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FORMULATION AND ANALYSIS
OF A PARABOLIC TRANSMISSION PROBLEM
ON DISJOINT INTERVALS

Bosko S. Jovanovié and Lubin G. Vulkov

ABSTRACT. We investigate an initial-boundary-value problem for one dimen-
sional parabolic equations in disjoint intervals. Under some natural assump-
tions on the input data we proved the well-posedness of the problem. Nonneg-
ativity and energy stability of its weak solutions are also studied.

1. Introduction

It is well known that the transfer of energy or mass is fundamental for many
biological, chemical, environmental and industrial processes. The basic transport
mechanisms of such processes are diffusion (or dispersion) and bulkflow. There-
fore, the corresponding flux has two components: a diffusive one and a convective
one. Here we pay attention to diffusion in one-dimensional domain with layers.
Layers with material properties which significantly differ from those of surrounding
medium appear in variety of applications [1}, 2], [3], [4, [7, 8, 12}, 14, 17]. The layer
may have structural role (as in the case of glue), a thermal role (as in the case of
thin thermal insulator), an electromagnetic or optical role, etc., depending on the
application. Traditionally there are two ways of handling such layers in the numer-
ical modelling: either they are fully modelled or, they are totally ignored. We use a
method proposed in [7}, [8] of modelling of a thin layer as an interface. The effect of
the layer on the solution is modelled by means of nonlocal jump conditions across
the interface. In order to explain the method proposed in this paper for mathemat-
ical modelling of layer phenomena we consider in Section 2 a physical model. As
a result the following initial-boundary-value problem (IBVP) arises: find functions
up(z,t), uz(x,t) that satisfy the parabolic equations

6u1 0 6’11,1

Ly S %(pl(:r)%) Faq(@)u = fi(z,t), zeQ = (ab), t>0,
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Juy 0 Ouz _ _
T g(pz(fﬂ)%) + @2(@)uz = fa(x,1), €= (cd), t>0,
where —c0 < a < b < ¢ < d < 400, and the internal boundary (or nonlocal

interface jump) conditions

(1.2)

(1.3 20D s 0,0) = (e 1)+ (0)
(1.4) — pg(C)W + asus(c, t) = Baui (b, t) + Y2(t).

These two conditions have the form of Robin—Dirichlet mixed boundary conditions
(see the review of Givoli [7], where Robin-Dirichlet conditions have been incorpo-
rated in a finite element formulation in order to eliminate an infinite domain, a
singular domain, or a substructure from computational domain). Finally, in order
to complete the IBVP we pose the simplest external boundary conditions

(1.5) ui(a,t) =0, we(d,t) =0,
and initial conditions
(1.6) u1(z,0) = up(x), wua(z,0) = ug(x).

Throughout the paper we assume that the data satisfy the usual regularity and
ellipticity conditions

(1.7 pi(2), ¢i(x) € Loo(4), 1=1,2,
(1.8) pi(x) = po;i >0, ae in;, i=1,2,
(1.9) a;>0, B;>0, i=1,2

In some cases we shall require that

(1.10) gi(z) >0, ae. inQ;, i=1,2,
and/or
(1.11) B1B2 < aras.

The aim of the present paper is to study the well-posedness of the IBVP (LI])-
(I6) and some of its properties as nonnegativity and energy stability of the solu-
tions. Finite difference schemes for approximation of (ILT)-(L6) are considered in
[10, 11].

An outline of the paper is as follows. In Section 2 we discuss a heat-mass
transfer problem and show how in a natural way can arise problem (LI)-(LG). In
Section 3 the well-posedness (existence, uniqueness and regularity of the solution)
for problem (LI)-(T6) is studied. A specific spectral problem is used. Energy
stability for solutions to problem ([LI)—(LH) is also discussed. The nonnegativity
of solutions to (LI)—(TII) is studied in Section 4.
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2. A Motivated Heat-Mass Transfer Problem

We know that conductive heat transfer is nothing else but the movement of
thermal energy through the corresponding medium (material) from the more ener-
getic particles to the others [3], 4], [17]. Of course, the local temperature is given by
the energy of the molecules situated at that place. So, thermal energy is transferred
from points with higher temperature to other points. If the temperature of some
area of the medium increases, then the random molecular motion becomes more
intense in that area. Thus a transfer of thermal energy is produced, which is called
heat diffusion. The corresponding conductive heat flux Q(x,t), is given by the
Fourier’s rate law Q = —pu, = —p%, where p is the thermal conductivity of the
medium, and u = u(x,t) is the temperature at point z at time instant ¢. We shall
assume that p depends on x only. The first law of thermodynamics (conservation
of energy) gives in a standard manner the transformation of the energy from one
form (e.g. mechanical, electrical, etc.) into heat. The right hand side of the above
equation represents the stored heat. In other words, the heat equation looks like

u u
2D (@) %) = ),
where € = pc, p is the density, and c is the specific heat capacity. Note that
the same partial differential equation is a model of mass transfer, but in this case
u(x,t) represents the mass density of the material at a point z, at time ¢. Instead
of Fourier law, a similar law is available in this case, which is called Fick’s law of
mass diffusion. An additional term ¢(x)u depending on the density may appear in
the mass equation due to the reaction

ou 0 ou

(2.1) e = o (p@)52 ) + a(@u = f(a,0).

For the case of an interface joining two media with thermal conductivities p; (i =
1, 2) the heat flows @; (even temperatures u;) have a discontinuity jump at the
interface (a point in 1D case, a curve in 2D case and a surface in the 3D case). We
shall now discuss a 1D model of two media of non-stationary transfer separated
by a layer where the temperature field is almost stationary, i.e., du/0t = 0 or the
quantity € = pc is very small. Then equation (2.1J) in the layer takes the form:

0 8uL

(2:2) — o (@5 ) + el = fula).

Let us suppose that the heat (or mass) equations of media 1, 2 are given by (L),
([T2) respectively, and in the intermediate layer (b, ¢), by [22)). On the two ends of
the layer we have the continuity conditions

(2.3) uy(b,t) = ur(b,t), wur(ct)=us(c,t),
0A) i OGE 0.0 = GE G0, pule) g (ert) = pa(e) P ()

Conditions (Z3]) enforce the continuity of the primary variable u (e.g., tempera-
ture), whereas conditions (2] require the continuity of the ‘flux’ Q. In the layer
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(b, ¢) we solve equation (22 analytically. Its general solution is of the form
(2.5) ur(z,t) = C1(t)v1 () + Ca(t)va(z) + w(x, t),

where v1, v, w are known functions, and C(t), C2(t) are unknown functions. From
@3) we can write

[Ul(b) Uz(b)} . {Ol(t)] _ {UL(b,t) —w(b,t)

vi(c) wa(e)| [Ca(t) ur(c,t) —w(e,t)|”

By solving this set of equations we express C1(t) and Ca(t) in terms of ur (b, t),
ur(c,t) and w(b, t), w(c,t). Then, from Z3)—(ZH) we obtain conditions (L3]) and
(T4), where

o pr(b)A1(c,b) B pr(b)A1(b,b)
YT AWM T T T A e
o — pr(c)A1(b, c) By = pr(c)A1(c, c)
T AL TP T Abe
n(0) = T (Aa(ed)wh.0) = a8, w(ert) + Alb) 2 0,0).
Ya(t) = ﬁ?b(,cc)) (Al(c, c)w(b,t) — A1(b, c) w(e, t) + A(b, ¢) g—i)(c, t)),
Abe) = [0 20— Beae) - s (0),
D) = () a2l = i) G2 = o) )

LEMMA 2.1. For the constants «; and B; inequalities (L9) hold.

PROOF. The functions v;(z) and va(x) are two linearly independent solutions
of the corresponding homogeneous ordinary differential equation

d dv
o= (pu) ) +arlew =0, we (o)

For example, we can choose v1 (x) and va(z) as the solutions of the Cauchy problems

d
Loy=0, b<z<e w(b) =0, pr(b) () =1,

d
Ly =0, b<z<c¢, wv2c)=0, pﬂc)%(c) =-1

Then maximum principle arguments [6] imply vy (c) > 0, 24(b) > 0, 22 (c) > 0,

v2(b) > 0, 2(b) < 0 and 42(c) < 0, wherefrom follows (LJ). 0

REMARK 2.1. If one formally sets 81 = 0 (or S2 = 0) problem (TI)—(L6)
can be decoupled into two independent initial-boundary-value problems. Indeed,
in that case u; satisfies equation (IIJ), boundary conditions of the Dirichlet and
Robin type
8u1 (b, t)

ul(aﬂt) = 07 pl(b) or

+ ajuq (b7 t) =M (t)7
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and the initial condition uq(z,0) = ujo(x). Such problems are already well studied
(see e.g., [16l 18, [20]), where, for the well-posedness, a; > 0 is assumed. When u;
is determined, one obtains an analogous mixed Dirichlet—Robin initial-boundary-
value problem for us.

REMARK 2.2. Introducing new unknown functions
Ul(xv t) = ul(xv t) - Al (t)(I - a)(:z: - b)v UQ(Ia t) = UQ(Ia t) - AQ(t)(x - C)(.I - d)v

where A1 (t) = v1(¢)/[(b — a)p1(b)] and Az(t) = ¥2(t)/[(d — ¢)p2(c)], one obtains
an analogous initial-boundary-value problem with homogeneous internal boundary
conditions. In such a way, without loss of generality, we can set v1(t) = v2(t) =0

in (I3)- ().
3. Well-Posedness of Problem (1.1)—(1.6)

After the formulation and explanation of the physical meaning of problem
(CI)—(@8l), we come up to the following theoretical questions: (a) existence, unique-
ness and qualitative properties (as smoothness, positivity, energy stability, etc.) of
the solution; (b) construction of analytical and numerical methods for approximate
solution of the problem. This paper is concerned with the first group of ques-
tions. We begin with the well-posedness, i.e., existence and uniqueness of solution
in appropriate Sobolev spaces.

3.1. An Auxiliary Spectral Problem. The problem is to find the triple
A;v = (v1,v2)] € R x HY(Q) x H*(23) which satisfies the differential equations

_ d d’Ul -
(3.1) Liv; = _d_x(pl (:v)d—x> + @1 (z)vi(x) = Mg (x), x € Q,
d dv
(3.2) Lovg = _E(M(m)d_x2> + @2(z)v2(x) = Mz(x), x € Qo
with Dirichlet’s classical boundary conditions
(3.3) vi(a) =0, w2(d) =0,
as well as the nonlocal Robin—Dirichlet boundary conditions
dv
) 1y (’Ul,’Ug) =p1 (b)d—;(b) + a1 (b) - 61’1}2(6) =0,
(34
dv
la(vy,v2) = —p1 (c)d—;(c) + azva(c) — Bau1(b) = 0.

Assuming that conditions (L9) hold, consider the product space L = L2(1) X
L2(93), endowed with the inner product and associated norm

2

(w0) =Y Bas(uir vi) Loy, IIlln = (v,0);%,
i=1

where

(Ui, Vi) Ly (02:) :/ wividr, 1=1,2.
Q;
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We can identify v € L with a scalar function in = Q3 UQq, by v : Q@ — R,
v|g, = v;, i = 1,2. We introduce the product space

H' = {v = (vi,v2) | v; € H () and vy (a) = 0, va(d) = 0}
endowed with the inner product and associated norm

2
du; dv; 1/2
o =3 | o + (G ) ] Il = 0

We have the following assertion.

LEMMA 3.1. Under the regularity conditions (LZ)-(L9), the spectral problem
BID)-B4) is formally equivalent to the following variational problem: find [\, v] €
R x H' such that

(3.5) A(v,w) = [v,w] + Z(v,w) = MNv,w)p, Ywe H',
where
2 du; dv;
[u, v] = ;53—1‘[%%]1‘7 [u, vi]i = /Qi (pi T T +Qiui’l)i) dr, i=1,2,

Z(v,w) = Baarvr (b) w1 (b) + Brava(c) wa(c) — B1B2 [v1(b) wa(c) + va(c) wi(b)].

PRrROOF. Consider the eigentriple [A; vy, v2] of BI)-B4). Multiplying (3] by
wy € HY(Q1) such that wy(a) = 0 and integrating by parts using the first condition
in (B4]) we obtain the identity:

[v1, w11 + a1v1(b) wi(b) — Brva(c) wi(b) = A (vi, w1)L,(0y)-

Analogously, multiplying ([32) by wa € H*(22) such that ws(d) = 0 and integrating
by parts we obtain:

[v2, wal2 + azva(c) wa(c) — Bov1 (D) wa(b) = A (va, w2) L, ()

Now multiplying the first of these identities by (2, the second by £; and summing
up we get ([B.0). Conversely, consider the eigenpair [\, v] of the variational spectral
problem ([BH). Choosing successively test functions of the form w = (p1,0) and
w = (0,92), vi € C§°(Q), and using the standard rules of differentiation for
Schwartz distributions [15}, 22] we recover differential equations (31) and 2). To
recover boundary conditions (3.4) we choose the test functions w = (w;,0) € H!
and w = (0,w2) € H'. O

We state the following important properties of the spaces H' and L:
(i) H' and L are Hilbert spaces, (ii) H' is compactly embedded in L.
In the following lemma we deal with some properties of the bilinear form

A(u,v).

LeMmMA 3.2. [1T] Under condition (L), the bilinear form A, defined by (B.H),
is symmetric and bounded on H' x H'. If conditions (LY)—(L3) also hold, the
bilinear form A satisfies the Garding inequality

Av,v) 2 alvllip —elvlli, YveH', e, >0
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REMARK 3.1. If besides (I7)—(T9), conditions (LIO)—(TII]) are satisfied, the
bilinear form A is coercive, i.e., there exists a constant ¢y > 0 such that

A(v,v) = co|lv||3, YveH

Lemmas 211 B11 and properties (i), (ii), allow us to recast problem (B.II)—
B4) into the general theory of abstract eigenvalue problems for bilinear forms in
Hilbert spaces, see e.g. [15], 18], [20]. This ensures the existence of exact eigenpairs
as stated in the following theorem.

THEOREM 3.1. Under conditions (L) and ([L8) problem BI)-B4) has a

countable sequence of real eigenvalues —co < Ay < Ao < --- — 00. The correspond-

ing eigenfunctions v* = (vF,v8), k = 1,2..., can be chosen to be orthonormal

in L. They constitute a Hilbert basis for H1 as well as for L.
3.2. Existence and Uniqueness of Weak Solutions. Let us introduce the
cylinders Qi = {(z,t) |z € Q, 0<t < T}, i=1,2.

THEOREM 3.2. Assume that f = (f1, f2) € L2(0,T; L), up = (u10,u20) € L and
7 (t) = v2(t) = 0. Then problem (LI)-3) has a unique solution u = (u1,us) €
HY0 = Ly(0,T; HY) which satisfies the following weak formulation:

T
—52/ w2 i — [31/ ug%dzdt—k/ Alu(-, ), v(-, ) dt
1T ot 2T ot 0
262/ uyo(x)vy(z,0) d:zc—i—Bl/ ugo(x)v2(x,0) dz
Ql QQ

+55 fl (,T,t)’l)ldl' dt + B fz(,T,t)’Ugde‘ dt,
Qir Q2r

Yo = (v1,v9) € HY' = Lo(0,T; HYY N HY(0,T; L), vi(z,T) =0 a.e. in .

PROOF. The existence proof, for example, can be accomplished by the Fourier
method [15], 18} 20]. We first construct a family of approximate solutions, using
the spectral problem BI)—@4). Since uip € La2(€;), and fi(z,t) € La(),i=1,2,
for almost all ¢t € (0,7") we have

wio(x Zulov x), filz,t)= ka i1=1,2,

where ufy = (ui0, v] )L2 ) fEE) = (file, 1), of )Lzmn and ff(t) € L2(0,T). Let us
consider for each k =1, 2, ... the functions

t
UF(t) = ube 2t —|—/ R t"dr, i=1,2,
0

which satisfy almost everywhere on (0,7 the equations
AUk

dt

The pair of sums SE = (SK, SK), SK(z,t) = Eszl Uk(t)vk(z), i = 1,2, is a
weak solution of the problem (LI)-(T3) with initial functions Zszl uk vF(z) and

= fF@p), UFO)=u, i=1,2.
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right hand sides Eszl fEvF(z), i = 1,2. Further, following the known techniques
[15], 18, 20], we show that the series SX is convergent in H°.

Let ul(z,t) = (ul(z,t),ul(z,t)) and u?(z,t) = (ui(z,t),u3(z,t)) be two gener-
alized solutions of problem (LI)—(TH). Then u = u' — u? is a generalized solution
of the corresponding homogeneous problem. Let introduce the functions

l
oi(,t) = J; wile,7)dr, 2 ey, te(0,),
0, xeQ, te(l,T),
where : = 1,2 and 0 < ¢ < < T. It is easy to check that the functions v; have
generalized derivatives

ov; ) u, T E Qi, te (O,Z),
ot o, re, te(,T),

v { Poui(y rydr, m ey, te (0,1,
o

t Ox
oz , x € Q te(l,T),

v = (v1,v3) € H" v;(2,T) = 0, i = 1,2, and v1(a,t) = 0, va(d,t) = 0, t € [0, T].
Plugging these formulas in the identity of Theorem [3.2] that defines the solution w,
and assuming that u;(x,t) = 0 for = € ;, t € (0,1 — )we get the equality

! !
(3:6) | ol [ awo.ot0)d=o
l—e l—e
Following the technique from [18] p.395], and using Lemma we show that

I 1

1 d

3.7 Au(-,t St))dt = —= —(A(v(-,t 1)) )dt
60 [ Awtooed =3 [ Z(aw.0.000)

1 c1 C2
= 2 AW =2)u( =) > Dol L=l — 2 ol - Ol

Further, we have

2 l 2
@8) ot = o)l =3 fas /Q | ( /l ui(:v,t)dt> i
2 l
§€;ﬂ3ﬂ' /Q )

Choosing ¢ = T/N < 2/e¢, from (B6) @B8) follows [ _|lu(-,t)||2 dt < 0, which
imply that u; =0 a.e. in Q; x (I —¢,1),i=1,2.

Repeating this procedure for [ = ¢, 2¢,..., Ne =T we obtain that u; = 0 a.e.
in Qir, i = 1,2, wherefrom follows v = 0 and u' = u?. O

€
1
u?(z,t)dtde = 5/ lu(-,t)||% dt.
l—¢ l—e

3.3. A Priori Estimates and Energy Stability of the Solutions. Let
H~! = (HY)* be the dual space for H!. The spaces H', L and H~' form a
Gelfand triple H! ¢ L ¢ H~![22], with continuous and dense embeddings. We also
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introduce the space W = {u | u € La(0,T; HY), % = (%, %) € Lg(O,T;H‘l)}
with the inner product and associated norm

o= [ [ oo+ (e, Goen) et = Gl

Let us consider the following weak form of (LI)—(LH):

(3.9) <%(-,t), v> + A(u(-,t), v) = (f(-,1), v), Yoe HY,

where (-, -) denotes duality pairing in H~! x H!.

Problem ([B9) fit into the general theory of abstract parabolic problems [22].
Applying Theorem 26.1 from [22] to B3) we immediately obtain the following
assertion.

THEOREM 3.3. Let the assumptions (LTZ)-(L9) hold and suppose that ug =
(u10,u20) € L, f = (f1, f2) € L2(0,T; H™Y), 1(t) = 72(t) = 0. Then the problem
[CI)-(T8) has a unique weak solution uw € W, and Hadamard’s a priori estimate
holds:

T
lullf < C(T) (IIUoII% +/O ||f(-,t)||fqldt), C(T) = Ce*T.

THEOREM 3.4. Let the assumptions (LT)-(LII) hold and suppose that ug =
(u10,u20) € L, f = (f1, f2) € L2(0,T; L), v1(t) = 72(t) = 0. Then the solution of
problem ([LI))-([L0Q) satisfies the a priori estimate:

t
lu(- DI < e-m(nuon% o 6257||f(-ﬁ)||%d7), 5> 0.

PROOF. Setting in (89) v = u and using Theorem B and the Cauchy—
Schwarz inequality with € > 0 one obtains

5 o (lu D) + A DI < < e, DI + 517G )1

where A; > 0 is the minimal eigenvalue of the problem BI)-B4). For e < Ay,
result with § = Ay — ¢ and C' = 1/(2¢) follows by integration. O

REMARK 3.2. Functional ||u(-,t)||2 express the kinetic energy of the system.
Therefore, results of such type are usually referred to as energy stability (cf. [9]).

REMARK 3.3. The minimal eigenvalue of problem B))-([34) may be positive
even if (LI0)—(TII) is not satisfied. Using Lemma B2 and the Poincaré inequality
one obtains

261
max{(b—a)?, (d — ¢)?}

In such a way, instead of (LI0)—(LII) we can require that cg > 0.

A(U,U) 2 c3 ||1)||%, c3 = “+c1 — ca.
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4. Nonnegativity Preservation

Considering the heat conduction problem, the temperature of a body can not be
negative if the temperature is nonnegative in the initial state and on the boundary
of the body. This property is called nonnegativity preservation. In this section we
analyze the nonnegativity preservation for the problem (I)—(TTTl).

For a function v; € H'(Q;), i = 1,2, we denote its positive and negative
parts by v;" and v; . That is v; = v + v;", where v;" = max{v;,0} > 0 and

70 [

v, = min{v;,0} < 0. By [6l Lemma 7.6, p. 150], we have that

dvf  [4uifv>0, dv; |9 ifo <0,
de 0, ifv<0 dx v>=0

)

It follows that

dvi dv; dv; dv;
v;rv;:%%:v; ;; —l—vj%:O ae inQ;, i=1,2.
For some T > 0 let us consider the following inequalities
Ou;
(4.1) (;i YL =0 in Qir, i=1,2,
(42) 1 (’U,l,’u,z) >0, lz(ul, u2) >0, O0<t<T.

Let V (see [16], p. 6]) be the Banach space consisting of all functions in H*? having
Bui

the finite norm
Oz LQ(Q'LT)>'

A function u = (uj,u2) € V is said to satisfy weakly (1) and (2) if for any
v=(v1,v2) € H*' v; > 0,7 =1,2:

full = (s, Ol + |
i 0<t<T

b d
62/ up(z, t)vy (z, t) dz —i—Bl/ us(z, t)va(z,t) dz
d

b
—ﬁg/ uy(x,0)vy(z,0) dx—Bl/ uz(x,0)vz(x,0) d

(4'3) ‘ t pb t pd
8’01 81)2
—Bs / ul(:E,T)E(ZE,T) dsz—ﬂl/ / uz(z,r)a—(x,ﬂ dx dr
0 Ja 0 Je t

+/0 AQu(,7),0(, 7)) dr > 0

for almost every ¢ € (0,T). It is easy to see that if u; € C*Y(Q,r), i = 1,2, satisfy
(1), #2) pointwise then (&3] holds. Conversely, if v € V satisfy [@3) and u;
are sufficiently smooth, then they also satisfy (@1]), (2] pointwise. We shall now
prove the following theorem.

THEOREM 4.1. Let u = (u1,u2) € V satisfy (£I) and [@2) weakly, and let
D) -@II) hold. If ui(x,0) =0, then u;(z,t) =0 a.e. in Qir, i =1,2.
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PRrROOF. Using the Steklov average and passing to the limit (see [6] Ch. 3]) we
can formally take v = —u~ > 0 in (@3) to obtain

522 /ab(uf( t)) d:c+%/ (u;(x,t))zdw—%/ﬂb%‘(%oﬂzd“i

_&/c (u2 (:E 0 dCC—Ff)’z// <p1 %86&4'(]1( )U1u1>d$dt

4.4 3 0
(44) + b / / pa(z UQ Guy + Q2($)U2U2_) dx di
0 Je

t x
< / [~ Baonus (b, 7)u (b,7) — Praua(e, Tyuz (¢, 7)
0

+ 8182 [ul(b T)ugy (¢, 7) + uz(e, T)uj (b, T)] } dr
Further

Ou; Ou; [ Ouy 2 e

or Ox _<8x) (i) = (ug)%

u1(b, t)uy (¢, t) + uale, t)uy (b, t) = 2uy (b, t)uy (¢ t) + uf(b, t)us (c,t)
+uy (b, t)ug (e,t) < 2uy (b, t)uy (c,t).

From here and (#4), since by our assumption u; (z,0) =0, i = 1,2, we obtain:

%/a (uf(w,t))2d;g+g2/o /a (Pl(iﬁ)(aa%y +Q1(:v)(u1)2)d:vdr
+% /Cd(u;(x,t))Qd:c + b1 /Ot/cd <p2(a:)(ag—;_)2 + Q2(I)(u2_)2)da: dr
S /o | 8201 (uf (6,7))* + Bras(uz (e, 7))* = 2681 Bus (b, 7)uiz (e, 7)] dr < 0.

For the last inequality we used (EI:QI) and (LII). From here it follows u; (z,t) = 0.
We then conclude that u;(z,t) = u; (z,t) > 0, a.e. in Q;r, i = 1,2. O

5. Concluding Remarks

We have proposed a simple parabolic problem on disjoint intervals to model
layers with material properties which significantly differ from those of the surround-
ing medium. We assumed that the differential equation that describe the process in
the layer is monotone, i.e., it satisfies the maximum principle which implies the pos-
itivity conditions (IU). Under some additional natural assumptions on the input
data we proved well-posedness of the IBVP that describes the process outside the
layer as well as nonnegativity and energy stability of the solutions of the problem.
The results obtained in this paper should be a good base for analysis of numerical
approximations of the problems. The preservation of characteristic properties of
different phenomena is a very important requirement in the construction of reliable
numerical methods [5]. The nonnegativity preservation of finite element solutions
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to 1D elliptic problem on disjoint domains is discussed in [13]. A further devel-
opment of the present modelling of layer problems should include cases when the
differential operator corresponding to the process in the layer is nonmonotonous
and conditions (L) fail. The process in the intermediate layer is considered to
be stationary (Section 2) and as a result of this the derived nonlocal boundary
conditions are of the Robin—Dirichlet type [7), [8]. But when the process in the in-
termediate layer is nonstationary, the arising boundary conditions will be nonlocal
in time and it will be interesting to study this new problem for well-posedness and
qualitative behavior of the solutions. Nonlinear 1D elliptic problems on disjoint do-
mains are studied in [21]. Using the exact solutions of heat mass transfer equations
[19] the results from the present paper could be extended to nonlinear parabolic
problems.
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