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HEROTOPBIE IIPUNJIOKREHNS TAYBEPOBBIX
TEOPEM B TEOPNM BEPOATHOCTEHN

A.JI. fIxkpiMuB

Pesiome. B cratbe maH 00630p TayOepOBBIX TEOPEM H HX BEPOSTHOCTHBIX
NIPUJIOKEHUH MOTydeHHBIX aBTOPOM 3a nocjennue 20 JeT.

1. BBenenue

Taybepossl Teopemsl, nosydennnie . Kapamaroii, okazanm CymecTBeHHOE BJin-
sIHU€ HA PA3BUTHE HE TOJIBKO Teopuu (DYHKIUH, HO U APYyrux obsacTeil MaTeMaTuKy,
B TOM YHUCJI€ ¥ TEOPUU BEPOSATHOCTEH.

Hacrosimas crathst conep:KuT HEeKOTOphble 00001eHust TaybepoBsix Teopem U.
Kapamara [51-52] 1 uX NpUIIOKEHUS] B PA3INYHBIX HAIIPABJIEHUSIX TEOPUH BEPOSIT-
HOCTei, mosrydeHHble aBTOpoM. CTaThst HOCUT OO30DHBIN XapaKTep U OXBATHIBAET
paborer [26-39] u [65], manucannse B mepnon ¢ 1981 mo 2000 ron. Bamskas mo
Teme CTaThs Obuna omyOmmkosana H. I'. Buarxamom B 1989 roxy [40]. Omrako, aro
KaCaeTCsl COIEPKAHMS, TO ITU CTATHY MeKIy cOOO0Ii COBEPIIIEHHO HE II€PEeCceKaAI0TCs.

B pazzene 2 paboTbl IPUBOJATCS HEKOTOPBIE yTBepKAeHus: TaybepoBa u abeJ-
eBa Tuna. VIx BEPOSITHOCTHBIE HMPHUJIOXKEHUs [IOMEIIEeHbl B pa3zenax 3, 4, 5, u 6.
B uwacruocTh, B paszgese 3 GOpMyIMpyOTCs PEIEJIbHbIE TEOPEMbI JJisi BETBSIIIAX-
cst mporieccoB Beimana-Xappuca, B paszene 4 mpuBOASITCS MPEIEIbHBIE TEOPEMBI
JIJIs1 HEKOTOPBIX KJIACCOB CJIYYalHBIX IIOJCTAHOBOK, B Pa3jeiie 5 U3y4alTCs aCHMII-
TOTUYECKHE CBOMCTBA CJIy4YaMHBIX IIPOIECCOB PEKOPIOB, B pazfese 6 uccienyoorcs
BEPOSITHOCTH OOMBINNX YKJIOHEHNUH /17151 6e3rPAHIYHO JEIUMbIX CIYYaiHbIX BEJIMUHH.

Agrop BeIpakaer riryboKy0 npusHaresbHOCTh 1. OCTPOropeKu 3a momIepKKy
WJI€M HAIIMCAHMS HACTOsIIEH 0030pHOM CTaThu.
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2. TayoepoBbI T€OpPEMBI

[Tocsiegame 25 jeT XxapaKTepHbI MOBBIIIEHHBIM HHTEPECOM aBTOPOB K MHOIOMED-
HbIM Tay6epoBbIM u abeseBbiM TeopemaMm. OTMeTuM, B 9aCTHOCTH, UCCJIEJOBAHS
B 3ToMm Hanpassenuu B. C. Baagumuposa, FO. H. Ipoxxkunosa, B. 1. 3aBssuiosa,
E. Omes, T. Ocrporopcku, C. [Tununosuya, B. Crankosuya, A. Takauu, Y. Craar-
miosutepa, P. Tpayruepa, A.U. Crama [7, 8, 54-57, 59-62]. PaGorer [7, 54, 57]
SIBJISTIOTCS. MOHOTpapUAMHU.

[MepBoHAYATHEHO MBI CHOPMYIUPYEM TPU MHOTOMEDPHBIE TayOEPOBBI TEOPEMBI,
KOTOpBIE TIOJIyYeHBI aBTOPOM B paborax [27, 29, 32] B CBsI3U € NPUIIOKEHUSIMU K
BETBSIMIMMCSI MPOIECCAM U CIyYaiiHBIM MOACTAaHOBKaM. HauHeMm ¢ ompeneseHust
HEKOTOPBIX NOHATHUH.

IIycrs I' — 3aMKHYTHII BBILYKJIBIA OCTPBIH TeIeCHbIA KOHYC B R™ ¢ BepmnHOil B
HYyJIE, TO-eCTbh, 3AMKHYTOE BbIIIyKJI0e MHO2kKEeCTBO B R™, Takoe, yro jjs Bcex x € I’
ut>0tr el upuyem int T # P u intT* # P, cae T* = {y:y € R, (y,z) =0
Vz € T'}. Ilpu sToM compsixkeHHbIi KOHYC ['™* TOXKe Oymer 3aMKHYTHIM BBIILYKJIBIM
octpsiM u TenecubM. ITonoxkum S =T\ {0}, G =intT', C = int ™. Bamuce

Oyzmer 03HAYATH, YTO
z,y,y—xz €l (rel,y,y—2z€q).

Amnayornynbiv 06pa3oM BBOAUTCSI OTHOIIEHHWE mopsinka B kouycax G,I[™*,C. Ec-
TECTBEHHBIM 00PA30M TEIePh MOXKHO BBECTH MOHsTUE MOHOTOHHON dynkuuu (B T,
G, T* wm (). Ckaxem, Gynamumio f(z) mbr Oynem Ha3bBaTH HeyObBatomed B I,
ecu npu

r<y @) < 1)

u tak gasee. Ilpu n = 1 nomoxkum I' = {¢ : ¢t > 0}. IIpeobGpazosanue Jlamraca
dbysxmun f va T 6ymem o6o3uagars f(A):

f) = / O f(2) da

B IIPEJIIOJIOXKEHNH, 9TO OHO cymiecTByeT npu A € C.
Dyukuumio f(r) OyaeMm HA3BIBATD 7'-MeIAEHHO KOAeOAOUWETCA HA BECKOHEUHOCTH
BI' (BG),ecmgsiBcex s €T (€ G)uput > oc0ouz =

f(tze) — f(tz) = o(r (1)), (2.1)

rae 7(t) — HeKOTOpast OJIOKUTEIbHAS (DYHKIMs TIepeMenHoit ¢ > 0.

Monoxurensuyio dynkuuio f(r) OyaeM HA3BIBATH CAG60 OCUUAAUPYIOWET HA
6eckoneunoctu B I' (B G), eciiu OHA r-MeJIeHHO KOJiebiercs: Ha, GECKOHEYHOCTH B
T (8 G) upu r(t) = f(te) mua npoussosbuOro BeKTOpa € € S (e € G).
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TEOPEMA 2.1. ITycmo gynryus r(t) npasusbHo MEHAEMCA Ha GECKOHEHHOCTIY
¢ noxazamenemy > —n, gynryua f(x) r-medsenno Kosebaemea na becronewnocmu

6 T u das ecex A € C |f|(A\) < oo. Tozda cnpasedausn, caedyrowsue ymeeprcoenua:
1) Ecau das scex A € C npu t — oo

FO/t)
tnr(t)

= 9P(A),  [$(AN)] < oo, (2.2)
mo daz wascdozo x € S npu t — 0o
ftz)/r(t) = é(z), [d(x)] < oo, (2.3)
npuem dan ecex X € C cywecmeyem (N) u
o\ =N, reC. (2.4)

2) Ecau umeem mecmo (2.3), mo das nexomopoi dynxyuu (X)) evinoarens
maxoice coomnowenus (2.2) u (2.4).

3) B npednoaosicenuu Kacdozo uz nynkmos 1) uau 2) dynxyus ¢(x) nenpe-
DPoIBHA U 00HOPOdHa 6 S co cmenenwbro odnopodnocmu vy (mo-ecmo, ¢(tx) = t7¢(x)
nput >0 uz €585), coomnowenue (2.2) ewnosneno pasnomepno no r € K odaa
npouseoavhozo xomnaxma K C S.

st nByx kouycoB I'y u I'y 6ymem nucars I'y < I's, ecim 3aMbikaHue MHOXKECTBA
{z:2 €T, |z| =1} conepxurcs B int T'y.

TeEoPEMA 2.2. ITycmo das nexomopwx dynxyud f(z) > 0 uw g(x) = 0, onpe-
deaenmmz 6 T, cywecmeyrom uz npeobpasosanus Janaaca f(A) u () npu X €
C, ¢pynxyua f(x) caabo ocyuarupyem na Geckonewnocmu 6 Ty g(x) = u(z)v(z),
z €T, 2de gynwyus u(x) monomonna 6 G, dynryus v(x) crabo ocyusluPyem Ha
beckonewnocmu 6 G u daa nexomopux deticmeumenvhox wucea o > —n, b > 0,
¢ >0 u npouseoavnor t 2bue€el, le] =1

ftx)/ f(te) < clz|* (2.5)

2de b/t < |z| € 1, z € . Ecau das nexomopozo mesecnozo xonyca Co < C u scex
AeCy R
g/ f(M) =1 (t = 04),

mo 0aa npou3eosvrozo kouwyca 'y < T

g(@)/f(x) =1 (Jz| = oo,z € Ty).

3AMEYAHUE 2.1. B [29] noka3zano, 9T0 mis Kaxkao0i cr1abo OCHuumpyomeil
dyukuun f(r) u mHekoropeix «, b > 0, ¢ > 0 cupaBenMBO HepaBeHCTBO (2.5).
Tax 4YTO €IMHCTBEHHBIM IONOJHHUTEILHBIM TpeOOBaHHEM B TeopeMe 2.2 SBJISETCS
HEPaBEHCTBO & > —N.
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TEOPEMA 2.3. ITycmo das ecex u,v € [0,1) xonewna dymnxyus

A(u,v) = Z mP~a(m, n)umo™

m,n>0
(p =1, a(m,n) = 0), npuuem das ecex A\, > 0 npu t — oo
Ae™Mt e ) [r(t) = AP~ T (p)T(0),

2de ¢ > 0, r(t) — nmexomopasa noaosxcumensvhas Pynryus nepemennot t. Ecau
a(m,n) monomonna nom u npun — oo, mxn,l>=n,l—n=o(n)

a(m,n) —a(m,l) = o(% Z a(m, z)),

1
i=0
mo das npoudsoavruixr x >0, y > 0 nput — oo
a(tw, ty) ~ ()t Y7

(npu neyeawz u, v, nosazaem a(u,v) = a([u], [v])).

Ormernm, uro ipu n = 1 u r(t) = 1 Mb1 nmpuxoaum B (2.1) K XOpOIIO N3BECTHO-
My OTpeNeJIeHNI0 MeIeHHO Kouiebumommeiicst dyukimn (cm. [21, 40, 53]). Bauskue
KJ1acchl GbyHKIMIA Takxke paccMarpuBaich B [48, 49] JI. ne Xaanom. [Iyist Harssiza-
HOCTH TIPUBEIeM TIPUMepHI ¢1abo ocrnpytonux Gyuxmumii mpun = 1 (' = R =
{t,t > 0}).

1) Iycrs dysxnus f npaBuabHO MeHsIeTCsl Ha GECKOHEYHOCTH, TO-€CTb, T10JI0-
JKUTEIbHA, U3MePUMa U AJist Bcex A > 0 mpu ¢ — o0

FAO/f(E) = ¢(X) >0, () < 0.

Torma f cnabo ociunnupyer Ha GeckoneuHocTr. Kak 00men3BecTHO, 3TH DyHKINUN
6uutn BBezeHb! Briepble V1. Kapamara [50]. IloapoOHBIE CBeJEHNUS] O HUX MMEROT-
Csl B KHHTe 3HImKIoneandeckoro xapakrepa H.I'. Bunrxama, Y. M. Tonmu, 2K. JI.
Toiirensca [41].

2) Mycrs Gyuknus f(z) > 0 onpegenena u muddepenuupyema npu ¢ > a = 0
U JJIsi HEKOTOPBIX IeACTBUTEIbHBIX Ynces o u

af(z) < zf'(z) < Bf(2).

Torna f cnabo ocnmwmpyer Ha Geckonednoctyu (Takue QyHKuuM ObLIM BBEIEHDBI
M. B. Kengpmmewm B [11] 1 ucons30BaInch B HaIbHEHIIEM B TayOEPOBBIX TEOPEMAX
— cM., HarpuMep, [58]).

3) MycTs mus Beex ¢ > 1 cymecTByOT Takue KOHCTAaHTH o, B u N > 0, uro st
MPOM3BOJIBHBIX & > Yy > N

Nz /y)* < f(@)/fy) < clz/y)’.



IIPUIIOKEHUA TAYBEPOBBIX TEOPEM B TEOPUM BEPOATHOCTEM 137

Torma f cnabo ociuummpyer Ha OECKOHEYHOCTH. 3AaMETUM, YTO JJisi MOHOTOH-
HBIX (DYHKIUI OHO W3 MOCIEIHUX HEPABEHCTB BBIMOJHEHO ABTOMATUYECKH (TAKHe
yCJIOBHSI HA, MOHOTOHHbIE (PyHKIuK [ KCIOJB30BAJIUCH B TayOEPOBBIX TEOPEMaX,
nokazanubix B.II. Benorpymem, B.W. Manaessiv, FO. A. TTananrom, 9.T. Cyn-
TaHaeBBIM B paborax [2, 14, 24]).

4) Tlycrs dbyuxmusa f(z) > 0 meyOpiBaeT u s Beex A > 1

lim sup FX) = ¢(\) < o0,

t—o0 f(t)

npuyeMm ¢(1,) = 1. Torma f cnabo ocuusIupyeT Ha 6ECKOHEUHOCTH (TaKue yCIOBUsI
Ha QYHKIMIO f UCIOIB30BAIMCH B TayOEPOBBIX TeOpeMax, JOKa3aHHbIX Y. Crair-
miosutepoM u P. Tpayraepom [59-61]). AHajornyHeil npuMep MOMKHO IPUBECTH K
JIJIsSI HEBO3PACTAOIUX (DYHKITHIA.

B 3aksroueHme HACTOSINETO PA3Aesa Mbl CDOPMYIUPYEM €I1e YeThIPE OTHOMED-
HBbIe TayOEepPOBBI TEOPEMBI, KOTOPHIE WCIIOIb30BAJIICH P UCCIEIOBAHUM BEPOSIT-
HOCTEl DOJIBINNX YKJIOHEHUI IS PEKOPHBIX MOMEHTOB M OE3rPAHUYIHO JIEIMMbIX
ciryvaiiupix Beam4uH B crarbax [30, 31].

IIycrs dyukuuu f(t) u g(t) 3amansr u nonoxureasHsl npu ¢t > a > 0. Mu
OyzneM mmucaTh, 9TO

ft) ~ g(t) (2.6)

npu t — 00, €CaM IS TPOU3BOJILHOTO € > () MOXKHO ykazaTh Takoe dg € (0,1), aro
ngi oboro § € (0, 50) Haiigercs tg > 0, 4ro nupu t > ty BBIIOJHEHbI HEPABEHCTBA

(1 —e)g(t(1+6)) < f(t) < (1 +€)g(t(1 - 9)).

Bamerum, uro, ecam ¢(t) cnabo ocuuLupyeT Ha GecKoHedHOCTH, TO U3 (2.6) ciemyer
00ObIuHAs 9KBUBAJIEHTHOCTD f(t) u g(t) Ha GeCKOHEYHOCTH

f(@) ~g(t) (¢ = o0),

To-ecthb, uto f(t)/9(t) = 1 upm t — oo.

TEOPEMA 2.4. ITycmov npu t > 0 3adane pynxyuu a;(t) > 0, b(t) > 0,
i =1,2, npuuem ay(t) u by (t) ne sospacmarom, a as(t) u ba(t) caabo ocyuarupyrom
na 6eckonewnocmu. Ilosooicum a(t) = ay(t)az(t), b(t) = by (t)ba(t),

At) = /0 a(u)du, B(t) = /0 b(u)du, t>0.

Eeau a(t) ~ b(t) (t = 04) u das ecex A € (0,1) limsup,_,., B(At)/B(t) < 1, mo

a(t) ~ b(t) (t = o).
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TEOPEMA 2.5. ITycmo dynxyuu f(t) u g(t) nosoorcumenvhss, ne 603pacmarom
nput >0,

limsup g(t)/g(2t) < o
t—o0
u cywecmeyem makoe M > 0, wmo daa xascdozo Purcuposannozo yeaoeo n > M

%%Kﬂ=%1+ou»%;mn(r+og.

Tozda npu t — oo

f(t) ~g(t).

TEOPEMA 2.6. ITyemv dynryusa g(t) noaoscumensvha u He 603pacmaem npu
t > 0, pynryua f(t) dupdepenyupyema npu docmamoywno 6oavwuz t, npuwem

f'(t) = O(g()/1), t — oo.

Ecau cywecmesyem maxoe M > 0, umo das Kaxicdozo durcuposannozo 4esoz20
n>M

& 5w =o| 5 500

)7 t—)0+,
mo npu t — oo f(t) = o(g(t))-

TEOPEMA 2.7. ITycmv dynryuu a(t) u b(t) usmepumvs u neompuyamesvr
nput > 0, npu X\ > 0 y nux cywecmeyrom npeobpasosarus Jlanaaca a(N) u I;(A),
oas mexomopozo o = 0 gynwyus b(t) nesospacmaem npu t > a u Masrcopupyemo
mensemea wa beckonewnocmu [41]:

lim su M < 00
ool b(2t) ~

npuvem npuy = x, y = = + o(x)

lim sup(a(y) — a(z))/b(z) < 0.

T—r00

Ecau cywecmsyem M > 0 makoe, wmo 0aa Npou3sosvbrozo Gurcuposanozo 4eaozo
n>M nput — 04
d’n

d" .
dt_na(t) = (14 0(1))=—=b(¢),

dtn

mo nput — o
a(t) ~ b(t).
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3. IlpenmenbHbIe TEOpPEMEI I KPUTUUECKUX
BeTBAIMUXCcA nporneccoB Beanvana—Xappuca

HamoMuamM, 9TO B BeTBSIUXCs MpoIeccax bBemnmana-Xappuca KaxKaasi 9ac-
TULQ, ABJACTCA HE3aBUCUMOHN BEPOATHOCTHON KONMEH NMEePBOHAYAJIBHOU YACTHIIBI,
umeromel GyHKIMIO pacipeesenus gmrenbaoctu xusau G(t), t > 0 u npous-
BOIAINY IO (byHKHHIO qncCjia TOTOMKOB, TTOPOXKIAEMbIX ‘{aCTHHeﬁ B KOHIIE 2KWU3HWU,
h(s), s € [0,1]. Kpurnanocrs nporecca o3uadaer, uro h'(1) = 1 (B cpeamem ogna
YACTUIA, TIOPOXKIAET OIHY ).

IMycts w(t) — amcmo wacTui, B MOMeHT ¢ B ipouecce Bemnmvana—Xappuca, eciu
B Ha4YaJIbHBIN MOMeHT ¢ = () B mpomecce ObLI OHA YaCTHUIA HYJIEBOrO BO3pacra. B
crarbe [28] OblIa J0Ka3aHa CIEIYIOmAsi IPeiesIbHAS TeOPEMA.

TEOPEMA 3.1. ITycms» G(04) =0,

h(s) = s+ (1 — s)1+aL(1L), s€(0,1),

1-G(t) =t PLy(t), t >0,

n(l—G(n))

) — 00 (n — 00), (3.1)

2de a € (0,1), 8 > 0, pynryuu L u Ly medaenno menaromesn na Geckonennocmu,
hn(8) — n-a umepayus gynxyuu h(s). Tozda nput — 00 KoneunomepHvie pacnpede-
aenus cayuainozo npoyecca {u(tt), T € (0,1]} npu yeaosuu, wmo u(t) > 0, caabo
CTOOAMCA K KOHEUWHOMEDHOLM DACTPEIEAEHUAM HEKOMOPOZO MAPKOBCKO20 CAYHAT-
nozo npoyecca {n(r),r € (0,1]}.

B [28] mpuBoauTcst TakKe siBHasi GOpMyIIa JJist MPOM3BOASIMX BYHKIMIA mpe-
JIEJILHOTO TIPOLIECCa, M3 KOTOPOH CJIeyer, 4To 1’](T)£)OO mpu 7 — 0. 910 ykasbl-
BaET HA HOBBIM U HEOXKMIAHHBIN 3 dEKT, 0OHAPYIKEHHBIH B BETBSIIIUXCS [IPOLIECCAX
Bemmvana—Xappuca.

Ormerum, 4To mpeesbHas Teopema miis u(t) B ycnoBusix Teopembl 3.1 moka-
3ana B. A. Baryrunsiv B 1976 rogy [5]. Teopema 3.1 Obura momydena aums B 1984
rojly, TaK KaK s €€ JOKA3aTeJbCTBa MOTPEeOOBAIACH PAa3pabOTKa CIEUATBHOTO
MATEMATHYIECKOTO AIapaTa, OCHOBAHHOIO HA MHOTOMEPHBIX Tay0epOBBIX TEOPEMAaX
(reopemsr 2.1 u 2.2). B crarpe [28] noka3ana eme OAHA IPEAENIbHAS TEOPEMA.

TEOPEMA 3.2. ITycmv evinoanenv, 6ce npednoaosicenus meopemv, 3.1 u v(7,t)
npu 0 < 7 <t ecmsb 4ucao wacmuy 8 npouecce, KOMOPbIE CYUECMEYIOM 68 MOMEHM
T u bydym cywecmeosamsv 6 momenwm t. Tozda das npouseoavrozo € € (0,1] npu
y=0Q4a)tut—

M{s"D | u(t) >0} =1 —(1—s)".

Teopema 3.2 yka3bIBaeT Ha TO, UTO JIJIsI PACCMATPUBAEMOr0 KJIACCa MPOIECCOB
npu OoJsibuX ¢ C BEPOSITHOCTHIO, OJM3KON K 1, BCe CyIIECTByIOIME B MOMEHT ¢
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YaCTUIBI UMEIOT BO3PACT, Oosibimii t(1—e). Takum 06pa3oM, IPOLECC IPOIOTIKALT-
Csi 33 CYET CYIIECTBOBAHUS YaCTHUL] — “I0JroxKuresein”.

JanpHeAmMy UCCICI0BAHUAMY B 9TOM Halpap/eHun 3anumauch B. A. Ton-
auit u C. M. Caruros [22, 25]. B wactaoctu, B. A. Tomumit 06HAPY KU aHAIOTHY-
Hble 3 dekThl B BeTBsmuxcs nporeccax Kpamna—Mona—frepca, C. M. Caruros
u3ydajia aCUMITOTUIECKOE TTOBEICHUE PEAYIIMPOBAHHBIX BETBSAIIUXCS MPOIECCOB.

Ecmu oraomenue B (3.1) crpemMurcsi He K GECKOHEUHOCTH, a K HYJIIO WU K
MOJIOYKUTEJIHLHOM KOHCTAHTE, TO B 3TUX CJIyYasX CIPABEIJIUBBI IPYTUE TPEIETbHBIE
Teopembl (moapobHy0 6ubnmorpaduio cM. B 0630pHO# crarbe B. A. Baryruna u
A.M. 3y6kosa [6]).

4. TIpenennHbIe TEOPEMEI IS CIYYAUHBIX A-TI0OCTAHOBOK

Badukcupyem nekoropoe MHO¥kKeCTBO A C N. A-OICTAHOBKOM HA3BIBAIOT
MOJICTAHOBKY, JJIMHBI IWKJIOB KOTOPBIX mpuHaiexar muoxectsy A. Ilycrs T,
— COBOKYTHOCTH BCeX A-TIOICTAHOBOK CTENEHU 71, (,p — YUCIO IUKJIOB CIIyYaiHOM
[OJICTAHOBKY, PABHOMEPHO pacnpezesieHHoi B T, umenomux juuay m € A, ¢, —
oblIee YUCII0 ee IUKJIOB:

Cn = Z Cnm-

meA

Yepes | X| B 3TOM pasgene mbl Oysem 0GO3HAYATH YUCJIO JIEMEHTOB KOHEIHOIO
muoxkecrBa X. Ilpu momornu TayGepoBoii Teopemser 2.3 B crarbsx [32, 33, 35, 36]
PEIIAIOTCS CJICIYIONIUE 33T U:

(1) Haxoxzaenue acumnroruku |1,| npu n — oo;
(2) AcumnroTmyeckoe nosenerue (B CaaboM CMbICHE) Cp U Cppp TPUA N —> OO |
durcupoBaHHOM M € A.

B [32] nokazana cienyomas Teopema.
TEOPEMA 4.1. ITycms [m:m € A,;m < n|/n =1 (n = 00). Tozda
1) |T,| ~ n!exp(— > l/m) (n - o0), ede B(n) = {m :m < n,
mEB(n)
m e N\ A}.
(2) Pacnpedesenue cayywatinot sesusunss (), = ((—1(n))/VInn caabo cxodum-
CA MPU T —> 00 K CMAHOAGPMHOMY HOPMAALHOMY 30KOHY, 20€

I(n)=Ilnn— Z 1/m.

meB(n)

(3) Tas wascdozo Purcuposanmnozo m € A pacnpedenenue CAYwatinol 6eAUUNDL
Cam caabo crodumes mpu n — OO0 K NYACCOHOBCKOMY PACTIPEOEAEHUIO C
napamempom 1/m.

Panee 9. A. Bengepom u A. 1. T1aB10BbIM ObLIM PACCMOTPEHBI CILy 98U KOHETHO-
ro B = N\ Awu cxonumocru pana ), -z 1/m [3, 20]. Teopema 4.1 o6obmaer Taksxe
u3BectHblii pesyabrar B. JI. Tonuaposa [9)].

B pa6ore [33] nokazana cieayomasi TeopeMa.
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TEOPEMA 4.2. ITycmv npu n — 0
k:k<n,keAl/n—0>0 (4.1)
u Oas Kascdozo C > 1
k:k<nkeAm—keAl/n— o (4.2)

pasromepro no m € [n,Cn]. Tozda cnpasedsusnv: caedyrousue mpu ymeepicoenua:
(1) |T,| ~ n!n®1L(n)e=°7/T(c), n — 0o, 20e dynryua L(n) medrenno me-

Haemea na beckonewnocmu, npuvem L(n) = exp( > 1/m—oln n),
meA,mLn

v — nocmosannas isepa.

(2) Pacnpedesenue caywatinot seaununv ), = ((, — I(n))/Volnn caabo cxo-
oumca K cmandapmuomy Hopmasvhomy 3axony, 2de l(n) = > 1/m.

meA, m<n

(3) Pacnpedenenue cayuatinoti seaursumvi Gy 0% NPOUIEOALHOZ0 PUKCUPOSAH-

Ho2o m € A ¢caabo cxodumces npun — 00 K NYACCOHOECKOMY PACTPEIEAEHUI0

¢ napamempom 1/m.

st pyrux KJaccoB MHOXKeCTB A aHAJOTMYHBbIE 339U PEllaJiuch B Pabo-
rax FO.B. Bonornukosa, B. E. Tapakaunosa, B. H, Caukosa, A.B. Komuuna, B. ®.
Komauna, A. U. Tasnosa [4, 12, 13, 17-20].

Ormernm, aro B pabore [33] Buepsbie nokaszano, uro acumnroruka |1y, |/n! mo-
JKeT OTJIMYATHCS OT CTENEHHON (DYHKIMM POU3BOJIBHBIM MEJJIEHHO MEHSIOIIAM-
Cs MHOXKWTEJEM. I9TO OOCTOSITEIHCTBO CYIIECTBEHHO PACIIMPUIIO KJIACC PACCMa-
TpuBaBIIUXCsi paHee MHOXkecTB A. JI0 3TOr0 m3y4ajuch TOJIBKO MHOXKECTBA, Yy
koroperx |T),|/n! umeno aucro crenennyo acMMOTOTHKY.

B pabore [36] mpuBOgsATCS MPUMEPHI MHOXKECTB A, yIOBIETBOPSIONUX COOT-
HomeHusiM (4.1) u (4.2).

IMycrs 3amanb Hekoropas dyukiwms ¢(t) npu ¢ > 0 U KoHEUHOE OObeIUHEeHne
A orpeskos u3 [0,1]. Yucsmo m € N bl GyjieM BKIOUATh B MHOXKeCTBO A TOrna u
TosbKo Torga, korga {g(m)} € A ({a} ects apobHas yacts uncna a).

TEOPEMA 4.3. ITycmv das nexomopozo a > 1 u medaenno mensrowetica Ha
beckonennocmu gynryuy [(t)

g(t) = t*1(1),

npuvem daan =1,2,... [a] +2 nput — oo

;TZl(t) =o(t7"(¢)) . (4.3)

Tozda evinoanenv, coommowenus (4.1) u (4.2).

N3BecTHO, 4TO /1151 BCSIKOM MEJIJIEHHO MEHSIOIIENCst (DYyHKINU CyIECTBYeT SKBU-
BaJIEHTHAsI e€ii Ha GECKOHEIHOCTH, ObJiaamomas coiicrsoM (4.3). s 60nbImMHCTBA,
UCIIOJIB3YIMUXCA MEJJIEHHO MEHAINXCA d)yHKIII/Iﬁ OHO BBITIOJIHEHO.
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OtznenbHO pazobpansr ciydan « € (0, 1) [35] u nesoro a [65].

B pabore [38] mokazano, uro ecim A — caydafiHO M CIyvaiiHbIE BEJMYUHBI
N = X{k S A} HE3ABUCUMbBI 1 P{le = 1} = ¢ > 0, TO nOoYTKM HaBEPHOE BBINOJI-
HeHbl cooTHotenust (4.1) u (4.2). Takum 06pasoM, [Jis paccMaTPUBAEMOrO KJIacca
CIy4YafiHBIX MHOXKECTB A CIpaBejinBa NpENeSbHAsT TEOPEMA, AHAJOTHMYHASI TEO-
peme 4.2. Tem camMbIM MOATBEP2K/IEHA TUIIOTE3a, BbICKa3aHHAs npodeccopom B. @.
Konuunabiv B 1989 rogy na cemunape B Maremarmdyeckom umucTuTyTe MM. B. A.
CreksoBa PAH. B [38] pasobpana Takxke CHTyanus, KOrAa CIydaiiHble BEJIMYUHBI
M), IMEIOT PA3JINYHbIE DACIPENETICHUsL.

5. Hekoropsle mpenebHEIE TEOPEMEI B CX€Me PEKOPIOB

IMycTh 3amaHbr ABE TOCIEIOBATEILHOCTH HE3ABUCUMBIX B COBOKYIIHOCTH CJIy-
vajiHbix BeauduH &1,82,&3,... 4 No,N1,M2, ..., npudem P{{ < z} = F(z),i € N,
P{n; < z} = G(z),i=0,1,2,.... Bynem npeamonarars, aro F(0) = 0 u G(z) -
HernpepbiBHA. [lostoxxum

K={i:i€N,m>T]jVj<i}U{0}, Sn=&E+ -+&,neN, So=0,

N(t) =max{n > 0,5, <t}, M(t) =max{i:i € K,i < N(t)},

T(t) =1 - F(t), V() :/OtT(u) du (t>0).

ITycTh v; — MOMEHT 4-r0 CKaJKa B CIyYaiiHOM TpOIecce PEeKOpIoB {7 (t),t = 0},
vo = 0. B pabore [30] usyuaercst acumnroruka P{7; > t} npu t — oo u Pux-
CMPOBAaHHBIX ¢ € N, TIe 7y = V; — V;_1. 3/1eCh JOKA3AHBI CICIYIOMUE TPH TEOPEMBI.

TEOPEMA 5.1. ITyemo das scex a € (0,1)

limsup V(at)/V(t) < 1.

t—o00

Toz0a das wascdozo i € N npu t — 0o
P{r; >t} S T(t)Li(t)/i!,

ede L(t) — meybvierowan, MedNeHHO MEHANULAACA Ha OECKOHENHOCU PYHKYUA,
pasnas In(t/V (t)).

TEOPEMA 5.2. ITycmo M& = m < oo u T(t) = o((tInt)™") npu t — oo.
Tozda das ecex i € N nput — oo

P{r; >t} ~ mt ' In"7 (t) /(i — 1)!
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TEOPEMA 5.3. ITycmo daa ecex a € (0,1) u nexomopozo i € N

at
i(u) d
lim sup 7f°t ufilu) du <
twoo [ ufi(u)du

2de fi(t) = Li(t)(T(t) + it~V (¢)/L(t)), L(t) = In(t/V (t)). Toeda
Pi{ri >t} ~ fi(t))il (t — o0).

Teopema 5.1 oxBarbiBaeT ciaydau, korma ME = oo u xorpa dyuknus g(t) =
tP{{ > t} He siBIsieTcsl MeJIEHHO MeHsiowelicss Ha GeckoHeuHocTu. Teopewma 5.2
cupasengusa npu ME < oo u g(t) = o(1/1nt), t — co. Hambonee cnoxuO# ayist
JIOKA3aTENbCTBA, SIBJISIETCS TEOPEeMa, 5.3, B KOTOPOH UCCIIELYeTCs IPOMEXKY TOUHBIH
cyqait, koraa g(t) MeIJIeHHO MEeHSIeTCst Ha OeCKOHEIHOCTH.

Teopembr 5.1-5.3 06001matoT coorBercTByOmue pedyiabrarsl u3 crareit . II.
TeiiBepa, II. dmbpexrca, E. Omes;, M. Becrkorra [44, 46, 63, 64].

B pa6ore [37] paccMaTpUBAIOTCS TaK HA3BIBAEMBIE k-€ PEKODIHBIE MOMEHTHI.
s kaxkaoro n > (0 mocTpouM mo Ciry4YaiiHbIM BEJIUYUHAM 1)g, 71, - - - , )y, Bapua-
ITUOHHBINA DAL

MNon KMy < -+ < My
k-sie (k € N) pexopumusie momentsr {v*)(n),n = 0,1,2,...} onpenensiorcs cire-
ayrormum obpazom: ¥R (0) =k —1n

v®(n +1) = min{j > v®(n),n; > nj_kj-1}, n=0,1,2,...

B [37] nokazana cremyoomas Teopema.

TEOPEMA 5.4. /las ecex k,n € N nput — o

kn(k — 1)1

=1 t=*(nt)"~t

P{V(k)(n) > t} ~

k-bre pekOpIHbIE MOMEHTHI BIEpBbIe BBeneHbl B padorax B. [I310613uena u b.
Konouunscku [42, 43]. IIpoussoasinme dbyHKuun Jyist HuX HaiijeHsl B pabore B. B.
Heszoposa [16]. O630p no pekoppam umeercs: B kuure B. B. Hes3oposa [15].

6. BeposTHOCTM GONLIMINX YKJIOHEHUM A
6e3rpaHUYHO JEJIMMEBIX CITyYaHLIX BeJMYrH

[Iycts cny4vaitnast BeanunHa £ uMeer OE3rPAHUYTHO JEINMOE PACIpe/eIeHue,
TO-€CTh, JJIsI XapaKTepUCTUYIecKoi GpyHKImM £ CIpaBeyInBO MPEICTABIICHNE

. 2t2 +o0 . it
Mezt&:exp(i’yt—UT‘i‘/ (eitw_l 1T )G(d,ﬁ[j)),

oo 1+ 22
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rae G(dz) — ee cnekTpasbHast Mepa JleBu Ha (—00,0) U (0, 4+00) (BO3MOKHO, HEO-
IPaHUY€HHAaA B OKPECTHOCTHU Hyﬂﬂ HpI/I‘IeM KOHEYHbI NHTEI'PaJIbL

/ G(dz), / G(dz), /Gda:

o > 0, vy — HEKOTOpOe NEeHCTBUTEIBHOE YUCIIO, IepeMenHas ¢ € (—oo0,00). Yepes
F(z) o6o3naanm byaknuio pacupenenenus £ : F(z) = P{{ < z}. onoxum

=/ Gdz),t >0
t

B 1961 roxy B.M. 3osnorapes [10] moka3zan, uro ecim £ > 0 u ¢(t) npasmibHO
mensiercst HA Oeckoneunocru, o P{€ > t} ~ ¢(t) (t — o0). B pabore [31] mb
0600611aeM 1 yTOYHSIEM 3TOT PE3YIbTAT. 3/1€Ch, B YACTHOCTH, JOKA3AHBI CJIE1y IOIINe
JIBE TEOPEMBL.

TEOPEMA 6.1. ITycmob

q(t)
lim sup —~ < 0. 6.1
mup o) (6.1)

Tozda P{¢ >t} ~ q(t) npu t — cc.

TEOPEMA 6.2. ITyems M|E| < 0o, ewnoaneno (6.1) u npu nexomopom a > 0
y Pynryuu q(t) cywecmeyem nenpepuienas npoussodnas ' (t), 6oenymas wa mHo-
orcecmse [a,00). Toeda P{€ >t} = q(t) — M&qG'(t) + o(q(t)/t) npu t — oo.

Teopema 6.1 nepecekaercst ¢ pesysabraramu M. C. Crubuesa, II. DmbOpexrca,
Y. M. Tonzu u H. Bepasepbexe [23, 45], onmako ciyuait, korma P{& > t} ~ q(t),
HO P{& > t} £ ¢(t) npu t — oo, B 3TUX paborax He comepxkutcs. Ciydaii, Koraa
Mepa JleBu Ge3rpaHUYIHO JEIMMOrO DPACIPEEIEHUs] COCPEITOTOYEHA HA KOHEYHOM
MHOXKECTBE, PACCMOTPEH B JIUTEPATYPE JOCTATOYHO MOAPOOHO (CM. CCHLIKH B CTATHE
[1]). Haubosnee obmue pesynbrarsl 3zxeck noaydensr B. M. Kpyrnossiv u C. H.
Anronosbm [1].

B pab6orax [34, 39] u3yuaercs Takke aCHMOTOTHKA IJIOTHOCTH 0E3rPAHUYHO
JIeIUMBIX pacnpezienennii Ha 6eckoneunocru. [IpuseneM nBa pesysbTaTa.

TEOPEMA 6.3. ITycmv mepa G(dt) oepanuvena u obaadaem HenpepvieHot Ha
[0,00) naommnocmwvio g(t), cywecmsyem o > 0 makoe, wmo Pynrxyus b(t) = tg(t)
Hnesospacmaem nput > a,

g(t)

limsup ~ = < o0, 6.2
ATeT) ©2)

mo-ecmo, g(t) masicopupyemo menaemca na beckonennocmu [41] u das npouseosn-
Hnozo A > 1

lim sup TT((Att)) <1, (6.3)
2de r(t) = ftoo g9(y)dy, t > 0. Tozda npu t — oo
ft) ~ g(t), (6.4)

ede f(t) = LF(t),t>0.
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TEOPEMA 6.4. IIpedcmasum mepy G 6 eude G = G4 + Gp, 2de G4 — ee

abcoaomuo Henpepuienas wacmos, u nycms g(t) — naommuocmo mepvn Ga. Ilpeod-
noAoHCUM, 4Mo Oas ecex n € N

/ Gy (dt) < oo,
1

cywecmeytom € > 0 u a > €, wmo g(t) > 1/t, Vt € (0,€], Pynwyua b(t) = tg(t)
MOHOMOHHA U HENPEPLIsHa Npu t = «a, eunoinenss coomnowenus (6.2) u (6.3).
Tozda cnpasedauso coomnowenue (6.4).
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