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ABSTRACT. We analyze the boundedness of the wavelet transform Wy f of the
quasiasymptotically bounded distribution f. Assuming that the distribution
f € 8'(R) is quasiasymptotically or r-quasiasymptotically bounded at a point
or at infinity related to a continuous and positive function, we obtain results
for the localization of its wavelet transform.

1. Introduction

Dependence of the localization properties of the continuous wavelet transform
W, f from the localization of the analyzing function f € L?(R) and the wavelet
g € L*(R) in time and frequency space, as well as the opposite dependence is
analyzed by Holschneider [2]. Working in the Fourier space, Pathak proved some
Abelian theorems for the behaviour of the wavelet transform of L? functions and
tempered distributions [3]. Contrary to the approaches in [2} [3], that are based
on classical estimations, we use the theory of asymptotic behaviour of distributions
to the asymptotic analysis of the continuous wavelet transform. Several Abelian
and Tauberian theorems for the wavelet transform are proved in [5] [6, [7] using
the quasiasymptotics and the S-asymptotics of distributions. We refer to [12] 4],
1, [9, 10}, 1T] and references therein for the definitions, properties and application
of these kinds of asymptotics of distributions.

In this article, we analyze the boundedness of the wavelet transform W, f of
the quasiasymptotically bounded distribution f. Assuming that the distribution
f € §'(R) is quasiasymptotically bounded at 0 or infinity (respectively, at by € R)
related to a continuous and positive function, we obtain novel results for the local-
ization of its wavelet transform W, f(b, a) (respectively, W, f(bo, a)), Theorem
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and Theorem Additionally, we define the notion of r-quasiasymptotic bound-
edness of distributions from the space S’.(R), 7 < 0, and assuming that f € S.(R)
is r-quasiasymptotically bounded we prove the results for the boundedness of its
wavelet transform, Theorem [3.3] and Theorem [3.4]

2. Preliminaries and notations

The domain of functions considered in this article is R. Therefore, we omit the
suffix and write C* instead of C*°(R), S instead S(R), and so on. The space of
infinitely differentiable functions (smooth functions) is denoted by C*°. The space
of rapidly decreasing smooth functions defined on the real line, supplied with the
usual topology is denoted by S. Its strong dual is the well known space of tempered
distributions S’. We refer to [8, [13] for the properties of these spaces.

Let S,, 7 < 0 be the space of functions ¢ € C* for which all norms

(2.1) lellrp = sup (1+]a?)2 ()], p=0,1,2,...

TER, asp

are finite. The topology of a projective limit of the decreasing sequence of spaces
S$0081228,D -,

where S,., is the completion of S in the norm || - [|,.,, defined by (2-I)), is introduced
in S,. Each embedding S},pﬂ C Sr,p, p=20,1,2,... is continuous.

The strong dual of S,., r < 0 is denoted by S; It is the inductive limit of the
increasing sequence of spaces

S oCc8,CCS,C e,

where S~7’.7p is the dual to the space S~r7p, p=0,1,2,....

We also need the definition of the spaces of highly localized function over the
real line which are introduced in [2]. By S; is denoted the set of functions s for
which supp § C [0, 00) and for every localized exponent v > 0

[slla = sup k3! (2)|s(x)] + sup ¢3! (w)[3(w)] < o0,
zeR w>=0

where ko (2) = (14|2]?) =2, ¢o(w) = w*(1+w)~* ! and 5 is the Fourier transform
of s. The image of Sy under the parity operator is denoted by S_, that is s € S_
if and only if s(—z) € S;. The direct sum of Sy and S_ is denoted by Sp:
So = S+ @S_. It is proved that the spaces Sy, S_ and Sy are closed subspaces of S;
S+ (respectively, S_) consists of those functions in S whose Fourier transforms are
supported by the positive (respectively, negative) frequencies only, and Sy consists
of functions from S for which all the moments vanish [2 Theorem 19.1.3].

We refer to [2] for the definition and properties of the wavelet transform over
the spaces L? and S’. The wavelet transform of f € L? with respect to the wavelet
g € L? is defined by

Ws(ba) = [

— 00

oo t—b

a

f(t)ég( )dt, beR, a>0.
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The function g is usually called mother wavelet or analyzing wavelet. The functions
Gbal-) = 7g( ) b € R, a > 0 which are obtained from the wavelet g by the
operations of dllatlon and translation are called wavelets. The wavelet transform
is a continuous linear transform from L2(R) into the space

+oo +oo
L2(R2 d“db) { (b, a) / da/ ba)|2db<oo}

which is a Hilbert space with the inner product
T dg [0 - da db
(F,G) = / i;/ F(b,a)G(b,a)db, F,G e L? (R2, z )
0 a 0o a

The wavelet transform of the distribution f € &’ with respect to the wavelet
g € Sy is the C* function over {(b,a) | b € R, a > 0} given by

(22) ng(b7 a) = <f(t)a§b,a(t)>a teR
(see [2, Chapter 1, Section 25]). For every a > 0, W, f(+, a) is a smooth function of
polynomial growth since W, f(b,a) = (f * go)(b), b € R, where g,(t) = g(—t/a)/a,
t € R is a rapidly decreasing function.

The wavelet transform of the distribution f € 5;7 r < 0 with respect to the
wavelet g € Sy is also given by formula .

We will give a definition of quasiasymptotic boundedness of distributions from
S’ at a point and at infinity.

DEFINITION 2.1. Let f € & and c(¢), € € (0,a) (respectively, c(k), k € (a,0)),
a > 0 be a continuous positive function. We say that f is quasiasymptotically
bounded at xo (respectively, at infinity) related to c(g) (respectively, c(k)) if there
exist p € Ny and M > 0 such that

’<W’@($)>‘ < Mllgll,, 0<e<1

< fc((];;;)’@(x) >‘ <Mlellp, k> 1),

(respectively,

for every ¢ € S.

~ We will also define quasiasymptotic boundedness of distributions from the space
S), r < 0, which we will call r-quasiasymptotic boundedness.

DEFINITION 2.2. Let f € S., 7 < 0 and c(¢), € € (0,a) (vespectively, c(k), k €
(a,00)), a > 0 be a continuous positive function. We say that f is r-quasiasympto-
tically bounded at xg (respectively, at infinity) related to c(e) (respectively, c(k)) if
there exist p € Ny and M > 0 such that

(o
(kx

#@) )| < Mllgllrpe 0<e<1

<respectively, ,<p(:1c)>‘ < Mlellrp, k> 1),

for every ¢ € S,.
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3. Main results

In the following theorems we consider the boundedness of the wavelet trans-
form W, f(b,a) (respectively, W, f(bo,a)) assuming that distribution f € &' is
quasiasymptotically bounded at 0 (respectively, at by) related to the continuous
and positive function.

THEOREM 3.1. Let f € & and ¢(e), 0 < ¢ < € be a continuous positive
function. If f is quasiasymptotically bounded at 0 related to c(g), then there exist
p € Ng and C > 0 such that

C 1\P
W, £(b,a)| < f(1+7) 1+b))?, beR, 0<a<1,
a a
for every wavelet g € Sgy.

PRrROOF. From the definition of the distributional wavelet transform we have

'ng(sb,sa)’ _ ’<f(ac) 1 _(z—eb)>"

cle) ea ea

After the change of variables x = et we obtain
Wy f(eb, ea) flet)y 1 _st—b
= [ 2 ()
cle) " a a
Since f is quasiasymptotically bounded at 0 related to ¢(¢), and g € S it follows
that there exist p € Ny and M; > 0 such that

(3.1) ’Wfabga‘\MH (x—b)

a

)
p

for every 0 < € < 1. In the following, we will use the condition 0 < a < 1, as well
as the following elementary inequalities

T+lz+y <A+ [z +[y]), 1+ |oyl < (1421 +[yl).

(3:2) ng(m_b) sup (1+|m|2)p/2‘<2§<$_b))(0‘)

a a p zeR, ap a

1 T —b
1 2\p/2 ‘—(a)( )’
ze%u5<p( +[z]%) presy a

< s+ a2 (1 |22 ))
M, o2 ~b
< e sup((1+12))”) (1+ )"
M2 -p
= it ig§(1+ |x]) (1 + )
Mo T —b\—P
< oy sup(L+ [ — b))’ (1+|b|)p<1+‘ —)

Moy T —bn\P x—b|\ P
= arr (U b sup (1o =2 ) (147
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< 2t by sup ( Narar(ie 7))
=y,

where M is a pos1t1ve constant.
From (3.1)) and it follows the estimation

‘W . f(eb,ea) (1 —|—a)
c(e)

for0<e<1,0<a<1andbeR. We choose gg such that 0 < g5 < 1 and put

gob=sand ega =m (0 <m < 1) in (3.3). So, we obtain

MM,

|ng(s,m)| < W(EO +m)P(eo + |s])Pc(e0)
0

(3.3) ’ < My M, (1+[b])",

<mnn CEE s 22 o),

0
Since c(g) is a positive function it follows that there exists constant C' > 0 such
that
1+ m)
mp+

Wy f(s,m)| < C (1+]s))?, seR, 0<m< 1. 0

The proof of the next theorem is similar to the proof of Theorem [3.1}

THEOREM 3.2. Let f € &' and c(e), 0 < & < & be a continuous positive
function. If f is quasiasymptotically bounded at by, by € R related to c(e), then
there exist p € Ny and C > 0 such that

(1 + a?)P/?
e

W, f(bo,a)] < C 0<a<l,

for every wavelet g € Sy.

REMARK 3.1. An analogous result could be obtained for the boundedeness of
the wavelet transform W, f(b,a) in the case when distribution f € &' is quasi-
asymptotically bounded at infinity.

THEOREM 3.3. Let f € S\, r <0 and c(¢), 0 < & < & be a continuous positive
function. If f is r-quasiasymptotically bounded at 0 with respect to c(¢), then there
exist p € Ng and C > 0 such that
(I1+a)? 1 B
ot ez 17

W, f(b,a)| <C —r>0,beR, 0<a<l,

for every wavelet g € Sy.

PROOF. As in the proof of Theorem [3.I] we have

PG =G N = [ 2a ()
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Since f is r-quasiasymptotically bounded at 0 related to c(g), and g € S it follows
that there exist p € Ng and M; > 0 such that

ng(eb,sa)‘ Hl_ x—b
9L B EN <Myl = g —2
c(e) ! g( a )
for every 0 < e < 1. Since 0 < a < 1 we have
1 _rx—0 B ovrs2| (1 - (x = b\ (@
Iza(=,, = @ P2 (Ga())

P z€R, ap a

r2 Lo _ay/x—0
= swp (L4 |y 2| ) ()]

(3.4) ‘

P

z€R, ap a
1 T —b
< 1 2 T/2‘ —(a)( )’
a1 me;‘i’gp( +[x%)"%| g -
We put 7 = —¢q, ¢ > 0 and get
(3.5) Hl,(m—b) < My . 1 <1+‘x—bD—q
. - < s ;
I\ )y S @t SR (T4 e)er2 a

where M, is a positive constant.
Since it holds

A+ < X+ b=zl +[z))* < (1 + [z —b)? (1 + |2[)?

—b\¢ —b\¢
= (1+a|==]) a+lahr < (1+ | ==|) @ +a) 1 + )",
we have
r—bn"9 _ (14+a)?(1+ |z])?
3.6 (1+’ D <
(36) ” ()
From the inequalities (3.4), (3.5) and (3.6)) we obtain
W, f(eb, ea) ‘ (1+a) 1 ((1+ |x|)2)q/2
< My M.
o(e) T (L B ek (1 J2?)e?
(1+a) 1 ( 2|z| )q/2
— My M. ap (1 + —2
P T A o ek U T o

(14 a)? 1
a’tt (14 b))

< My My2/?
If we choose 0 < g9 < 1 and put g9b = s and gga = m (0 < m < 1) in the
above inequality, we get

‘ng(s,m)
c(€o)

SSH (e0 +m)?
mp+1 (50 + M)q'

‘ < My M,29/2

Since ¢(g) is a positive function and from the following inequalities

(0 +m)? < (L+e0)?(L+m)?,  (eo +s])? = ((e0 + [s)*)4/? = (2e0ls)*/?,
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we have
p+l q 1 q
/260 (1 +¢0) (1+m)
Wy f(s,m)| < M1 Ms2 2‘7/258/2 c(eo) mp 1| s[a/2
1 7 1
_ C( +m) O

mp+1 |5|q/2’
where s € R, 0 < m < 1 and C is a positive constant.

The result for the boundedness of the wavelet transform W, f(bg,a) for fixed
by € R when f is r-quasiasymptotically bounded distribution at the point bg is
given in the following theorem.

THEOREM 3.4. Let f € S\, 7 <0 and c(¢), 0 < £ < & be a continuous positive
function. If f is r-quasiasymptotically bounded at by, by € R related to c(e), then
there exist p € Ny and C > 0 such that

(1+ a?)9/?

pm) , q=—-1>0,0<a<1,
a

|ng(b0,a)‘ g C
for every wavelet g € Sy.

REMARK 3.2. An analogous result could be obtained assuming that f &€ S;,
r < 0 is r-quasiasymptotically bounded at infinity.

REMARK 3.3. It is also possible to obtain an analogous result for the local-
ization of the wavelet transform W, f, assuming that the Fourier transform of dis-
tribution f € 8" or f € S., r < 0 is quasiasymptotically or r-quasiasymptotically
bounded, respectively.
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