F;1nn¢a

+ 2T ﬁgna - QFQ,GETIBna] - ( - l)gnmwa - gnmlﬂ + gn,@&am 2F?r\t/n¢a

1
N+1

+ 25 n|,g + 4F%jwa + ZFZ,G'fja - 2Fj,6§na] +(N-1) nW¥a + Efnlﬂ &; ,gfan

— 21" } + —5’ {Rgn —Rjn —

i 2R — 2R jn +2(n — Deutba

! [2R3m —2Rm

B
+ 2050+ 205650} = =70 Bim — Bim — 57y R
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+2(N — )& a + 285, 5 + 4rg3j¢a + 2F%ﬂ§fa - 211%35?”&] + (N = 1)€2,9q
1
+ E m|ﬁ Eyﬁggm + ZF;Injwa + ngnﬁgfa} + (5; E;‘Im - 5371 g?n)’wa + €;m\n
v Vv 1
~ Ejntm + 2056iun + Ebin = Eubiom + iyt + 2iytbady + 256

Taking into account (1.1) and (1.1'), we can write the last equation in the form

where
1 i
W) jmn = Bljn + 7 i 15; R + 57— [V Rin — Bnj)d,
2 i 3 1 —
(19) - (Nij _-lemj)(sz] - N—+16‘; FW\L/nlﬁ bl N—-i-l(s:” Fj\?lfg
3 ) o
+—N+15;F1m|5 F;Crbln ;ﬂm

Therefore, we proved the next theorem

THEOREM 1.1. The tensor (1.9) is an invariant of an Il%—pro jective mapping.

THEOREM 1.2. If GRy is Ji%—projectively flat, then

(1.10) W(R)., .. =0.

1/ jmn

Proof. GRy is a flat space. Then by (1.9) we get W(?)’
(1.8) we can see that (1.10) holds. O

mn = 0, and using

2. Iz%-projective mappings

DEFINITION 2.1. The geodesic mapping f : GRy — GRy is Ij—projective if
the following condition is satisfied
5;: (?mn - ?nm) + 5311 ?jn - 5; ?]’m + (5; §gn] - 6:n éroztj)wa
+2¢j me + gfrtzj :La - ?Lj Zna + 2F:L\’,’n¢] + 2Fz$n¢a5;
+2I°y

mé.ij = 03
v

where

N

—7%%2W%2%%>

1 a a B a
miYa = 5z =7 Ulm%a + 2 fmta; = 2ngj55m)
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DEFINITION 2.2. The space GRy is Ij—projectively flat if there exists an é%—

projective mapping of the space GRy into a flat space.

For curvature tensors of the second kind (0.6) of the spaces GRy and GRx we
get the relation

R :R + P!

o5 dmn jmn

+P2.P: —PxpPi 42T Pi.

mj|n = nJIm mj* no njt ma nm* aj
i.e., using (0.2) and (1.3),
Bimn = Bljmn + 0 (P = Yum) + 050 i = 61, jm
— O, i + 8, i + fiwln - §nJ|m + 205l + Emibna :
~ &26ma + W hgnd; + Wmhad) + 2l

Analogously to the previous case, we get an invariant of an Ij—projective map-
ping f : GRy = GRN

. 1 .
— (NRjp = Bj)bs] — ———8iT 1 e
(2.1) 2Jm Lomj)On N+l nmm N+1m i
6 ) )

Consequently, the next theorems are valid

THEOREM 2.1. The tensor (2.1) is an invariant of an é%—projective mapping.

THEOREM 2.2. If GRy is Ij—projectively flat then we have

W(};)z]’mn =0.

3. 13%—pr0jective mappings

DEFINITION 3.1. The geodesic mapping f : GRy — GRy is }32—pr0jective if

the following condition holds

6;' (?mn - ?nm) + 5; Djn - 52 ?jm + 2(5§ L nt 6:n F;ln)"»ba
(3.1) (0, & — O Eni)Wa + Einbra — Enbom + 2¢n( it &)

+2¢TTL( + En]) + 2§nm( + é-ag) 7
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where
(e3 1 (e3 (67
Dim = Emtba = 3z =7 [406(Tny + €my) + 26T, — 265,15,0]

B1) oy [ + 26T, + €0,) + 25T + €5,

DEFINITION 3.2. The space GRy is }g—projectively flat if there exists an ]?:B—

projective mapping of the space GRy into a flat space.

In the case of curvature tensors of the third kind (0.7) of the spaces GRy and
GRy we get the relation

3Jmn. 3

i 4 P Pz _Pa_Pz'

i
jmn+ jm|n — “njlm jm* na njt am
2 1

nm- aj nm- aj
\'2

+2P% T . 4+ 2P P:
i.e., in virtue of (0.2) and (1.3)
(32) + 'l:ba (6:1, é-;lm - (Szn Ezj) + §;m|n - §;]|m + f‘?mé.;a - é-;xné.;m

2 1
+ 2¢n(rinj + §:n]) + 2¢m(rfzj + é-:z]) + Q'ng(rij + 'fé])
Also, it holds
(3.3) Z""" = zlpmn + 21“,"%”1&&.
From (3.2) and (3.3) we get
+ 2(6; F(Txr\zln + 6:1, F?n)wa + (621, é-;'xm - 6;)1 Ezj)'lpa
\%
2 1

+ 2‘/’n(anj + ffnj) + 2¢m(rizj + ffmj) + 2£gm(rij + f(ixj)-
\% \% \%
Contracting (3.4) with respect to 7 and n we get
Bim = Bim = 2 jm + (1= N)jm + (N + D + €,
v 2

(3.5) —E8580  + 2p(T0, + €5.) + 265,,,(T5 + €2.),
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hence

1 v

(1 + N)'ijm = }32]\7In - EJ:r/n + (N + 1) ;'xmwa + é‘jﬂmy;

(3.6) + 200(T; + €ny) + E3mTe; — 65, Tan
Substituting (3.6) in (3.5) we get

(N - 1)@1&jm = }gjm _éjm - N——Fl[

(3.7) + 40p(T + €ny) + 26T, — 263, T00] + (N + D€ v

+ Gy = Epam + 20T + 60,) + 265 (00 + €5

2]3{7\7/"' - 2?1\7}1 + 2(N + l)gfm"pa + 2£fmlﬁ

Now, from (3.4,6,7) by conditions (3.1,1') we get

jmn jmn>
where

2 . 1

2 .
¢
(3.8) - (NI??jm - ij)(S:L] N 15; F'rr\z/nlﬁ
__ L sipe oL ogips o _pioLpi
N+1 ™ plf " N1 aplp s i T

Consequently, the next theorems hold:

THEOREM 3.1. The tensor (3.8) is an invariant of an I3%—project1've mapping.

THEOREM 3.3. If GRy is ]g—projectively flat then

4. é%—projective mappings

DEFINITION 4.1. A geodesic mapping f : GRy — GRy is {f—projective if the

following condition is satisfied

6;.' (a)mn - ?nm) + 5; ?jn - 52 ?jm + 2(5§ F?r\;/n + 6fn F;');n)"»ba
+(5zn ;Xm - 6;11 zj)’l/)a + ,;'Im ;.,a - ,;'ln im + 2¢H(F;n] + g:n])
v

+2¢m(rfv,j + f:»;) + 25%7»(1_‘2]' + 5&;) =0,
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where

1
Dim = &t = 3z =7 (0T + €0) + 265,570 — 2655T0,]

1
—m[ }Iﬂggm - ZI/JB(F%]' + §rﬁnj) - 2§%ﬁ(r%j + fgj)]-

DEFINITION 4.2. The space GRy is J;’l%—projectively flat if there exists an 1;3—

projective mapping of the space GRy into a flat space.

For curvature tensors of the fourth kind (0.8) we get

Rz _Rz 4+ P Pz _PaPz

i
g Jjmn 4 Jmn Jm|n_ n]\m jim* na nj* am

+2P% T¢ . +2P% Pi.

mn a] mn a]

i.e.

+ ¢a(5:z ‘f;'lm - 6:71 ‘fgj) + {;m\n nj |m + §]m§na ‘f;'lnggzm
+ 2¢n(rfnj + é.;n]) + 2¢m(riq‘ + &J) + 2§gnn(rij + f(zx])

Now analogously to the previous cases, we get an invariant of an ?—projective

mapping in the form

. ) 2 1 i
% _ pi g P AV
1 .
T NFon ?gnga—rmwrnﬂm’

i.e., the next theorems hold:

THEOREM 4.1. The tensor (4.1) is an invariant of an {f—projective mapping.

THEOREM 4.2. If GRy is }Ll%—projectively flat then
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5. @-projective mappings

DEFINITION 5.1. A geodesic mapping f : GRy — GRy is }52—projective if the
following condition is satisfied

207, £55€ 0 — 20, E5bma — (N — D& méin = Enbima
+£g1j ;a - 33 ) =0.

DEFINITION 5.2. The space GRy is }j—projectively flat if there exists an 1;2—
projective mapping of the space GRy into a flat space.

For curvature tensors of the fifth kind (0.9) of the spaces GRy and GRy we
find the relation

1, .
‘5R;mn = ‘?z]mn 5( ;m|n - P]n|m

+ P2 P. —P*P. 4+ PP PP )

jm* an jn® ma mj* na nj* am

+ P, J\n_

i
njlm
3

i.e.
T = By + 26 (Gmn — D + Do — Gm) + 28 (B + 50)
5 5 2 1 5 5 1 2 1 2
(5.1 = 5% Wi+ Vi) + 5t = G + i~ Ebpm
L, — €€ 6L — € EL ).
Putting

1
Yin = 5 Wjn +¥jn)
12 1 2
we get from (5.1)

57 5 12 12 12 12
1 .. . . .
(52) + 5( ;m\ g]n|m + 5m]|n - é—;ﬂm + gfmggﬂl - g_?ng:na_'—
3 3
+ gffm :La - gj (llm)

Eliminating 1,y from (5.2), analogously to the previous cases, we get
12

w(E)

Jmn -
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where
i 2 z 1 i
W(]F)%) jmn éz ]mn N+ 163 mn +t e T N2 _1 [(NRJTL - ‘?"1)6771
- (N‘l,ij - 15-?“’"1])5:1] - N—-H.(S‘; (F%n:\s + an|a)
(53) 1 7 « 1 1 «
“a e e Ty T o T )
1 . .
= 3@ jn = Dt + Tongin = Ty m)-
Vv 3 Vv 3
Hence:

THEOREM 5.1. The tensor (5.3) is an invariant of a }52—pro jective mapping.

THEOREM 5.2. IfGRy is }g—projectively flat, then

jmn (0 =

Remark. If GRy(GRyN) reduces to Ry (Ry), then the tensors W(Ij)’
1,...,5) reduce to Weyl’s tensor (0.10).
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