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ON THE MEAN SQUARE
OF THE RIEMANN ZETA FUNCTION
AND THE DIVISOR PROBLEM

Yifan Yang
Communicated by Aleksandar Ivié

ABSTRACT. Let A(T) and E(T) be the error terms in the classical Dirichlet
divisor problem and in the asymptotic formula for the mean square of the
Riemann zeta function in the critical strip, respectively. We show that A(T)
and E(T) are asymptotic integral transforms of each other. We then use this
integral representation of A(T) to give a new proof of a result of M. Jutila.

1. Introduction and statement of results

Let ((s) be the Riemann zeta function, and let d(n) denote the number of
positive divisors of n. The error terms A(T) and E(T) in the classical Dirichlet
divisor problem and in the asymptotic formula for the mean square of {(s) on the
critical line Res = 1/2 are defined by

A(T) =) d(k)+ %d(T) ~TlogT — (2y— 1)T — i
k<T

with the convention that d(T") = 0 if T' is not an integer and
r T
B(T) = / ¢(1/2+ i) dt — Tlog o — (27 — )T,
0 s

respectively. The properties of A(T) and E(T') have been the subject of numerous
papers. (For example, [2], [3], [4], [5], [7], [8], [9], [10], [13], [14], [16], [17], [18]
and [19]. For a general overview of the subject see the book [6] or the survey article
15).

Two of the most frequently used tools in the study of A(T) and E(T') are the
following two remarkable formulas due to Voronoi [20] and Atkinson [1], respec-
tively.
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LEMMA 1.1 (Voronoi). We have

T1/4 1/2+4¢ .
5 X o eoslaneT) 2 < w4} + (T ) + O(T)

k:<K

for any K > 0.

LEMMA 1.2 (Atkinson). Let 0 < A < A’ be constants, and suppose that AT <
K < AT. Put
T K KT K2
! !/ - I = -
(1.1) KfK()727T+2 27T+4.

Then E(T) =31 + X2 + O((log T)?), where
Y, = \f Z (kT + 112)71/4{sinh’1 (Lk)lﬂ}il cos 2m0 (T /(27))

2w 4 2T
k<K
with
k K21
0r(T) = 2T sinh ™" —= + /KT + — —
k(T) sinh ™ 2o + Ty
and
T \"1 . . T
22—22 ( 85 k) sin pg(T)  with  pp(T) = TIOgﬁ_T_Z

k<K

We note that the contribution to E(T) is mainly from the first sum ¥;. For in-
stance, on the Lindelof Hypothesis, the second sum Y5 can be shown to be bounded
by T¢. In applications we can usually employ averaging techniques to show that
the contribution from ¥, is less significant than that from ;. Thus, to study the
properties of E(T), one would generally focus on X .

Using the Taylor expansions

kKT\1/2 « 3/2—1
bl _Z 7—1/2
27T> 4 +O(k )

1 (kT k2\-1/4 L2y T T\ 1/4
— (= E inh~ (7) = 2(7) k=3/4 4 O(T3/4 K1/
\/5(27r+ 4) {Sm oT } Va(y, +0( )
it can be seen that, aside from the alternating factor (—1)*, the first o(T"/3) terms
in ¥, are asymptotically equal to the corresponding terms in Voronoi’s formula for
27 A(T/(27)). This analogy between A(T') and E(T) motivates the work of Jutila
[8], [9] and [13]. Jutila introduced a new function

2m0(T/(27)) = 471'(

A*(T) = —A(T) + 2A(2T) — %A(4T).

This function can be interpreted as the error term in the approximation of the sum-
matory function of a certain arithmetic function, and there is a formula analogous
to Voronoi’s formula for A*(T) namely7

T1/4

Z W cos(47rx/k;7 — 7r/4) + O(T1/2+5K—1/2 +T).
k<K
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Since this formula also contains the alternating factor (—1)*, the magnitude of the
function A*(T) is more comparable to that of E(T) than that of A(T). In fact,
Jutila [9] showed that

T+H
/ (E(u) — QWA*(U/(QF)))Q du < HTY/3+e 4 pite
T

for 2 < H < T, while the corresponding integrals for E(T)? and A(u)? (and hence
A*(u)?) are known to be bounded by HT'/?+¢4+ T+ Using this similarity between
2nA*(T/(2m)) and E(T), Jutila [8] further proved that the truth of the conjecture
A(T) < TY**< implies the bound E(T) < T°/1%%¢ and later [13] improved this
conditional bound to T3/10+¢,

The main purpose of the present paper is to provide a different perspective on
the connection between A(T") and E(T'). We will show that these two functions are
in fact asymptotic integral transforms of each other.

THEOREM 1.1. Define two functions f(u) and g(u) by

f(u) = fr(u) = \/jl—%exr){—%i(ulog; —u+T - ;)}

g(u) = gr(u) = V%exp{Zm(Tlogz —T+u— ;)}

Lete >0,0< A< 1 and B > 0 be constants, and put B' =1++/B + B2/4+ B/2.
ForT— AT < u < T+ AT let Fy(2mu) denote the main sum in Atkinson’s formula

By (2mu) = Z d(k) cos {20 (u)}

k<BT ay(u)

k K ok 1
o) = 2usioh™ E e BB
Vi

ar(u) = (4ku + k2)Y/* sinh =

b

where

2\/u’
SetTh =T — AT, To =T+ AT, T35 =T/B’, Ty = B'T. Then we have
I

A(T) Eq(2mu) f(u) du + O(T°),

= g n

Ty
E\(27T) =27 Au)g(u) du + O(T°),
T3

where the O-constants depend only on €, A and B.

The underlying idea of our approach evolves from the fact that the function
X(1 — s) is in fact the Mellin transform of 2 cos(2mx), where
(2m)°

x(s) = 3T(s) cos(ns/2) (: 255 sin %F(l — s))
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is the function in the functional equation ((s) = x(s){(1 — s) for ((s). Thus, by
the Mellin inversion formula, we have

1 o+ioco
X(1 = 8)z™%ds = 2cos(2mx)

2mi T—100

whenever the integral converges absolutely. Moreover, for the truncated integral
1 o+2miT T ‘
5 x(1—s)z™%ds = /0 x(1 — o — 2mit)x =727 gt
using the asymptotic expansion
X(1— o —2mit) =t ? exp{2ni(tlogt — t — 1/8)} (1 + O ((1 +[¢)) ™))

and the stationary phase method (see Lemma 2.1 below), we see that

/OT X(1 — o — 2mit)z=" 2" 4t = exp{—2miz} x {114;‘2;;(96), ii i ?:
where A, r(x) is differentiable for x # T and satisfies

lim A, r(z) = f% + Oa(l/ﬁ),

r—T—

lim A, r(x)= 1 +Oa(1/ﬁ),

r—T+

Apr(2) <o (i) min <1’ x/Tlogl(T/x)l> '

In particular, if we write ¢ (s) as

k<2T
then we have
T T
/ IC(1/2 4+ 2mit) |2 dt = | ¢(1/2 + 2mit)*x(1/2 — 2mit) dt
0 0
Z Z d(k)Ay 2,7 (k) + C(T),
k<T k<2T

where C1(T') may be thought of as a secondary error term. Thus, integrating by
parts on the second sum yields

T T—
/O C(1/2-+ 2it) Pt = T(IoT +2y = 1)+ [ Aw) i ()
2T
+ A(u) A7 o 7 (u) du+ Co(T).
T+

This shows that E(277T) is representable asymptotically as an integral transform
of A(u). Conversely, we can express A(T') asymptotically in terms of the “inverse”
integral transform of F(27ru), and hence to study the properties of A(T) we may
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employ this integral representation of A(T'), instead of the usual Voronoi’s formula.
As an illustration we will give a new proof of a result of Jutila [10].

TuEOREM 1.2 (Jutila). Suppose that HU > Tt and U < VT /2. We have

/T+H(A(u +U) — A(u))? du < HU log® g

T

The problem of estimating integrals of (A(u + U) — A(u))? over an interval is
closely related to that of sign changes of A(u) (see [4]).

There are other possible applications of our main result. For instance, we may
use our integral representation of A(T") to show that fg+H A(u)*du < T(HT +
H'/5T#/%) holds for all H < T. However, this result is inferior to that obtainable
by the method of Ivié [5]. It seems to us that in order to achieve a stronger result,
properties that are specifically related to d(n), or equivalently, to the Riemann zeta
function, must be utilized. Another natural question to ask is whether our result
will yield a good bound for |E(27T") — 2nA(T)|, or a result that connects a bound
for A(T) with that for E(T"). We are unable to give an affirmative answer at present
either.

As usual, the notations f(z) < g(z) and f(z) = O(g(z)) mean that there is a
positive constant ¢ such that | f(z)| < ¢|g(x)]| for z in the range under consideration.
When lim,_,, f(z)/g(x) = 0, we use the notation f(z) = o(g(x)). The letter ¢ will
always denote a small, but fixed positive number, though the number may not be
the same at each occurrence. For example, we may write T logT < T°.

Acknowledgments. The author wishes to thank Prof. A. Hildebrand of the
University of Illinois and Prof. K.-M. Tsang of the University of Hong Kong for
providing valuable comments and suggestions. The author would also like to thank
Professor A. 1vié for his interest in the work.

2. Proof of Theorem 1.1

We first quote an analytic lemma regarding exponential integrals. The first
part of the lemma is due to Atkinson, and the second part is due to Jutila [12].

LEMMA 2.1. Let p(z) be a positive differentiable function in the interval [a, b].
Suppose that f(z) and g(z) are functions satisfying the following conditions:
(1) the function f(x) is real and f"(x) > 0 for x € [a,b];
(2) f(2) and g(z) are analytic for all z in the domain
U {z: 1z —al < (@)}
z€la,b]
(3) there exist positive functions F(z) and G(z) such that for x € [a,b] and
|z — z] < p(x) we have
Fle)>1,  |9(2)| < G(),
' < Fl)p@)™,  f(x) > Fla)ua)™>
4) p(z) < 1.
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Let H;(z) denote the function H;(z) = G(z) (|f'(z)| + |f”(;z;)|1/2)_J_1 . Assume
that f'(x) has a zero c in the interval [a,b]. We then have

Me){ 2mif(c
TG p{2mif(c)}

+ 0( / G(z) exp{—CF(2)} dm) + O(GOu(Q)F(e)?)
+ O(Ho(a)) + O(Ho(b)),

where C' is a positive number determined by the O-constants in condition (3).
Furthermore, if U is a positive number and J is a positive integer such that

JU < (b—a)/2, a+JU <c<b—JU and U > p(c)F(c)~"/2, we have

/ duy - / duy /:;::L +:] x) exp{2mif(z)} dx
- Mexp{?ﬂ'i F(e) +o< / (1 v ('LL[(]J;))J)G(J:)eXp{—CF(x)}dx)

TKG]
+ O(G(u(O)F () /2) + O(H (a)) + O(H, (b)).

In the case when f'(x) does not vanish in [a,b], the above estimates hold without
the terms involved with c. Moreover, if the condition f”(x) > 0 is replaced by
f"(z) <0, then the factor e™/* in the main terms is replaced by e~™"/*.

/ g(x)exp{2mif(z)} de =

The next lemma constitutes the essential part of the proof of Theorem 1.1.

LEMMA 2.2. (i) Let A < 1 be a positive constant, and T and K be positive
numbers with K < AT. Let Ty denote T — KT, and Ty denote T + V' KT. Set

0(u) = 0x(u) = 2usinh™* 2\5]% +Vku+k2/4— g - %,
= 7710g(u/T) exp{ —2mi(ulog = — u !
) = r() = B p{ ori(ulog o —u+ 7 8)}
and a(u) = ai(u) = (4ku + k?) Y4 §inh 2\5]% Then we have, for 0 < k < K,
T2 cos{2m6(u 1/4
/T {j(ug)()}f(u) du = % cos {47r(kT)1/2 - w/4} +O(3(k,T)),

where

5(k,T) = W <1+min (‘F FT \/ﬁ|>)

If k > K, then the estimate holds without the leading term.

(ii) Conversely, let K be a positive number, and set

~ VKT + K2/4+ K/2, Ty=T+ /KT +K2/4+ K/2,
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and
T/u—1 _ T 1
g(u) = gr(u) = Taloa(T/0) exp{Zm(Tlogu —T+u— 8)} .
Then we have, for k < K,
Taqyt/4 270(T)
\/i/T3 % oS {47r(kzu)1/2 - 71'/4} g(u) du = COS{G(WT)} +O(n(k,T)),

where

nk,T) = 1 —|—min<\FT

T
’|T3—T+\/kT+k:2/4—k/2|>
T
Ty - T - w/1<;T+142/4k/2|>>'

When k > K, the estimate holds without the main term.

1
T1/4}3/4

-+ min (\/T

PROOF. To prove the first part of the lemma, we first write the cosine function
as a sum of two exponentials, and then evaluate two branches separately. Let I
denote the integral

1 ("2 exp{2mif(u)}
Lo=- [ SPETRWS ¢y g
k 2 /T1 a(u) f(u) u,
and set h(u) = 0(u) — (ulog(u/T) —u+ T — 1/8). Let uy, be the solution of the
equation h'(u) = 0. Since
(2.1) h'(u) = 2sinh ™" 2\\//% — log %,
we have
[T_ i & _ V&
Uk 4’U,k Qﬁk
and thus
(2.2) wp =T + VKT,

Note that when k < K, the stationary point wuy, lies in the interval [T, Tz]. We now
apply the first part of Lemma 2.1 with
log(u/T)

u) = h(u), w) = ’
flu) =h(uw),  g(u) VI =T
p(u) =T(1—VA)/2, F(u) =T, Gu) = 1/T 45374,
a=T, b="1, ¢ = ug.

Since f”(u) is of constant sign and |f”(u)| > 1/T, we have
F'®) = 1f' () = f'(e)] > b—e|/T = [VKT — VKT|/T,

and the same lower bound holds for |f’(a)|. Thus, Lemma 2.1 yields
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e~™/% log(uy/T) exp{2mih(uy)}

2y/TIh" (ug)] u/T — 1 a(uk) fo<k<K
(2.3) I, =
+O(3(k, 1)),
O(0(k,T)), it k> K,
since
2 k 1
(2.4) h (ug) = < £2> - — <0
L+ k/(4up) \ 4uy Uk
We now show that the main term in (2.3) is actually equal to
T1/4
TR exp{4mi(kT) 12 _ Ti/4}.
By (2.1) and the definition of uy, we have
k
(2.5) st VR _ log \/uy,/T.

2./u;€
It follows that, by (2.2),

h(ug) = Vkug +k2/4+ (up, = T) — k/2
= \JKT + K3/2TV2 4 k2/4 4 VAT — k/2 = 2V/AT.
Moreover, from (2.2) we have

% 1= \/kT = /KT,

(4hug + £2) " = (kT + 413272 4 12) V= VT + k)2,
and hence, by (2.5), a(ux) = % log(uy,/T) (2VkT + k)l/g. By (2.4), we have

B (ug) = —uik (ﬂ + 1)

Vaug + k

o VB
- _T+F(\/4T+4(kT)1/2+k +1)

B <2\/E +2VT ) 2
T+\/kT Vk+2vVT VET + 2T
Inserting these expressions into (2.3), we obtain, for k < K,

(VAT +21)'"* VT 2
22VT  Vk (2VkT + k)'/?
T1/4

= = i exp{4mi(kT) 1/2 —mi/4} + O(0(k,T)).

I, = exp{4mi(kT)Y/? — 7i/4} + O(3(k,T))
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For the other integral

1 /T2 exp{—2mif(u)}
= ——————= f(u) du,

2 au)

we can show that the function —0(u) — (ulog(u/T) —w + T — 1/8) has a root at
u="T — kT, and Lemma 2.1 yields

T2 exp{—2mif(u 1/4
%/T Wf(u) du = ;gm exp{—4mi(kT)"/? + mi/4} + O(5(k, T))

for 0 < k < K and
T .
exp{—2mif(u)}
—————=f(u)du < §(k, T
[ < o)
for £ > K. The first part of the lemma follows by combining these estimates with
(2.3).
The proof of the second part is analogous, and the calculation is essentially the

same as that in the proof of Theorem 7.2 of [6] and that in the proof of Theorem 1
of [11]. For completeness we sketch the proof as follows. We consider the integral

1 Tz 4 1/4 ) )
Jr = 7 / 7373 &P {47m(ku)1/2 - m/4} g(u) du.
T

Let h(u) denote h(u) = 2(ku)*/? + Tlog(T/u) — T + u — 1/4. We have

ku)t/2 T
Wy = FOZ T
u U
vk T
(2.6) R (u) = R
Thus, if ug, is the real root of the equation h'(u) = 0, then we have

i

It follows that

T k
(2.8) log y/ — = sinh ™" L,

U 2T
(2.9) up =T — VKT + k2/4+ -

and h”(ug) > 0. By Lemma 2.1, if k¥ < K, then we have

o L e w* Tfup —1 exp{2rih(ug)} + O(n(k, T)).
V2ui /W7 (ug)| k3/4 log(T /uy) ’
In light of (2.7), (2.8) and (2.9) we see that
T/uk —1 _ 1

w3/ 0g(T/uy) 22/ k14 sinh ™} (VE/(2VT))
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and

h(ug) = 2(kug)"? + (Tlog(T/ux) — T + uy) — 1/4

Vk
= (ku 1/2+2Tsinh_1—
(k) T
= Vk(~Vk/2+ /T + k/4) + 2T sinh ™" vk 1/4
2T
Vk k
=2Tsinh ™' = + /KT +k2/4— —~ —1/4=0(T) —1/8
T / 5 / (1) -1/

Furthermore, by (2.6) and (2.7), we have
vk T 1 [k T\ T'?
W) = =+ 7 = (‘ T )g/z
2u;, ug 2V T Uk ) u
\f [\ e \/7 Far
( Uk ) P ( uk )

= TR

Hence, for k < K, the integral Ji can be estimated as

o emi/4 11€/4 T/up —1 omih On(k. T
= V3w T Gan)] R log(Tuy) P T} 0T

S ,
_ Uy, exp{2mi6(T)}
= BT+ B 2 R sinn (Vv )

_ exp{27if(T)}
= W + O(’I](k‘,T)).

For the case where k > K, the same lemma implies that Ji < n(k,T). Similarly,
we can show that

1 Tz ,1/4
ﬁ/ Wexp{félm(ku)l/2 + mi/4}g(u) du
T

exp{—2mif(T)} .
— oay OOk, k<K

O(n(va))a if k> K.

combining this with estimates for Jj the second part of the lemma follows, and the
proof of the lemma is complete. O

PROOF OF THEOREM 1.1. The proof of Theorem 1.1 is a straightforward ap-
plication of Lemma 2.2. By Lemma 2.2, we have
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1 [T

— E1(27u) f(u) du
27 Jp,

_ Y @cos{z;w(k:r)l/? —n/a}+0( > 6k, T)
7r\/§ e L3/4 ,
c<min(A2T,BT) k<BT

In light of Voronoi’s formula (Lemma 1.1) the main term in the last expression is
A(T) + O(T*), while the O-term is bounded by

1 d(k) | 1 d(k) s d(k)
< T1/4 Z k3/4 + T1/4 Z k3/4 +T Z k3/4
k<BT k<A2T /2 |k—A2T|<ATY/?

d(k) d(k)
+73/4 > +TVE N
ATY/2<|k—A2T|<A2T/2 k3/4| VET — v kT| E>3A2T/2

Using the bound d(k) <« k€ for any fixed € > 0 we see that the last expression is
bounded by T, and thus

1 [T

— Eq1(27u) f(u) du = A(T) + O(T°).
2 T
This proves the first part of the theorem.
The proof of the other part of the theorem is very similar, and the details are
omitted. However, we note that we need the following form of Voronoi’s formula

T4 d(k) L
_ /2 _
A(T) = 7 > I cos{4n(kT) m/4}
k<K
3 “1/4 d(k) . 1/2 —3/4
_ WT ,ZI; 15/ sin{dr(kT)'/? — 7/4} + O(T%/*)
in order to show that the error term is of order T°¢. O

3. A new proof of Theorem 1.2

In this section we will give a new proof of Theorem 1.2 using the integral
representation of A(T') obtained in the previous section. We shall provide details
only when our arguments differ from the usual methods, and sketch the proof when
the arguments are identical or similar to that in literature. We first prove a lemma
that generalizes the Halasz—Montgomery inequality.

LEMMA 3.1. Let the inner product of two complex-valued functions &(u) and
¢(u) be defined by (£, ¢) = [ Eddu, and let ||€]| denote ||€]| = ([ |€]? du) Y2 Suppose
that Ex(u) = &(u, A) and ¢y ,(u) = ¢r(u,N), = 1,2,..., R, are integrable with
respect to A for 0 < A < L. We have

1 L 2 1 L )
Z Z/o (Exs Par) dA| < Z/o llExll d)\xrrngagz
r<R s<R

1 r
Z/o (¢A,r7¢>\,s)d)"
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PrROOF. For any complex scalars ¢, we have

Z;LCLT /OL(fA»QS/\,r)d)\ = i/OL (5,\725@,\4«) d\
<1 [ 160 [Seon

1 L ) 1/2 1 L 2 1/2
< (= L _
S <L /0 ||§>\ H d)‘> <L /0 HZ CT¢A,T d)\>

Expanding || Y. ¢.¢x .|| and noting that [¢.cs| < (Je|> + |cs]?)/2 we obtain

L 2
/ HZEMZ))\,T dXx < Z |6rcs|
0 rs<R

dX

L
/0 (Dar> Drs) d>\‘

1
< 5 Z (|Cr|2 + |Cs|2)
< maxz

L
/0 (s drs) dA]

X Z e 2.

L
/0 (Sars drs) dA

s r<R
Choosing
1 /L
r = 7 ) r d)\,
=1 | ©on)
the claimed inequality follows immediately. O

PROOF OF THEOREM 1.2. Let

d(k
S(u, Ky, Ky) = u/4 Z g—/z cos{4m(ku)t/? — 7/4}
K1 <k<Ks>
denote the partial sum in Voronoi’s formula, and set
Su(u, K1, K2) = S(u+ U, K1, Ka) — S(u, K1, K2).

In view of Voronoi’s formula, to prove the theorem it suffices to consider the integral

T+H
/ Sy (u,0,T)? du.
T

Assume that U < \/T/Q Let m be the integer such that 2™ < TV3U=2/3 L gm+l
and let M denote 2™. We have trivially

cos{dm\/k(u+U) — m/4} — 008{477\/@ —m/4} < \/\/ET{],
and thus

T+H 2
d(k) VEU
2 1/4 2
/T Sur(u, 0, M)? du < H(T k; I ) < HUlog*(VT/U),

which is contained in the claimed bound.
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We next consider the case when M3 < k < T. Using standard arguments (see,
for example, [6, p.363]) we see that

3f

T+H d(k)
/ Sy (u, M3, T)? du < HT*/? Z + T < HU log + T

32
T k>M3

Thus it remains to deal with the cases when M < k < M3. We write Sy (u, M, M?)
as » . Su(u, K,2K), where K runs over integers of the form 2™ M. When K; <
K5 /4, we have

T+H
/ Su(u, K1, 2K1) Sy (u, Ka, 2K5) du < T K R

T
When K; = K5,/2, we use the inequality 2|ab| < |a|? + |b|?, and obtain

T+H

T+H
/ Sy (u, M, M>)? du<<Z/ v, K,2K)? du+ T,
T

Thus, the proof of the result will be complete if we can show that

T+H HUQ\/?
3.1 / Sy (u, K,2K)? du < ———— log® K
(3.1 [ sy K2k -
for K < \F/U
Let Ty, € [T 4+ h,T + h + 1] denote a point with
|SU(Th7K7 2K)| - T+h<17512¥+h+1 |SU(uaK7 2K)|

We then have

T+H H

/ Su(u, K, 2K)* du <Y |Sy(Th, K, 2K)>.
T h=0

For h < H we denote by T} and 7T} the points Ty — 4V KT and T;, + 4V KT,

respectively. Set L =+ KT. Applying the second part of Lemma 2.1 and following
the calculation in Lemma 2.2 we obtain

Thf)\
Su(Th, K, 2K) / / K) (F(u, Ty +U) = f(u,T1)) dudA
l+)\
T1/4
JFO(KQ/4 > d(k)),
K<k<2K
where

d(k) cos{2m0(u)}
b)) u, K) = )
(u K) K};K VZan ()

log (u/v)

) = o= 1)

exp{—2mi(ulog(u/v) —u+v—1/8)}
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with
vk ko1
0 = 2usinh™t —— rutk2/4 2
k(1) = 2usin 2\/ﬂ+ u+k2/ 573"
k
ar(u) = (4ku + k?)Y/* sinh ™ vk

2V’
Setting fU(u v) = flu,v+U) — f( , we obtain
T 7>\
/ / (u, K) fu (u, Ty) dud

/+)\

2

ZSU Ty, K, 2K)?
h=0

+HTY?K=°?10g® K

Since K > TY/3U~2/3 the term HTY2K~5/210og? K is bounded by HU log? (\/T/U)
We now apply Lemma 3.1 with

Ex(u) = X(u, K),

Ju(u,Ty), when T} + A <u < T — A,
dan(u) =
0, else,

and the inner product (£, ¢) given by

T+H+5L L
& ¢) = / £(w)p(u) du.

T-5L
It follows from Lemma 3.1 that
H

(32) > S(Tn,K,2K)* < — /||§A|

h=0

/0 (s Das) dA

Using standard arguments ([6, p. 363]) again we see that
(3.3) |&x]1? < HTY? K=Y/ 10g® K 4+ T'F*.

Moreover, we have

(u, Th) < K

fU(’U,,Th) < U T

max
T <u<T) +L+U ou

for all T1;, < w < T}/ + L, and thus

2K3/2
1/ (¢Ah1a¢)\h2)d)\<< \/7(U\/7) _UT3/2

for all h1,he < H. On the other hand, integrating by parts, we see that the main
contribution to the integral L—! fOL(¢,\7h1,¢>\,h2)d/\ can be written as a sum of
quantities of the form

cl{g(Thl YU, Ty, + Uyt +coL) — g(Th, Ty + Ust + coL)

79(Th1 + Ua Thgvt + CQL) + g(ThlaThQ’t+ CQL)}
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where ¢ is
! . O 1 u / . / !
Thl,hg = mln(Thl y ThQ) or Th17h2 = maX(Thl , Thz)’
cgisOor1fort="1T; ,  0or—1fort="T; ,  andc is1or —1, depending on ¢

and ¢y, and

log(t/u) log(t/v)
An2\/uvlog? (u/v)(t/u — 1)(t/v — 1)
It follows that, for |hy — he| > /T/K,

g(u,’l},t) = -

2
UVEK UK

1 L
— , A\ < L 7=,
L/o (DAh1s Pahz) LTlog>(Th. /Tra) \ VT VTIh1 — hal?
and thus . )
1 UK
> f/ (@xh1s Pahs) dA < —5=
0
ho<H
for all hy < H. Inserting this estimate and (3.3) into (3.2), we hence obtain (3.1).
This completes the proof of Theorem 1.2. O
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