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ABSTRACT. We consider a multiple arithmetical sum involving the Mobius
function which despite its elementary appearance is in fact of a highly
intriguing nature. We establish an asymptotic formula for the quadruple
case that raises the first genuinely non-trivial situation. This is a rework
of an old unpublished note of ours.

1. Introduction

The aim of the present article is to discuss the asymptotics of the quantity

(1.1) =y 3 ”d djj]’“), k>1,

d1<z dop <2z s

as z tends to infinity, where p is the Mobius function and [dy, - - , d2g] the least
common multiple of positive integers di,... ,dsr. We have the relation
) 2k
M = lim — d .
0= 4 (X wa)
n<N \d|n,d<z

Thus our problem is pertinent to the extremal behaviour of the truncated sum of
the Mobius function over divisors, and somewhat remotely to the Selberg sieve (see
the concluding remark). The case k = 1 is treated in [2]. The case k = 2 is already
quite involved and discussed in [10]. The result and the outline of the argument
there have been shown on a few occasions, first at the Problem Session of the Amalfi
International Symposium on Analytic Number Theory, September 1989. There is,
however, a minor error in [10], as is to be indicated below.
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We have reworked [10] because of its apparent relation with the recent impor-
tant challenge [5] by Goldston and Yildirum to the problem of finding small gaps
between consecutive primes. Their argument depends on their previous work [4]
which deals with higher correlations of short sums of

(1.2) A(n)= Y pl(d)log(z/d),

d|n,d<z

an approximation to the von Mangold function. In their discussion it is needed,
among other things, to study the asymptotic behaviour of the sum

(1.3) > At )AL (n+ j2) - A(n+ ),
n<N
where ji,...,j, are arbitrary non-negative integers. Expanding this via the defi-

nition (1.2), we are led to an expression closely resembles to (1.1). Goldston and
Yildirim applied to this expression an argument essentially the same as that of [10],
apparently without being aware of our old unpublished work.

It appears to us, however, that their problem is less delicate than ours, as far
as the handling of the relevant residue calculus is concerned. The factor log(z/d)
makes their expression smoother than ours. Being translated into our situation, this
is equivalent to having (s ---s2x)? in place of the denominator sy - - sgy in (1.4)
below. Hence, both the convergence and the estimation issues are less troublesome
with (1.3), although the arithmetical issue can be highly involved when jq,... ,j,
are arbitrary.

The argument of [10] starts with the following integral expression: For non-
integral z

d81 e ngk

(1.4) Mp(z) = (Qjm)?k//M(sl’ T A R

S1 -8k

with
o0

(') M(dl)..-u(d2k)
M(s1,- -, 8a5) = ()
dlzzzl dggl [d17 e ,ko] e dek

where all integrals are over vertical lines placed in the right half plane. Of course
this is not a fully correct expression. We need to use, instead, a truncated ver-
sion of Perron’s formula, and the vertical segments over which the integrations are
performed should be placed in a well-poised way, as we shall show later.

We have, for Res; >0 (j = 1,...,2k), the Euler product expansion

1 1 1
M(sq, - ,SQk)=H<1——+—H (1——,>>.
’ R Bl Do
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Thus

HC(1+S)\1 +"'+S>\2a)
HC(1+ST1 +'..+ST2b—1)

where ( is the Riemann zeta-function, and 1 < A\; < -+ < A9y <2k, 1<y < -+ <
Top—1 < 2k with a,b > 1. The function G is regular and bounded for Res; > c(k)
(j=1,...,2k) with a constant ¢(k) > 0 which could be given explicitly.

(15) M(Slv"' ;s2k) = G(Sla"' 782]6);

An appropriate shift of contours, along with I. M. Vinogradov’s zero-free region
for ¢(s) (see [6, Theorem 6.1]), yields

THEOREM. As z tends to infinity, we have

(1.6) Mi(z) = (1+o(1 ))21 /OO ﬁ?j

3 |C(1 + 2it)|? dt
1. =(1 1)—( 2 LN =
( 7) MQ(’Z) ( +0( ))47T(ng) [oo K(l—l—lt)|8 GQ(t)t4’
where Gi(t) = G(s1,- -, S2x) with s1,... ,8k = il, Sk41,... ,S2p = —it.

We note that G (t) > 0. The formula (1.9) is proved in [2] with an argument
different from ours. The formula (1.7) is a corrected version of the relevant claim
made in [10]; there was an error in the computation of certain residues. The
advantage of our argument over that of [2] is perhaps in that ours can give rise to
(1.7). Our argument should work, in principle, for any k. However, the mode of
shifts of contours and the arrangement of residues become formidably complicated
for k > 3. Thus the general case will probably require a new approach, though the
case k = 3 appears to be still manageable as a direct extension of the present work.

2. Proof of Theorem

We shall deal with the case k& = 2 only, for the case k = 1 is analogous and in
fact far simpler. Also we shall assume that z is half a large odd integer. Obviously
this will make no difference.

To begin with, let « = (logz)™! and T' = 22. Then we have

1 10a+10T%  pda+dTi p2a+2Ti  pa+Ti
(21) MQ( ) 2 / / / / 81782783784)
( 7” 100—10Ti Jda—4Ti J2a—2Ti

7
w pS1ts2tsatsa d81d32d83d54 + 0 ((log Z) > ,
518528354 z

where the implied constant is absolute. To show this, we note first that for any
positive integer d;

R AP e
— — — =4(d O
2m a—=Ti (d1> S1 ( 1) * (Tda> ’
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where 6(d) =1 if d < z and 0 otherwise. This is of course a crude consequence of

Perron’s inversion formula. Multiply both sides by the factor (z/d2)%2/se with an
integer dy > 0 and integrate with respect to so as indicated by (2.1). We have

1 /zaHTi /(HTi 251752 ds1dsy
(278)? Jon—27i Ja—ri di'dy s182
_ 20(dy) zlogT
=0(dy)0(d2) + O ( Tdg ) +0 (T(dldg)a

= 6(d1)8(ds) + O (%)

Repeating the same procedure, we get

1 /10o¢+1OTz /4a+4Tz /2a+2T1 a+T1 Z51+52+33+54 d51d82d83d84
4 2

S S S S,
(27” a—2ri Ja-mi di'd?d3?dy' s1528384

4
B ' z(logT)3
_Jl;[lé(dj) +0 <T(d1d2d3d4)a> .

Then, we divide both sides by [d1, da, d3,d4] and sum the result. We find that the
first term on the right of (2.1) is equal to

2ogT)? <~ i~ N N (da)p(da) p(ds ) p(dy)|
MZ(ZHO( A IPIDY Z [d, do, d, da](d1dadsd)® )

10a—10T"% a—A4Ti

Observing that this Euler product is O(¢*(1 + «)), we end the proof of (2.1).

Now, let 3 = (logz)~%/4. We shift the contour for the sy-integral to the
vertical segment [—3 — 10T%,—0 + 10T%]. In view of (1.5), we encounter poles at
84 = —81,—82, —S3, and —(s1 + s2 + s3). Computing respective residues, we have

(22) Ma(z) = {M5? + M + M5 + M5} (2) + O(=7/2).

by virtue of Vinogradov’s zero-free region for { together with the related bounds for
¢, 1/¢ (see [6, Theorem 6.3; Lemma 12.3]); the same combination will be implicitly
invoked in what follows as well. Here

M(l)(z _ 1 /4a+4Ti /2a+2TZ /a+Tz C 1 + 5 +32)<(1 + 51 +83)
27i)° Jaa—ari J2a—2Ti (14 51)¢(1+ 52)2¢(1 + s3)?
C(1+ 59 +53)*C(1 + 52 — 51)C(1 4 53 — 51)
C(1 —51)C(1 + 51+ 52+ 53)C(1 + s2 + s3 — 1)
d81d82d83

8%8283

(2.3) x G(s1, 82,83, —s1)2%27%8
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M(2)(Z = fon /2Q+ZTZ /Q+T2 C(14s14+9)C(1+s1+ 83)2
2 (2m0)3 Jaa—ami Joa-omi (1 + 51)2C(L + 52)C(L + 53)2
C(1+ 824 83)C(1+ 81 — 52)C(1+ 83 — 82)
C(l — S2)C(1 + 814+ 859 + Sd)C(l T sy 4 83— 52)
(2.4) X G(s1, 52,83, —82)2“"1%3%S;«:is3

M(3)( ) 1 /4a+4Ti /2a+2Tz /a+Tz 1+81+82) C(1+31 +83)
2)=— ——
> (2mi)? Jyo—ari Jaa—2ri (14 51)2¢(1 + 52)2¢(1 + s3)

C(1+ 52 +s3)C(1 + 51 — s3)C(1 + 52 — s3)
C(l — 93)((1 “+ 81+ 89 + 93)C(1 + 81+ S92 — 83)
d81d82d83

818283

@ B 1 4a+4Ti  p2a+2T4 a+Tz 1 + 8 +82)C(1 — 5 — 82)
M) == G Joams Jvcars oo ST T T

C(l + 51+ Sg)C(l — 81 — 53)<(1 + S2 + Sg)C(l — S — 83)
C(1 = s2)¢(1 4 s3)C(1 = 53)¢(1 + 51+ 52 4 53)C(1 — 51 — 52 — 53)
d31d82d83

s18283(s1 + s2 + 53)'

(2.5) x G(s1, 52,53, —53)z°1 52

(26) X G(Sl,SQ, 83, —81 — S2 — S3

Let us first show that
(2.7) Mé4)(z) < (log 2)%/2.

We note that the bound Mgl) (2) < 1 appears highly probable; in fact, this holds
under the Riemann Hypothesis. To prove (2.7) we observe first that

@ _ B+4Ti  ppB+2T4 ,3+Tz ds1dsydss
M7 (2) + o(1).
27” —4aTi Jp—2mi Jp— 818283(81 + 52+ s3)

Then we shift the contour of the inner-most integral to

C
C=<5s1: —|—Zt, 7T<t<T s
{ L (log(2 + [t + [sa] + [sa]))*/4 }

where ¢ > 0 needs to be sufficiently small. We have

B+4T1i B+2T17 ds+dsod
28) M) =~ / / 1905y o),
B—

aTi Jg—21i 515283(81 + 52 + 83)

This implies that

M(4()<<(logz3/2/ / /log 2+ [ta] + Ita] + [ta])

y dtydiodts
(L4 [t (X A+ [t2]) (1 + [t3]) (1 + [t1 + ta + t3])

+ o(1).
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On the right-hand side, the factor (log 2)3/2 comes from the factor ¢(1 + s3 + s3) x
C(1—s2—s3) in (2.8). In the integrand, the denominator comes from that in (2.8),
and the logarithmic factor from those zeta-factors there, save for {(1 + so + s3) X
¢(1 — s3 — s3). One may see readily that

/T 1og'®(2 + |t + [t2] + |t3]) i log™ (2 + [ta] + [t3])
“p (L [a) (X 4 [t1 + t2 + t3]) 1+ |tg + ts]

Thus we have

4T 12
log'?(2 + |t
MY (2) < (log 2)/ 2/ Mdtza

—ar (L ts))?
which proves our claim (2.7).

Let us treat Mgl). In (2.3) we shift the sz-contour to the segment [—3 — 477%,
—(3 + 4Ti]. We encounter poles at s3 = s1,—81,—$2. Computing the respective
residues we get

(2.9) M () = {8+ WD 4 a0 (2) + 0,
We have
(2.10) M (2) < log 2.

In fact, Mél’?’) (2) is a linear polynomial in log z, whose coefficients are bounded.
More precisely, the leading coefficient is equal to

1 /2a+2Tz /a+T1 1+51 +82)C(1—81 —82)C(1+81—82)C(1—81+82)
2mi)2 J, (C(1+51)C(1 = 51)C(1 + 52)C(1 = 52))°
d81d82

(s152)2

a—2T17

(2.11) x G(s1,82, =82, —51)

We shift the contour of the outer integral to

C

{82 " (log(2 + ] + [s1]))3/*

+it, 2T<t<2T},

with a small ¢ > 0. We do not encounter any pole. The new double integral is
bounded by a constant multiple of

T
log"?(2 + [t1] + [t2])
dtdty < 1,
/ / (T + [ )T+ ez 72

as claimed. The constant term of the linear polynomial has more complicated
expression than (2.11), involving derivatives of the zeta-function. However, its
treatment is analogous.
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On the other hand we have

M(l’l)( _ /20‘+2T1 /O‘+T’ C(1+ 81+ 52)3¢(1+2s1)
2 N 271'@ 9 C(1+51)3¢(1 + s9)3

a—2T1

]. + 59 — ) d81d82
2.12 G oy stss d51d52
( ) C 1731 (14251 + s2) (51,52, 51, =51)2 §3s

M(l 2), .\ _ /2a+2TZ /O‘J”TZ C(1—s1+82)3¢(1 — 2s7)
2m0)2 Jou—ori C(1 = 51)3¢(1 +52)?

1 + S9 + 81) _ d81d82
2.13 G(s1, 82, —81,—81)2°2 %1 ——=.
(219 1+ Sl)C(l — 251 + $2) (51,52, =81, =81) 5359

In the latter we shift the sj-contour to the segment [—« — T, —« + iT]. We do
not encounter any pole. In the new s;-integral we perform the change of variable
81 — —s1. On noting G(—sy, $2, 81, 51) = G(s1, 82,81, —81), we have

(M + MDY () = 2M8Y (2) + o(1).

We then shift the sa-contour in (2.12) to the segment [—8 — 2iT, — 3+ 2iT]. We
encounter poles at sy = s1, —s1, with the resulting double integral being O(z_ﬁ/z).
The first pole contributes

1 a+Ti C(1+2s1)*G (51,81, 81, —81)2%t ds;
210 Joori  C(1+51)5C(1 — 51)C(143s1) st

which is obviously 0(2*5/2). Thus, computing the residue at s = —s;, we have

214) {3 ()

_ (log 2)? ot (1 4 21)C(1 — 251) <
2w /ocfiT (C(1+51)C(1_51))4G( .

This error term is actually equal to a negligible term plus a linear polynomial of
log z, the coefficients of which are easily seen to be bounded.
From (2.9), (2.10) and (2.14) we obtain

d
—51, 81, —sl)g + O(log 2).
1

2.15) M (z) = (1+0(1))%(10gz)2 / h MG(it,it, —it, fit)%

oo [C(L )P

which ends our computation of Mél)(z).

Next, we shall consider Mgz); we may be brief. In (2.4) we shift the sz-contour
o [~ — 4iT, —( + 4iT]. We encounter poles at s3 = s, —$2, —s1. Computing the
respective residues, we have

M (2) = (M) + MEY + MV} (2) + O(77).
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We have Méz’g)(z) < log z similarly to (2.19). We have

M(Z’l)( _ /QO‘HTZ /Q+TZ C(1 + 81+ 82)3¢(1 + 2s2)
2 T (2mi)? Jy C(1+ 51)3¢(1 + s2)3

a—2T1
q¢! dsyd
+ 51— 52) Gs1, 89, 52, —s5) 2" +92 22
C1732C1—|—31+252) s185
M(272 /2a+2Tz /a+Tz 1 + 51— 82) C(l _ 252)
? 27” 2a—2T1 1 + 91)34.(1 - 82)3 ,
C(1+ 51+ 52) _ .. dsidssy
G(81,82, — 89, —89)2°1 72 ——=,
C(1+82)<(1+51—232) ( 1y52; 2, 2) 8183

In the latter we shift the sp-contour to the segment [3 — 2iT, 5 + 2iT], and we get

M;z’Q)(z) < z7P/2. On the other hand, in the former we shift the sy-contour to
[—5 — 2T, — 3 + 2iT]. We have

M2 () = (082)° /““T C(L+ 251001 = 2s1) ¢

2 A7i

ds;
—ir (C(1+51)¢(1—s1))* —81, =81, 81) o L +O(log 2).

Hence we obtain

(2.16) Méz)(z):(1+0(1))$(10gz)2/_ e

*¢(1 + 2it))? dt
C(1+ 2it)] Git, it, —it, —it) 5.

It now remains for us to consider Mgg). This time we shift first the s3-contour
in (2.5) to the segment [2(3 — 4¢T,2/3 4+ 4iT]. We do not encounter any pole, and

thus Mgg) (z) is equal to the new integral plus a negligible error. In the new integral
we shift the sy-contour to the segment [—3 — 2iT, —f3 4+ 2iT|. We encounter only
one pole at s = —s;. Computing the residue we get

(2.17) Mg3)(z) < log .

Finally, collecting (2.2), (2.7), (2.15), (2.16) and (2.17), we end our proof of
(1.7).

Remark. There is an old conjecture by P. Erdés about the size of the arithmetic

function
> ud)).

dn,d<z

sup
z

See [2] for details. Our problem is certainly related to the dual of Erdos’; that is,
the supremum is taken in n instead of z. As to the possible relation of our problem
with the Selberg sieve, see [1], [8], [3] and [7], in chronological order. In addition to
these, see [9, §1.3] for an extension of (1.2). It should be noted that [8], [3] and [7]
were developed in conjunction with the zero-density theory for the Riemann zeta-
and Dirichlet L-functions. However, for this particular purpose those works turned
out later to be redundant due to the observation [9, (1.3.12)].
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