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ABSTRACT. We calculate the homotopy colimits of toric quasi-join diagrams
that naturally appear in the shelling process of toric varieties [2]. Our objective
is to give a sufficiently complete description of these spaces with the emphasis
on those quasi-join diagrams which resemble the diagrams associated with lens
spaces. The central result is a “recognition” theorem which is intended to serve
as a principal result in a homological description of more complex, shellable
spaces.

The problem of describing the geometric and combinatorial structure of toric
varieties has attracted a lot of attention both in algebraic geometry and combina-
torics [3], [10], [6], [4]. In [2] a new approach was developed, an approach based on
the so called shelling diagrams, diagram techniques and fragment calculations. The
question of describing the fragments of spaces, appearing in the shelling process,
leads to special diagrams defined over the face poset of a simplex.

One of the objectives of this paper is to emphasize the role of these, so called
quasi-join diagrams, in understanding the structure of general toric varieties. For
example, a corollary of the recognition theorem, allows us to offer another inter-
pretation or explanation for some results of [5].

Let ¥ and ¥’ be complete fans in R? generated by vectors v; = (1,0), vy =
(0: 1)5 U3 = (—1,0), Vg = (05 _1) and 'Ui = (150): Ué = (Oa 1)5 Ué = (_17 1);
vy = (=1, —1). The fans ¥ and ¥’ are combinatorial isomorphic, but it was shown in
the example 3.8 from [5] that cohomology algebras of the associated toric varieties
Xy and Xy are not isomorphic. From our point of view, this phenomenon is a
consequence of the fact that the varieties X5, and Xy are constructed from different
diagrams over the same poset

X5 ~ hocolim(S? v §? <~ S — pt) and
Xy =~ hocolim(S? v §? « L(1,1;2) — pt)
where L(1,1;2) is the lens space.
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1. Introduction

The functor X : P — Top from a poset (or a small category) P to the category
Top of compactly generated spaces (or local Hausdorff spaces) is a diagram of
spaces. This means that diagrams over poset P are objects in the categories Top?’,
and morphisms are natural transformations. A morphism X — Y of diagrams
X :P — Topand Y : Q — Top is a pair (f,a) = I, where f : P — @ is
a poset map and a a family of maps {a. : X. = Y}, | ¢ € P} such that for
every arrow c 4 ¢ in P, Ysy0oa. = ae o Xy. For diagrams X,Y : P — Top,
the morphism (Idp,a) € Mory,,»(X,Y) is isomorphism X and Y if and only if
there is a morphism (Idp, ), € Morr,,r (Y, X) such that (Vc € P)(B. o a. =
idx. and a0 (3. = idy,).

DEFINITION 1.1. Let B, be the face poset of the (n — 1)-simplex A™™! (i.e.,
the poset P({1,...,n}) — {0} ordered by inclusion), and Xj,...,X,, topological
spaces. A diagram X : B,, — Top defined by

X, = HX,', for a € B,
i€a
is a quasi-join diagram. If X1 = --- = X, = A, then the diagram X is called an A-
quasi-join diagram, or simply a quasi-join diagram. If for every a O b the morphism
Xa_%b o Xi = Hjeb X is a projection, then X is called a join diagram.
The homotopy colimit of the diagram X : P — Top is a quotient space

hocolimp X = [[ A(P<p) x X,/ ~
peEP

where ~ is a “naturally defined” equivalence relation (see e.g. [14] for details). For
example, if X is a join diagram [12], then hocolimp, X = X; * --- *x X,,. Many
interesting properties of the homotopy colimit construction and the important tools
for its calculation can be found in [1], [7], [12], [14]. Now we formulate the central
question of this article.

PRrROBLEM 1.1. What can be said about the homotopy colimit of a quasi-join
diagram in general, and in particular when

(@) Xy ==X, =8 or

) X1=---=X,=K(G,n) for G Abelian group andn > 1%

2. Lens spaces as quasi-join diagrams

In this section we focus our attention to lens spaces and interpret them as
homotopy colimits. This is the first place where quasi-join diagrams naturally
appear.

2.1. Let ry,7r9,...,7, and m be integers such that (r;,m) = 1 for every
i € {1,...,n}. Using the m-th primitive root w of 1 (for example, w = e>™/™)  we
can define Z/m action on C™ with

Z/m x C* = C™ (I, (21, ... ,2n)) — WM 21,... ,w'™2,).
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The action can be restricted to the sphere S(C") ~ S?"~1, because |z1|> + --- +

|2al? = 1 imply w21 + -+ + W™ zn* = (WPl + -+ W P2 ? =
212+ + |za]? = 1.

DEFINITION 2.1. The lens space L(r1,ra,... ,7n;m) is the space of Z/m-orbits
S(C")/(Z/m).

The following properties are well known:

PROPOSITION 2.1. (i) The lens spaces L(ri,... ,rn;m) and L(s1,... ,8,;m)
are homotopy equivalent if and only if there exists a unit u € Z/m such that [[r; =
tu™[]s; in Z/m.

(i7) If (Vi€ {1,...,n}),0<ri<m andr} =r; (mod m), then L(ry,... ,rp;m)
~ L(ry,...,rh;m).

(

iit) Ifd = (ri,ra,...,Tn), then L(r1/d,... ,rp/d;m) ~ L(r1,... ,rp;m).

(iv) The lens spaces L(r1,... ,rn;m) and L(s1,... ,Sp;m) are homeomorphic
if and only if there are numbers a and ey,. .. e, € {1,—1} such that (r1,...,7y)
is a permutation of (e1asy,... ,enas,) (mod p).

A consequence is that if we are interested only in the homotopy type of the
lens space L(ry,...,r,;m) then we can always assume that (r;,m) = 1, r; €
{1,...,m—1} and (r1,... ,7) = 1.

2.2. Let V; = {0} x---x Cx---{0} be the i-th coordinate space in C". The
spaces V; are invariant under the Z/m-action on C™ described above:

(1,(0,...,0,2,0,...,0) — (W' -0,...,0"z,..., 0™ -0) € V.

Then the sphere S(C™) is Z/m-homeomorphic to the wedge S(V1) * --- x S(V,,),
where the action on spaces V; induces an action on the wedge [11]. The sphere
S(V1) *--- % S(Vy,) can be seen [12], [2] as a homotopy colimit of a join diagram
S : B, — Top defined by

S, = H S(V;), for a € B,, and S 2, HS — H S(V;) is a projection,

i€a i€a JjEb

where Bn is the poset P({1,...,n}) — {0} ordered by inclusion. Since the sphere
S(V1) * -+ % S(V,,) has a Z/m-action, we actually deal with a diagram Q : B, —
Topz/ ™ defined in the same way, but with all spaces equipped with the appropriate
Z /m-actions. This proves the following lemma:

LEMMA 2.1. (i) hocolimp, @ is Z/m-homeomorphic with S(Vi) % ---% S(V,).

(id) L(ri,r2,...,mn;m) ~ (hocolimp, Q)/(Z/m) = colimg,, hocolimg, Q.

Now, if colimg,,, and hocolimp, are allowed to commute in the last expression
of the preceding lemma, we would immediately obtain a description of the lens
space L(ri,ra,... ,ry) as a homotopy colimit.

The following theorem says that this is always possible.

THEOREM 2.1. L(ry,rs,... ,75;m) = hocolimp, colimg/p, Q.
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PRrROOF. Since
L(ry,7a,... ,rn;m) = (hocolimg, Q)/(Z/m) = colimz,, hocolimp, @,

and homotopy colimit has the right adjoint [7], [12], the colimit can commute with
the homotopy colimit. This follows from the known category theory lemma:

Let T:€ —- ® and S : ® — € be functors and S a right adjunct of 7. Then
the the functor T' commutes with colimits. O

Thus, lens spaces are homotopy colimits of quasi-join diagrams over simplex.
This motivated us to ask for a transparent description of the diagram colimg,, @
of Z /m-orbit spaces over B,,.

2.3. Let n = 2. In order to describe the diagram colimg,,, @, we use the
model R?/(mZ)? for torus S* x S and R/mZ for circles S'. For example, when
ro =3, =2and m = 7 a By-diagram S* <+ S' x ST 2 S can be described
by Figure 1, where the Z/7-action on torus S x S! is encoded with vector (2, 3).

n/(ZIT)

| &2 25 e

% l/ nNZIT)

> —
>

If we pass to orbits, i.e., to the diagram colimg,7 ), we have to chose a new
fundamental domain for the quotient torus. This can be done in many ways, for
example {(2,3),(3,1)} and {(2,3), (7,7)} are two fundamental domains of the torus
St x S1/Z/7. Now we can read off the maps 71 /(Z/7) and 72 /(Z/7) in both cases:

L(2,3;7) ~ hocolim(S* @D g1y g1 & Sh,

L(2,3;7) ~ hocolim(S* @ g1y g1 2 Sh.

A question arises how one can conclude that this two different diagrams correspond
to the same lens space?

2.4. Here the maps 71 /(Z/m) and 72 /(Z/m) and identified with a 1 x 2 ma-
trix because [S* x S1, K(Z,1)] & Hom(Z2,Z') and K(Z,1) = S!. This means that
every diagram S' @ g1 gt @ g1 g completely determined by the matrix
[‘Z g] A natural question arises: When two different matrices determine isomor-
phic diagrams?
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LemMa 2.2. Let ST &2 g1 x g1 8 St st @) g1 g1 0 g1 pe diagrams,

A=[24], B=[57] anddet 4 #0, detB 4 0. Then

@ g1y 51 @R o1y & hocolim (St €2 51 x 51 T g1

if and only if there exists an integer matrix P such that A = BP and det P = £1.

hocolim(S* <~

PROOF. There are two ways to approach the proof of lemma. If we use a
geometric model, then the result follows from [9], and the matrix P is the base-
changing matrix from A to B, where A and B are interpreted as bases of R2. The
second way is to assume the existence of a diagram isomorphism

st (a, b)Sl 51(c 1) st

W ¥ e

st (o, ﬁ)S1 51('7 18) st

from where f = +id, h = +id and H'(g) is the matrix P. Again, we use the main
property of Eilenberg—MacLane spaces. O

3. Recognition Theorem

Here we give a detailed description of the diagram colimg,,, () over B, for
every n € N. Also, we calculate the homotopy colimit of a general class of quasi-
join diagrams X : B,, — Top where X, = (S')®® ¢ for every a C {1,...,n}.

3.1. Letry,...,rp €{1,...,m—=1}, (r;,m) =1 and (rq,... ,r,) = 1. Our
objective is to describe the diagram colimg,,, @ associated with the lens space
L(ry,... ,rp;m). Again, like in the previous example, we use R™/(mZ)™ as a model
of a torus and the translation by the vector (r1,...,7,) for Z/m-action. Thus, to
identify the quotient torus (R™/(mZ)")/Z/m 2 R"/(mZ)" +Z - (r1,... ,r,)) We
actually have to find a basis for the free Abelian group (mZ)"*+Z-(ry,... ,r5). Since
(mZ)* C (mZ)*+Z-(r1,... ,rn) C Z", the rank of group (mZ)" +Z- (r1,... ,7y)
is n.

LeEmMA 3.1. Let (r1,...,m) € Z", me N, r; € {1,... , m—1}, (r;,m) =1
and (T1,...,mn) = 1. If {f1,..., fn} is a basis of the group (MZ)"+Z-(r1,... ,70),
then det[f1,..., fo] =m"~

PROOF. The lemma follows from the fact that the Z/m-action is free,
(R"/(mZ)")[Z/m = R"[(MZ)" +Z- (r1,-.. ,mn)),
and the vectors fi, ..., f, form a fundamental domain for the quotient torus. O
LEMMA 3.2. Let (r1,...,mn) € Z", m € N, r; € {1,... ,m — 1}, (r;,m) =
1 and (r1,...,mn) = 1. There exist a basis {f1,...,fn} of the group Z™ such

that {f1,mfa,... ,mfn} is a basis of the group (MZ)" +Z- (rq,... ,ry) and every
coordinate of a vector fi € Z"™ is relatively prime to m.



118 BLAGOJEVIC

ProOF. The group (mZ)" + Z - (r1,... ,7,) is a subgroup of the free group
Z", so there exist a basis {f1,...,fn} of Z™ and integers ai,...,a, such that
{aif1,... ,anfrn} is a basis of (mZ)"+Z- (r1,...,r,) and ay | --- | a,. Now, from
Lemma 3.1 and the fact that (mZ)™ is a subgroup of (mZ)" + Z - (r1,... ,ry,), we
conclude that

ap-- -+ an:m"_landa1|m,...,an|m.
Since, (11,--- ,7n) € (MZ)* + Z - (r1,... ,T5), there exist integers B1,... ,8, € Z
with the property (r1,...,rn) = f1a1f1 + -+ + Bnanfn. From (r;,m) =1, a; | m
for every i € {1,...,n} and a; - --- - a, = m™ ! we conclude that a; = 1,as =

m,...,a;m = m and r1 = B1fi1 (mod m),...,r1 = B1fin (mod m) where f; =
(fn, ce ;fln)- We observe that (fn,m) = 1, ce ,(fln,m) =1.

Note that the sequences (r1,...,7,) and (fi1,-.. , fin) satisfy the conditions
of Proposition 2.1(iv). O

3.2. Let X : B, — Top be a diagram such that X, = (S!)d¢ for ev-
ery a C{l,...,n}. Ifa C b C {1,...,n}, then the map Xj5, : (St)cardt —
(S1)carde is. up to a homotopy, completely determined by its representation on
Hn((sl)cardb, anrd a)’ because

[(Sl)card b, (Sl)carda] o~ [(Sl)cardb,K(Z, l)carda] o~ [(Sl)cardb7K(anrda, 1)]
, Hl((Sl)card b, anrd a) o~ Hom(Hl((Sl)card b), anrd a)

~ Hom(zcard b7 anrd a)_

So, every map Xjo, : (S1)rdb —; (S1)carda can be represented as card b x carda
matrix Mp,,(X). From naturality, if « C b C ¢ C {1,...,n}, then Ms(X) -
Mp.o(X) = M,,o(X). This means that the diagram X : B,, — Top is determined
by the diagram H; (X) : B,, — Ab.

DEFINITION 3.1. Let a = {i1,... ,icarda} C {1,...,n} and 41 < -+ < icarda-
Then we define a card a x card a matrix M (X), with M ;3 (X),.., Mg g4 .3(X)
as its rows. The n x n Z-matrix M(X) := M (X){1,... »} is called the matriz of the
diagram X.

LEMMA 3.3. Let X : B, — Top, Y : B, — Top be diagrams such that X, =
Y, = (St)carda det M(X) # 0, det M(Y) # 0 and Xo>p, Yaop are surjections for
every a,b € By,. Then there is an integer matriz A such that M(X) = M(Y) - A
and det A = 1 if and only if there is a morphism of diagrams X and Y which is
a homotopy equivalence on every level.

PROOF. =: First, we prove that (under the assumptions of the lemma) for
every a € B, the matrices M(X), (and M(Y),) are invertible as matrices over
Q, ie., det M(X), # 0 (and det M(Y), # 0). It is sufficient to prove this in the
case a = {1,...,n —1}. Let f = My apqt,...n-13(X), 9 = My, oy (X)),
N = M(X)q,... n—1y and M = M(X)yy, .. n}- Since f and g are surjections, then
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ker f = Z and ker g = Z"~!. Furthermore, ker f Nker g = {0}, since
zekerfNnkerg= Nof(z)=0, g(z)=0=> M(z)=0=2=0.

So, Z™ = ker f @ ker g and the associated restrictions f = f|kery and g = gler  are
isomorphisms. Now we can factor M in the following way

VAL :kerf@kerg@ZEBZ"f1 ¥z ez !

ie, M =(id®N)o(g® f). Thus, det N #0

Secondly, let us observe that every map I', : X, — Y, is completely determined,
up to a homotopy, by the carda x card a matrix Hy(T,) : H1(X,,Z) —» H,(Y,,Z).
If T', is a homotopy equivalence, then H;([';) has to be an isomorphism. Now we
will define an isomorphism H; (I") of diagrams H; (X, Z) and H,(Y,,Z).

Let H1(F{1,... ,n}) : HI(X{I,... n}s Z) — Hl(yv{l’m,n}, Z) be the matrix A and,
without losing any generality, we assume that Hy (Ty;y) : Hi (X33, %) — Hi (Y4, 2)
are the identity maps. Now let us define H; (T',), for every a C {1,... ,n}. Actually
we have to complete the following diagram

A

VA= Hl(X{l,...,n}7 Z) — Hl(Y{l,... n}s Z) =7
f 19
ZF = H\(Xo,Z) s Hi(Ye,Z) = ZF

where carda = k, f = My 53;.(X) and g = Myq . n3,4(Y). This can be done
uniquely if and only if f is a surjection (which is one of the assumptions) and
A(ker f) C kerg. Let y € Hi(Xy,. n},Z). Then under the assumption of the
lemma

det M(Y),#0
M(Y)a0g0Aly) = M(X)q0 fly) =022 g0 A(y) =0 = y € A(ker f).
So, if x € H1(X,,Z), in order to find Hy(T,)(z) we need y € Hy(X{1,... n},Z) with
the property Myy . n1.a(X)(y) = 2, and then we define

Hl(ra)(x) = M{l,,n},a(y)(A(y))

It only remains to be proved that maps H;(T,) form a morphism of diagrams
Hy(X,Z) and Hy(Y,,Z). Fora Cb C {1,...,n}, carda = k, cardb = I, we can
prove My, (Y) o Hi(T'y) = H1(T'y) o Mp,o(X) by chasing through diagrams. Let
r € Hi(Xp,Z) and y € Hi(Xy4,.. n},Z), such that Mgy n1,0(X)(y) = z. Then,

Mo (Y) 0 Hi(Th)(z) = Myo(Y) 0 My, a1n(Y)(A(y))
=M, .. 230 (Y)(A(y))
= H(Ta) o Mgy, n}ia(X)(y)
= H1(Ta) 0 Mpo(X) 0 My, nyp(X) ()
= Hi(Ty) 0 Mp;o(X)(2).

<: If ' is a morphism of diagrams X and Y which is a homotopy equivalence
on every level, then H;(Tyq, . »}) is the matrix A. O
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REMARK 3.1. Let us observe that the proof of the preceding lemma is actually
a proof of the following more general result:

Let X : B,, — Top, Y : B,, — Top be diagrams such that X, =Y, = (St)carda,
det M(X) # 0, det M(Y') # 0 and X,op, Yo0p are surjections for every a,b € B,,.
Then for every map X1 . ) EN Y(1,... ,n} such that M(X) = M(Y')-Hy(g,Z) there
is a diagram morphism I' : X — Y with property I', = g.

COROLLARY 3.1. Let X : B, = Top, Y : B, — Top be diagrams such that
X, =Y, = (St)earda det M(X) # 0, det M(Y) # 0 and X,op, Yoop are sur-
jections for every a,b € B,. If there erists a matrix A € GL(n,Q) such that
M(X) = M(Y) - A, then there exists a sequence of isomorphisms of diagrams
[y Hy(X,Q) = Ho(Y,Q) for every n, such that (U1){1,... ») = A.

PROOF. Let f : (S')kt™ — (S')™. Then all the maps H,(f,Q), for n > 1,
are completely determined by the map Hi(f, Q). If we know Hi(f,Q), then we
know H!(f,Q) because H’((S!')!, Q) = Hom(H,((S')!,Z), Q) for every j € N and
I € N. Since, the cohomology ring H*((S')!,Q) is generated as a ring by the
1-dimensional classes, H!(f, Q) determines H™(f, Q) and consequently H,(f, Q),
for every n € N.

So, we only have to construct an isomorphism HT';. This construction is com-
pletely identical with the construction in the preceding theorem, starting with
T,y = A O

3.3. Finally, we describe the diagram colimg,,, @ by detecting its matrix
M (colimz, Q). Let Ri = (r11,... ,71n),+++, Bn = (Tn1,... ,7nn) be a fundamen-
tal domain of the quotient torus (R"™/mZ")/(Z/m), i.e., a basis of the free Abelian
group (mZ)" +Z - (r1,... ,75). Then,

fir mfa... mfm
M (colimg/,, Q) = |...
fin mfon... Mmfuy
where fi = (fi1,--- s fin)s--- 5 Sn = (fa1s--- s fan) is the basis from Lemma 3.2.

Note, that the diagram colimg,,, @ satisfies the conditions of Lemma 3.3. Thus,
the following theorem is true.

THEOREM 3.1 (Recognition Theorem). Let X : B, — Top be a diagram such
that X, = (S*)¥rde X 5, is a surjection for every a,b C {1,... ,n}, det M(X) #
0 and g1,...,9, are the rows of the matrix M(X). Let fi,...,fn be a basis
of Z" and ay, ... ,a, integers such that {a1f1,... ,anfn} is a basis of the group
(915--- ,9n) where ay | --- | ap.

(i) If |det M(X)| = |a1 ---an| = 1, then hocolim X ~ §2n+1,

(ii) If there exists m € Z such that |det M(X)| = |a1---an| = m™ ! and
every coordinate of the vector fi € Z™ is relatively prime to m, then hocolim X ~
L(fi1,---, fin;m), where fi = (fi1,--. , fin)-

(7i1) hocolim X is always a Q-sphere.

PROOF. (i) and (ii) are consequences of the colimg/,,, Q matrix description.
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(iil) Since there exists A € GL(n, Q) with property E = M(X)- A and E is
a matrix of join-diagram J : B, — Top, then (from Corollary 3.1) there exists a
sequence of isomorphisms of diagrams T',, : H,(J, Q) — H, (Y, Q), for every n € N
such that (I'1){1,...,n} = A. Now, the statement follows from Proposition 3.5 of
[14]:

Let X : P — Top be a diagram. Then there exists a spectral sequence abutting
on H,(hocolim X) with E2-term described by E? = H,.(H,(X)). Here H,(X) is
a composition of X and H, : Top — Ab, U = H,(U) functor and EZ, , is the m*
homology with coefficients in this diagram. a

COROLLARY 3.2. Let X : By — Top be a diagram such that X, = (S*)carde
Xaop is surjection for every a,b C {1,2}, det M(X) # 0. Then hocolim X is
homeomorphic to a lens space.

REMARK 3.2. The remaining problem is to analyze homotopy colimits of quasi-
join diagrams when X; = --- = X, = K(G, n) for some Abelian group G and n > 1.

EXERCISE 3.1. Describe the homotopy colimit of quasi-join diagrams when
X1 ==X, =K(G,0) for some group G.
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