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ABSTRACT. Consider the solution of the time-dependent Schrédinger equation
with initial data f. It is shown by Sjogren and Sjolin (1989) that there exists
f in the Sobolev space H*(R™), s = n/2 such that tangential convergence
can not be widened to convergence regions. In this paper we show that the
corresponding result holds when —A, is replaced by an operator ¢(D), with
special conditions on .

1. Introduction

In this paper we establish non-existence results of non-tangential convergence
for the solution u = S? f to the generalized time-dependent Schrodinger equation
(1.1) (p(D) 4+ id)u = 0,
with the initial condition

u(z,0) = f(x).
Here ¢ is real-valued, and its radial derivatives of first and second orders (¢’ =
ol and ¢” = ) are continuous, outside a compact set containing origin, and
fulfill appropriate growth conditions. In particular ¢(§) = |£]|* will satisfy these
conditions, for a > 1.

For (§) = |¢€|* we recover Theorem 3 in [3], where Sjdgren and Sjélin proved
that there exists a function f in the Sobolev space H™/? such that near the vertical
line t — (x,t) through an arbitrary point (z,0) there are points accumulating at
(z,0) such that the solution of equation takes values far from f. This means
that the solution of the time-dependent Schrédinger equation with initial condition
u(xz,0) = f(z) does not converge non-tangentially to f. Therefore we can not
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consider regions of convergence. As a consequence of our results, it follows that
Theorem 3 in [3] holds for any a > 1.

In this paper, we prove that the property which holds for ¢ (&) = [£|? also holds
for more general functions ¢(€) of the type described above. In the proof we use
some ideas by Sjogren and Sjolin from [3] in combination with new estimates, to
construct a counterexample. Some ideas can also be found in Sjélin [5), 6] and
Walther [9, [10], and some related results are given in Bourgain [I], Kenig, Ponce
and Vega [2], and Sjolin [4}, [7].

Existence of regions of convergence has been studied before for other equations.
For example, Stein and Weiss consider in [8, Chapter II Theorem 3.16] Poisson
integrals acting on Lebesgue spaces. These operators are related to the operator S¥.

For an appropriate function ¢ on R"™, let S¥ be the operator acting on functions
f defined by

(1.2) f= F~Hexp(ite(€)) F 1),
where F f is the Fourier transform of f, which takes the form

~

fo=rr@= [ et

when f € L'(R™). This means that, if fis an integrable function, then S% in (|1.2))
takes the form

S?f(x,t) =

(271r)" / e e @ f(e)de, xeR™ teR.

If p(¢) = |¢]* and f belongs to the Schwartz class S(R™), then S¥f is the
solution to the time-dependent Schrodinger equation (—A, + i0;)u = 0 with the
initial condition u(x,0) = f(x).

For more general appropriate ¢, for which the equation is well-defined,
the expression S¥ f is the solution to the generalized time-dependent Schrédinger
equation with the initial condition u(x,0) = f(x). Note here that S f is well
defined for any real-valued measurable ¢ and f € S. On the other hand, it might
be difficult to interpret if for example ¢ ¢ L .

In order to state the main result we need to specify the conditions on ¢ and
give some definitions. The function ¢ should satisfy the conditions

(1.3) lim inf( inf |¢'(r,w)|) = oo,
r—oo w|=1
21" (r,w)|
1.4 sup ( sup ’> <C,
(14) r2R\ |w=1 ¥/ (r,w)]?

for some (3 > 0 and some constant C. Here ¢’ (rw) = ¢'(r,w) denotes the derivative
of ¢(r,w) with respect to r, and similarly for higher orders of derivatives.

We let H?(R™) be the Sobolev space of distributions with s € R derivatives
in L2. That is H*(R") consists of all f € S’(R"™) such that

R 1/2
(1.5 ey = ([ (s 1ePrIFORdE) <o,
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THEOREM 1.1. Assume that the function v : Ry — Ry is strictly increasing
and continuous such that v(0) = 0. Let R > 0, and let ¢ be real-valued function on
R" such that ¢'(r,w) and ¢"(r,w) are continuous and satisfy and when
r > R. Then there exists a function f € H"?(R™) such that S f is continuous in
{(z,t);t > 0} and
(1.6) limsup [S¥f(y,t)| = +o0

(y,t)—(2,0)
for all x € R"™, where the limit superior is taken over those (y,t) for which |y—x| <
~(t) and t > 0.

Here we recall that ¢’ = ¢! and ¢’ = ¢/  are the first and second orders
radial derivatives of . When s > n/2 no counterexample of the form in Theorem
can be provided, since S¥f(y,t) converges to f(x) as (y,t) approaches (z,0)
non-tangentially when f € H*(R™). In fact, Holder’s inequality gives

enls* sl < [ 1F@lde< ([ et a)1lme,

which is finite when f € H*®(R™), s > n/2. Therefore the convergence along
vertical lines can be extended to convergence regions when s > n/2 and f belongs
to H*(R™).

2. Examples and remarks

In this section we give some examples of functions ¢ for which Theorem [I.]]
holds. In the first example we let ¢ be a positively homogeneous function of order
a>1.

EXAMPLE 2.1. Let @ > 1 and ¢(&) = |£]|%; then S?f(x,t) is the solution to
the generalized time-dependent Schrédinger equation ((—A,)%/? +id;)u = 0. By
change of variables to polar coordinates and derivate with respect to r we see that
o(r,w) =1 @' (r,w) =ar* ! and ¢"(r,w) = ala — 1)r*=2. We can see that these
derivatives satisfy and . In particular for a = 2 this is the solution to the
time-dependent Schrodinger equation (—A, + i9;)u = 0 and this case is treated in
Sjogren and Sj6lin [3].

In the following example we let ¢ be a sum of positively homogeneous functions,
where a > 1 denotes the term of the highest order.

EXAMPLE 2.2. For a > 1, let ¢(§) = 2?21 [€]%pqi(l,w), a1 < -+ <aq = a,
where inf,, |¢q,a(1,w)| = h>0and [|pq,i(1, )| e (sn-1) <00 for each i € {1,2,...,d}.
Here S"~! is the (n—1)-dimensional unit sphere. By rewriting this into polar
coordinates and differentiating with respect to r, we see that in the first derivative

the term ¢, ;(1,w)r* ! dominates the sum and that the second derivative can be
estimated by Cr®~2, for some constant C. These derivatives satisfy (T.3]) and (T.4).

In the examples given above we have used functions ¢ such that the modulus of
the radial derivative is bounded from below by a positive homogeneous function of
order a — 1 for some a > 1. This condition is not necessary. The assumption in the
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theorem permits a broader class of functions . The following example shows that
there are functions, which do not grow as fast as a positive homogeneous function
of order a — 1 for any a > 1, but satisfy the conditions (1.3) and (1.4).

EXAMPLE 2.3. Let (&) = |¢|log [¢], then ¢ (r,w) = log r+1 and ¢ (r,w) = r~!
and (|1.3) and (1.4]) are satisfied.

We also allow the dominant part of the derivative to grow faster than any
positively homogeneous function as long as we have some restrictions on the second
derivative. The conditions are given explicitly in and . The following
example contains such functions.

EXAMPLE 2.4. Let o(¢) = o(r,w) = e where inf, =1 u(w) = ¢ > 0 and
0 < b < 2. Here one should note that ¢ ¢ S’(R™). These functions grow faster
than r* for all ¢ and the same is true for the absolute value of the first and second
derivatives with respect to . This can be used to show that and are
satisfied.

3. Notations for the proof

In order to prove Theorem [I.1] we introduce some notations. Let B,.(x) be the
open ball in R™ with center at x and radius r. Numbers denoted by C, ¢ or C’
may be different at each occurrence. We let

(5]@:5/6’”5’}/(1/(]{34-1))/\/5, ke N,
where v is the same as in Theorem Since « is strictly increasing it is clear
that (dx)ren is strictly decreasing. We also let (z;)72; C R™ be chosen such that
X1,T2,...,Tm, denotes all points in By (0)N&1Z"™, Ty 41, - - -, Tm, denotes all points
in B3(0) N 622" and generally {Zm, 41, Zmys, } = Bry1(0) N0p1 27, for k > 1.

Furthermore we choose a strictly decreasing sequence (¢;)7° such that 1 > t; >
to > --- >0 and

1
—_— << —,
E+2 =7 T k+1

for mp +1 < j < mpyq.
In the proof of Theorem we consider the function f,, which is defined by

the formula

(3.1) Fo&) = €7 Qog [E) 7>/ D _ xj(@)e (o ete e,
j=1
where x; is the characteristic function of Q; = {£ € R™; R; < [¢] < R}}.
Here (R;)7° and (R})° are sequences in R which fulfill the following conditions:
(1) Ry 224 R, R} > Ry + 1, with R given by Theorem [1.1}
(2) R;- = Rj—v when j > 2, where N is a large positive number and independent
of 7, which is specified later on;
(3) Rj < R; < Rj+1, when j > 1;
(4)
(3.2) l¢'(r,w)]>1  when r>R;

ke N,
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(5) for j > 2

. 27
(3.3) R;-mn(’a’l) > max )
I<j tl — tj
where § > 0 is the same constant as in (1.4]) and
N — s
(3.4) inf (inf [¢'(r,w)]) > maxM;
R;<r< R |w|=1 1<j  t;—t,

REMARK 3.1. The sequences (I2;)° and (R})7° can be chosen since ¢ satisfies

condition (|1.3).

Furthermore, in order to get convenient approximations of the operator S¥, we
let

(3.5) S% f(z,) = (271r)n /5<R;n ¢im € ite(©) F(¢) de.
Then
(3.6 S falet) = 3 A7(0,0),
=1
where ’
(87)  AP(x,) = ﬁ /Q j (6= i(=4)0(8) |7 (log €]) ~3/4 .

By using polar coordinates we get

1 R; 1 .
3.8 AY t) = —— - LiFy(rw) dr bd ,
(3-8) J (7x, tr) (2m)n /|w—1 { /Rj r(logr)3/4e r rdo(w)

where F(r,w) = r(x) — ;) -w+ (ty —t;)¢(r,w), and do(w) is the Euclidean surface
measure on the (n—1)-dimensional unit sphere. By differentiation we get

(3.9) Fl(r,w) = (zx — x5) - w + (tk — t;)¢ (1,0),
(3.10) E(r,w) = (tr — t;)¢" (r,w).

Here recall that F,(rw) = F,(r,w) and F(r,w) denote the first and second orders
of derivatives of F,(r,w) with respect to the r-variable.
By integration by parts in the inner integral of (3.8]) we get

(3.11) B 1 mewg_a 5

- Jr, = Ao B

where

(3.12) Ap = [ eiFw(va) }R;,
r(log7)3/4iF (r,w) ] R,

Ry 4 1 ,
3.13 B, = — Ho(rw) g
(3.13) v /Rj dr (r(log )34 (1, w) )e "
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4. Proofs

In this section we prove Theorem [I.1l We need some preparing lemmas for
the proof. In the following lemma we prove that for fixed x € By(0) there exists
sequences (Z,,)7° and (t,,;)7® such that

Ty €E{Tmp41s s Ty ) and tn; € {tmpt1s- - tmgs }
and [z,,; — x| < Y(tn,)-

LEMMA 4.1. Let x € R" be fized. Then for each k > |x| there exists x,, €
{Tmps1s s Ty} and ty, € {tmyg1s -ty b such that |z, — x| < y(tn,). In
particular (Tn;,t,;) — (v,0) as j turns to infinity.

ProOOF. For each k > |z|,  belongs to a cube with vertices in T, = By4+1(0) N
dk+1Z™ and side lengths v(1/(k+2))/y/n. Take a vertex 2’ in the cube and its diag-
onal y(1/(k+2)) as center and radius of a ball respectively. This ball B, /(x+2))(2")
contains the whole cube and hence also z. Therefore there exists z,, for every
k > |z| such that x € By (1/(k+2))(®n;) C By, )(Tn;). This proves the first part of

AN

the assertion, and the second statement follows from the fact that v(0) = 0 and ~y
is continuous and strictly increasing. O

We want to prove that f, in (3.1)) belongs to H"/2(R") and fulfills (T.6). The
former relation is a consequence of Lemma [4.2] below, which concerns the Sobolev
space properties for functions of the form

(4.1) (&) = 117" (log |€)) /2>~ x; (€)b;(£),

j=1
where x; is the characteristic function on disjoint sets 2.

LEMMA 4.2. Assume that p > 1, Q; for j € N are disjoint open subsets of
R"~\ B,(0) , bj € Li, (R™) for j € N satisfies sup;en 10| o (o,) < o0, and let x;
be the characteristic function for Q;. If g is given by (4.1), then g € H"/2(R").

PROOF. By estimating (|1.5)) for the function g we get that

/ g©Pa+ g de < C €72 (log [€1) 77 (1 + |&])"/2 de

R"~B,(0)

> 1
§2”/20/ ————dr < oco.
, r(logr)r

The second inequality holds since (1472)*/? < (r2 472)"/2 = 27/ for r > 1. [
In the following lemma we give estimates of the expression Af.

LEMMA 4.3. Let A (x,t) be given by (3.7). Then the following is true:
k—1

(1) Z |AY (2,t)| < C(log R,_)Y*,  with C independent of k;
j=1

(2) AY (g, ty) > c(log Ry,)Y4, with ¢ > 0 independent of k.
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PROOF. (1) By triangle inequality and the fact that |{] > 2, when & € Q;, we
get

k—1 1
AY < —— -n(] -3/4 4
S Pl G [ T o) e

k—1

o [T Y <o RV
- logr)3/d @S 0B 1) T

where C is independent of k. In the last equality we have taken the polar coordi-
nates as new variables of integration.

(2) Since Rév = R} for N sufficiently large, we get

AL (zg, tg) = C . _ dr = C((log R4 — (log (R )1/N)1/4)
k ) R T(log 7')3/4 k k
1
:C( N1/4>(10ng)1/4 > ¢(log R})Y*,

for some constant ¢ > 0, which is independent of k. ]

LEMMA 4.4. Assume that SY, f, is given by (3.5). Then Sy, f, is continuous
on {(x,t);t >0,z € R"}.

Proor. The continuity for each S f, follows from the facts, that for almost
every £ € R™, the map (z,t) — e”'geit‘p(g)fw(f) is continuous, and that

/ leim€eite©O F(€)| de = 1F,(€) d¢ < C. O
IEI<R]

[€1<R7,

When proving Theorem we first prove that the modulus of S¢ f,(xk, tx)
turns to infinity as k& goes to infinity. For this reason we note that the triangle
inequality and (3.6)) implies that
k—

Z (zh,ty)

(4.2) |Sh fo(Tr,tr)| = | (7x, tr) |* Z A (zk, tr)

j=k+1

where m > k. We want to estimate the terms in (4.2). From Lemma we get
estimates for the first two terms. It remains to estimate the last term.

PROOF oF THEOREM [I.1] Step 1. For j > k > 2 we shall estirnate |A? (g, tr)]

in . We have to find appropriate estimates for A and Bsa in )-(3.13). By
using tk —t;>0and R; <r < R it follows from , , trlangle inequality
and the Cauchy Schwarz 1nequahty that

(4.3)  |Fy(rw)l = (te — ;)| (r,w)| — |k — ]

> (b= 1)l ()] — (1 — 1 L [l

2 2
From (3.2)), (3.3) and (4.3)) it follows that

1 : R;
Al = ‘ |: sz(r,w):I
4ol r(log 7‘)3/42.}%(7“, w) c R;

ty —t;).
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Q( 1 n 1 ) < C
T R \|FL(Rj,w)| - [FL(R},w)|/)  (tk —t)R;

In order to estimate B, using (L.4), (3.10) and (4.3), we have

<0279,

7( 1 )6 F‘p(r,w)’ < C C|F<g(raw)|
dr \r(logr)3/4iF/ (r,w) = 2| Fl (1, w)| r|F¥’7(r,w)|2(logr)3/4
C

S P (4, — 1)
This together with (| m gives us

1 .
-] il
|B,| = / r(log r)3/4iF(r, w))e r
C ¢ '
< / dr < — sez
R T1+m1n(17ﬁ)( k= tj) R}mn(lﬂ) (tk: - tj)

From the estimates above and the triangle inequality we get
(4.4) |A? (zr, tr)| < C(|Ap| +1Byl) < C277,  j>k>2

Here C' is independent of j and k.
Using the results from (4.2), (4.4), in combination with Lemma[4.3] and recall-
ing that R} = R;-V , gives us

(4.5)  |SE fo(xx,t1)| = c(log R},)Y* — C'(log Ry )M* — 0221
k+1

c(log(Rj))'/* — (log<Rk)>”4 — C > c(log R})"*,

N1/4
when m > k and N is chosen sufficiently large. Here ¢ > 0 is independent of k.

Step 2. Now it remains to show that S¥f, is continuous when ¢ > 0, and
then it suffices to prove this continuity on a compact subset L of {(z,t);t > 0,
x € R™}. We want to replace (z;,t;) with (z,t) € L in and ([3-4). Since we
have maximum over all [ less than j, we can choose jy < co large enough such that
for all j > I > jo we have that t; < t; < t. Hence we may replace (x;,%;) with
(z,t) € L on the right-hand sides in and for all j > jo. This in turn
implies that holds when (x,t) is replaced by (x,t) € L and j > jo. We use
to conclude that

1S fe(@,t) = 57 fo(2,1)]

o G e AL G B ACEE

— (2m)™

m:E 1tgp(§)f dé-‘ C Z 92— i _C2fm’

[€1>Ry, i=m-+1

when m > jo. Hence Sy, f, converge uniformly to S¥ f, on every compact set.
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We have now showed that S¥, f, converge uniformly to S¥ f, on every compact
set and from Lemma [£.4]it follows that each S, f,, is a continuous function. There-
fore it follows that S¥ f, is continuous on {(x,t);¢ > 0}. In particular there is an
N € N such that |S¥, fo(2k, tx) — S? fo(xk, tr)| < 1, when m > N. Using and
the triangle inequality we get

C(IOgR%)l/zl < |Svf1f<p(xk7tk)| < |Svfzfga(xk7tk) - S@fv(xkvtk)| + ‘Swf¢(xk7tk)|
< 14|57 fo(zn, tr)]-

This gives us | S f,(wg, tr)| > c(log R})*/* — 1 — 400 as k — +oo. For any fixed
z € R™ we can by Lemma choose a subsequence (2, ,ty;) of (z,tx) that goes
to (z,0) as j turns to infinity. This gives the result. O
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