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ON AN INTERPOLATION PROCESS
OF LAGRANGE-HERMITE TYPE

Giuseppe Mastroianni, Gradimir V. Milovanovi¢,
and Incoronata Notarangelo

ABSTRACT. We consider a Lagrange—Hermite polynomial, interpolating a func-
tion at the Jacobi zeros and, with its first (r — 1) derivatives, at the points £1.
We give necessary and sufficient conditions on the weights for the uniform
boundedness of the related operator in certain suitable weighted LP-spaces,
1 < p < o0, proving a Marcinkiewicz inequality involving the derivative of the
polynomial at £1. Moreover, we give optimal estimates for the error of this
process also in the weighted uniform metric.

1. Introduction

Let us denote by Ly, »(v®, f) the polynomial of Lagrange-Hermite type based
on the Jacobi zeros zy = @y, x(v®) related to the weight v®(z) = (1 — 22)® and
whose jth order derivatives at +1 are equal to f(j)(:lzl), 7=0,1,...,r—1,ie.,

me(vo‘, f, fk) = f(xk), k=1,...,m,
Lo (0, /)9 (£1) = fO(£1), j=0,1,...,r—1,

where (0 = f.

This interpolation process is sometimes useful in the numerical treatment of
differential equations with boundary conditions. The authors had already took into
consideration a similar procedure obtaining some results that the reader can find
in [3, pp. 260, 272]. In the present paper we are going to study the behaviour
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164 MASTROIANNI, MILOVANOVIC, AND NOTARANGELO

of the sequence {L,  (v®, f)}.m in certain suitable weighted LP-spaces and give
necessary and sufficient conditions on the weights for the uniform boundedness of
{Lm(v*)}m. Optimal estimates of the error will be given and a Marcinkiewicz
inequality involving the derivatives of the polynomial at +1 will be proved. The
results of this paper cover the ones available in literature.

In Section 2] we will state our main results and in Section [3] we will prove them.

2. Main Results

In the following C denotes a positive constant which may have different values
in different formulas. We will write C # C(a, b, ...) to say that C is independent of
the parameters a,b,... If A, B > 0 are quantities depending on some parameters,
we write A ~ B, if there exists a positive constant C independent of the parameters
of A and B, such that B/C < A < CB.

Now we introduce some function spaces, related to a Jacobi weight of the form

(2.1) Vi(z)=(1—-2%)7, v=0, =xc(-1,1).

Letting Lp 1 < p < oo, denote the space of all measurable functions f with
Hngzf |fIP, we say f € LY, if fo¥ € LP, ie., ||f||p :f_l |fv7|P < oo. For
p =o00 and v > 0, we set LS = Cyv = {fEC'O - ) lim )1 (fo7)(z _O}
and Cyo = C°[—1,1]. Moreover, we set

={f¢e C%(=1,1): fis (r — 1) — times differentiable at =+ 1},

where 7 > 1 is an integer number. Of course, C? C Cpv, v = 0, and C? D
C™-1,1], where C"~1[—1,1] is the collection of all functions whose (r — 1)th
derivative is continuous on [—1, 1].

The Sobolev type spaces are defined as follows

Wy =Wy ={felb: fE e AC(~1,1) and ||[f@ v, < oo},

where ¢(x) = 1 — 22, AC(—1,1) is the set of the absolutely continuous functions
in every compact of (—1,1), 1 < p < oo and s > 1 is an integer.

Let v¥(z) = (1 —22)%, a > —1, and {p,,(v*)}.m be the corresponding sequence
of orthonormal polynomials with positive leading coefficients. For every function
f €C2% r>1, an expression of the polynomial L,, ,.(v®, f,z), a > —1, is given by

v :Ezmvrx k(@) T
Luno (v, f, ) ; @) iy T @)

= <1— o <va>>(i)(‘”

r— 1

Pm

+(1-2)p

M

(2.2) =: A(z) + Bi(x) + 2(:10)
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where x, k= 1,...,m, are zeros of p,,(v*) and

D (0, 2)
P (v, zk) (@ — 21)
We complete the definition of Ly, ,(v®, f) setting L., o(v®, f) = Ly, (v, f).

Finally, letting PP, be the space of all polynomials of degree at most m, we
denote by Ep,(f)vrp = infp, ep,, [[(f = Pn)v]lp, 1 < p < o0, the error of best
polynomial approximation in L?,

Now we are able to study the behaviour of the sequence {Lp, ,(v*)} i, r =1
in the above introduced function spaces.

Ie(z) = k=1,...,m.

)

THEOREM 2.1. Let v® and v be two Jacobi weight functions defined in (1),
with v > 0 and o > —1. Then, for every f € C°, r > 1, we have

() )
(23) Lo (0%, F07 e < {wvwmmgm+ - ZI“J ”+VJ“”}

j!'m2i

where C # C(m, f), if and only if

a 1 a 5
. S 4+-¢ <S 42
(2.4) 5 + 1 Y+ 5 + 1
Moreover, if f € C"=1[—1,1], the condition Z4) implies
(2.5) ILf = Lo (v, Ol |loo < CEmy2r—1(f)vr,00logm, € # C(m, f).

The above theorem includes some special cases that are well-known in litera-
ture. For example, for v = 0 and r > 1 we get Theorem 4.2.5 in [3] p. 260]. In the
case r = 0 and v > 0 we obtain Theorem 2.2 in [4] (see also [3| p. 272]), and for
v =r =0 we get Theorem 14.4 in [9] p. 335].

THEOREM 22. Let 1 <p<oo,v20, and a > —1. Then, for every function
f€C r>1, there exists a constant C # C(m, f) such that

()
26) e, D07 < {07 + QﬁMEZ”J s RELY

Jlm?2

if and only if

y+r 3
(2.7) " er? and YL
/vaw ,U'erT
i.e.,
L
7 2 1°"
Letting
r—1
o Y ED+ YA
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it is easy to deduce from the proof of the above theorem that the only condition
v/ /v € LP is necessary and sufficient to obtain the bound

Um(f)

||Lm,r(vavf)v'yl|p <O flloo + 2 +2/p’

1<p <o,

which, for r = 0, follows from a well-know theorem of P. Nevai [7, p. 680].

The following theorem is a refinement of the previous one and implies some
interesting consequences.

THEOREM 2.3. Let 1 < p < oo, v 20, and o > —1. Then, for every function
feC r>1, there exists a constant C # C(m, f) such that

m 1/p
(2.9) [ L,r (v, O ]p < C{ (Z A9Ck|f“v”|]"(:vk))
k=1

o) (= €)
=0

+ m2y+2/p j'm2.7

if and only if

y+r a
(2.11) %ELP and V;’fe/:q, g lep =1,
V¥ vrTr
i.e.,
1< L 1<1
—= r— === < -
p 2 4 ¢

Now we state some estimates of the error f — L, (v®, f) for f varying in the
previously introduced spaces.

PROPOSITION 2.1. For any f € C"'[—1,1], r > 1, under the assumptions

210) we have
(2-12) H [f - Lm,r(vav f)]’l}’)al < CEm+2T*1(f)v“*,OOa

where 1 < p < oo and C # C(m, f). Moreover, if f € Wy,r > 1, and 1 < p < oo,
then the conditions (ZII)) imply

(213) 7~ Lo O, < |70, € £ Cm, ).

Note that (ZI3) shows that, if f € W, with r > 1 and 1 < p < oo, the poly-
nomial Ly, (v®, f) converges with the order of the best polynomial approximation
in LY, . Therefore, in the usual way, we can establish the next corollary that shows
the uniform boundedness (with respect to m) of the operator L., ,(v*) in Sobolev
spaces (under the assumptions (2.11])).

p7

COROLLARY 2.1. Under the conditions 2.I1I), for every f € W withr > 1
and 1 < p < oo, we have

(214) SupHLm,r(vauf)HWpT <CHfHWPT’ C#C(f)
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Coming back to Theorem [Z3] the estimate (2.9]) with the notation (2.8)) can
be written as

m 1/p o
[Zmetot 07, < e (L aalrorpn) o+ T <),
k=1

Of course, if f is a polynomial P of degree m + 2r — 1, the inequality
Lo (P) = Cl[ L, (v*, P)07[|p = Cl[Pv7 ][y, 1 <p < o0,

is equivalent to the conditions (Z.IT).
Moreover, it is easy to prove that for arbitrary o > —1, v > 0, and r > 1, the
inverse inequality I', (P) < C||Pv”||, holds true for 1 < p < co. In fact, the bound

m 1/p
(2.15) <Z Azk|Pm|P(xk)> < C|| PV,

k=1
is well-known (see, for example, [7] p. 675]). In order to obtain

Um(P)

—avragp S ClIPOY

it suffices to apply the inequalities of Markov, Schur and Nikol’skii.
Therefore, we can state a new Marcinkiewicz inequality involving the deriva-
tives of a polynomial at +1.

COROLLARY 2.2. Let xx,k =1,...,m, be the zeros of the mth Jacobi polyno-
mial pm(v*) and let 1 < p < co. Then, for every polynomial P € Py,q0r—1, the
following equivalence

2l . v|P v om (P)
(2.16) | PvY[, ~ ;mkwv ") )+l

14

holds true, with the constants in “~" independent of m and P, if and only if

Finally, we want to observe that if we introduce the mth Christoffel function
of the weight vP,

-1 /1T — 22
Am (VP 2) [Zpk (v7P x] NU'YP(x)i

)

m

then the sum in ([ZI6) can be replaced by

(> Am<vw,xk>|P<xk>|P)l/p.

k=1
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3. Proofs

In this section we will frequently use the Remez-type inequality in the following
form

(3'1) (VPm € ]Pm) ”Pm?ﬂ”p < CHPWUWHLP(Am)a

where A,, = [—1 +am2,1— am_2], with a > 0 fixed, and C # C(m, Pp,).
If T is a subinterval of (—1, 1), the Hilbert transform H(f,t) is defined as follows

H(f,t)—/I%dz, tel,

where the integral is understood in the Cauchy principal value sense. For 1 < p <
00, the following property is well-known:

p g 1,1 _
/IgH(f):—/IfH(g), fevrL andgEL,p+q 1.

Moreover, with v7(x) = (1 — 22) and 1 < p < oo, one has

1 1
I(H f)vo]lp < C| fv7], if and only if — > <o < 7

Now, recalling (2:2) with the notation (Z8]), we can state the following lemma:
LEMMA 3.1. With the notation [22), we have
C
I(B1 + B2)v" oo < —ozom(f), € #C(f,m),

if and only if 5 + % <Yy+r< g+ %. Moreover, for p € [1,00), we get
C
¥ _
(B + Bl < —rgroom(f), € #C(f,m),
if and only if—% <”y—|—r—%—%< %.

PROOF. We estimate only the norm ||Biv7||,, 1 < p < oo, since the estimate
of || Bav?||p is similar. Using the Remez inequality (B.1]) and letting

RN G S
Ai=3 ((1—-)Tpm(v“)> =1,
we can write

[ Biv" ||, < C||Biv”||Le(a,,)

r—1 r—1
(3.2) < STIANN = @) (1 +2) (1= 22 (0™ @) |y = S [ Ailbi
1=0 1=0

Of course, we have
bi < H(l =) (1 +2)" (1 = 2%)pm (v, I)HLP(—Ha/m?, 0)

+ H(l - x)r(l + x)z(l - xz)’ypm(vavx)HLp(oylfa/mQ)
=1 + 5.
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Moreover, by virtue of the estimate |p,, (v, z)| < Co~ %71 (z), || < 1 — a/m?, we
have

L +1, < {|| (1+2)ti-%-% + || (1—g)rtr—%-%

||LT’ —14a/m?0) ||Lp(01 a/m2)}

Now, under the assumptions on the parameters «, 'y and 7 (and only in this case)

the first summand is dominated by C (m _2)W+1_7_Z+p with y+i—%—3 + <0,
1 < p < oo, while the second summand is bounded. In particular, for p < oo we
have~y+z ————|— < 0, Whlleforp_oowehaveﬂy—kz———i:()onlyin

the case i = r — 1. In any case, since |pp, (v®, £1)| ~ m®+t1/2 (see for instance [3)
p. 251, formula (4.2.10)]) we conclude that

C_ Ipm(® 1)
m2v+2/p m2t ’

I +13 < I<p<oo

)

taking into account that 2y +2i = a4+ 1/2 for i = r — 1 and p = co. Therefore,
recalling ([3.2)), we have

|pm “, | A
v
HBlv H;D <C m2V+2/P Z m2i’

It remains to estimate A;,i =0,1,...,7 — 1. We have

14| < %g @ \‘ pm(vla x))%-ﬂ(—n‘

and, taking into account that [7] p. 674, formula (23)]

1 (k) m2k
— -1)<C—7r—F—=,
(pm(vo‘,x)) (=1) [P (v, —1)]

we obtain
21 23

1 1 (i—37)
(T mea) ‘”‘< (™, 1)

Hence we get

1 ¢ = (Y 101y |22
1< iy 5 (5l

i=o M

and, for 1 < p < oo,

1< f(J) )

1B, < 2%2/1) Z i < ) /=]
C ’f(])( 1 173

= m2v+2/p Z Z il ( >

1=

c r—1 ’f(]) _1)}

= m2y+2/p — j!mQj

)

which completes the proof. (I
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ProOF OF THEOREM 211 In Lemma Bl we proved that

L onlh).

I(B1 + B2)v" oo < 55

Then, it remains to prove that || Av7||ec < C||fv7] oo logm. But, the latter inequality
can be found in [3] p. 262] with a minor change. So, the proof of (23) is complete.
Concerning the estimate of the error (ZH]), we refer to the proof of Proposi-

tion 211 O
We are going to prove Theorem before Theorem

PrOOF OF THEOREM [2.3l Taking into account Lemma [3T] to prove the the-
orem, it suffices to show that the inequality

m
(3:3) J4v |2 < €Y Aaylfo P (), 1<p< oo,
k=1
is equivalent to the conditions (Z.IT).
We first prove that (211 implies (83]). To this end, using (I and, letting
g =v"®P=D|A|P~1sgn A in the interval A,,, we can write

(@) f (k)
A = T (g d
” v ”LpA ) /m;U vr Ik) g(lU) xX,
where

Pm (v, T)
P (v, 1) (2 — )

lk (;v) =

whence we deduce

- T )V (x VT (2)pm (v,
||A1) ||L]D(Am 72 f( k) ( k) /A ( )p ( )g(x)d:c

— P (0, R )07 () T — g,

< Ci Axg|fo?|(xr)

VTS (2y)

)

/ ,UV-i-T(;C)pm(,Ua’w) g(x) dr
Am

Xr — Tk

k=1

since, with Azg = 241 — 2k, 1/|p), (0%, 1) ~ AzpvE+i(24). Denoting by G(xy)
the absolute value of the integral at the right-hand side and using the Hoélder
inequality, we get

I|Am||§p(Am)<(émﬂfﬂp(m) (ZA [W( )G(;vk)]q>l/q.

It remains to prove that the L? norm is bounded by C||Av7||1;(A )- We note that
for an arbitrary polynomial @) € P,,, we can write

pm(vaax>Q(x)_pm(vaaxk)Q(Ik)U'y+r x M "
/.. i g

Therefore, G(t) is a polynomial of degree 2m — 1. Then, using the Marcinkiewicz
inequality (2.I5), the L2 norm is dominated by a positive constant C times the norm

G(zy) =
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Y +T

H vUQQ‘JGHLQ(A ) that is bounded under the assumption ¥ V¢ ¢ L9. Moreover,
denoting by H the Hilbert transform defined on the interval A,,, we can write

o e < | 2 H (pm (0077 g)
R Li(Am) R La(Am)
Voo gurtr
| g (2|
Yt Q La(An)

Taking also into account the assumption \1}% € LP, the Hilbert transform is a

o

bounded operator and the first norm is dominated by

VU

VYT

since [pm (0%, 2)\/(v29) ()| < C

In order to prove the estimate of the second norm at the right-hand side, we
choose a polynomial @ such that Q(x) ~ v?*"(x) for z € A,, (see [2]). Conse-
quently, the second norm is dominated by

()
Q
Then (ZIT)) implies (33).

Now we prove that (ZII) is a consequence of ([B3]). To this end, for any

P ()07 <Cllglluagan = 1407128, .

L(Am)

gurtT

-1
0 <Cligllq = 140117504

q

<C

q

f € C°, we consider a piecewise linear function F,, such that
(Win—o i=0,1,...,r—1,
F(xg) = for xy € [—a,a], with a < i fixed,

Fo (1) = If@%ﬂsgn{ 2k (0%, )}, for zy, & [—a,d].

Taking into account that sgn(—xy) = sgn(x — xy) for z € [—a,a] and x ¢ [—a, al,
we get

Fpv7| (k)
Lmr Ua7Fm)I ,U'Y )| = ,U'Y+T | m
[ Lonr( i@l =1 'Zuom oo a0 ()l — ]
VT (2 —r
=>C T()pm(v 7:E ZAmkUQ+4 K (;[;k)|Fm’U’Y|(£Uk),

k=1

since |p,, (v*, zx)| "t ~ AzpvEti(z;) and |z — 2| < 2. Moreover, by virtue of a
result in [6], we have

V""" Xa

VA"

=C,
p

lim inf |07 xapm (v*)||, = C
m—0o0

being X, the characteristic function of [—a, a].
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Then, collecting the previous inequalities, by ([B.3]), we obtain

m ’Ua
> Axy » Hf ()| Fmv (1) < || L, (0%, F)Xa®” || e (A
k=1

(3.4) < c<zm: Axk|FmW|p(xk)) "

k=1
Now, letting

yon m 1/p
v —||*
a = (Ae) VY2 (1) e = (M) VP o (20), ||c||p=(2|ck|p) ,

VYT
k=1
where ¢ = (c1,¢2,...,6m), we can write B4) as )" axcr < Cllc[| and, since
C 3& C(va’m)a
m
Ck
supsupZak —— <
WDSUP 2, k]

Hence, we get sup,,, (3, x| < C, e,

m [0%5 qa\ 1/q
SiP(Z Axy, ( UH:D (%)) ) <C.
k=1

VU

vy +T

The latter inequality is equivalent to ||

quence of [33).

Finally, we prove that (3:3) implies also || :}1—27; Hp < 00. To this end, since (B3]
holds true for every f € C%(—1,1), letting g(x) = f(z)v"(z), we have

1AV | o (a,) = (L (0, )" I Lo(a,) < CIVT oo,

||q < oo which is, therefore, a conse-

ie.,
sup  sup || L (v, )0 [ pega,) <C C#C(m, f).

m [ fortr|lee=1

YT

Therefore, using [5], we get sup,, ||pm(v*)v"*"||, < C, ie., s € LP, and the
proof is complete. O

PROOF OF THEOREM [2:21 We first show that (7)) implies (2.6). Taking into
account Lemma [3.1] it remains to estimate only the quantity ||Av'7||]2p( A,,)» Where

A is given by ([22). Using the same argument of the previous proof, we have

LA, 00y <A S A5 (1) Gl
k=1
and
G(:ck):/ U7+r($)wg(x)d$
A

r — Tk

m

[ nle")00) =m0 QMen) i 821

x
T — T Qz)
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where, as in the proof of Theorem 23] Q € P, is equivalent to the weight v?*"
in the interval A,,. Then G(¢) is a polynomial of degree 2m — 1 and, using a
Marcinkiewicz inequality, we get

v oy 1
14012, 4 ) < ClIFO oo llo™ "5 G|,y

and the L' norm is bounded under our hypotheses. In fact, expressing G by means
of the Hilbert transform, we have

o a1 P a1
lo R G a4, < o H (o (007 g) 11,

Y+
—y—rt+g+1 a H(U 9) -
* HU (0@ Q /Ly,

Concerning the second summand at the right-hand side, using the Holder inequality,
the boundedness of H and Q ~ v, we get
vty
a(<52)| <clgl.

Hv—v—w%ﬁpm@amﬂ(”;Tg)\ o <[ (55

In order to estimate the first summand, we note that the function under the sign

of the Hilbert transform is bounded and the one outside is L(log" L) (see [8]).

Therefore, with T' = sgn H (p, (v*)vY"g) and o = v+ 17 — /2 — 1/4, we can write
[v™¢H (P (v ) | L1 (4,) < [P (v )" T gH (07 °T) | 114,

< CllvegH (v™°T) | L1 (a,,)

<

<

Cligllgllv®H (v T)l| Lo (A,
Cllgllq,

since the LP-norm is bounded (see, for example, [7, p. 676]). Therefore, (27
implies ([2.6]).

In order to prove that (26 is a consequence of (Z7)) it suffices use the same
arguments of the proof of Theorem (the part dealing with the necessary con-
dition (Z9) = @2I1)) replacing p by oo and ¢ by 1. So, the theorem is completely
proved. (I

PRrROOF OF PROPOSITION 21l The proof is based on the following result due
to Gopengauz [1]: “For every function f € C*, s > 0, there exists a polynomial
q € Ppyios_1 such that, fori=0,1,...,s, one has ¢V (£1) = fO(£1) and

T R =

where C # C(m, f,z) and w(-, oo s the ordinary modulus of smoothness” (in the
uniform norm).

Then, if f € C"~!, we have

()| f () - v foo)| = [f (@) — a(@)]” (2) +
whence, using (DIEI),
[Lf = Lon.r (0, HI07]|, < C[I(F = )07,

.zl <1
[ @]
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Therefore, for every polynomial P of degree m + 2r — 1, we get
If = Lone (0, A1, < CJlI(f = @) = PR

and, assuming the infimum on P, the estimate (2.12) follows.
Now we prove ([2I3)). Using the polynomial ¢ of Gopengauz and ([Z9), we get

(35) I = Lo 0 DI, < Cl|F —ap?]|

m . o\ 1/P
re(Samfolr 2 a]’)

Now, we have

[/ (z) = q(z) o7 (z) < W@)‘“( ’ %)oo

z4£@) cC m 242
< CvY ! < "o
<co <ac>/%M rores s [ el
since ltz ~1+¢if |z —t < )forxte[xl,xm]

Then, using the maximal functlon of f'ou7, the first summand in B3 is
dominated by
e(x)

C ! m SRR p r .
m o(x) K < = f'ov]],.
m(/1 (s@(;v) /m% |f v |(t)dt) d:c) < m”fw) Il

Concerning the sum in (0], for a sufficiently large s, we have

w(f, @Sqﬂ;k))oov'y(xk) <s w(f, ‘P(xk))oov'v(xk)

sm

2
<es [0 rowma<e [T
wk—¢sf}lc)

Then, using the Holder inequality in the latter integral, we get

C Th41

safw(r 82 1 <c@my [irorwa< S [T e o

Tr—1 Tr—1
for k=1,...,m and zo = —1. Adding up on k, we obtain that also the second
term in (B3] is dominated by % || f'¢v7||p. Consequently, in a usual way, we deduce

o c
H [f - Lm,r(v ) f)]UVH;D < EEm+2T—2(fI)W%P :
Iterating the latter relation, (ZI3]) follows. O

PROOF OF COROLLARY [ZIl The bound (ZTI4]) is a consequance of (Z.I3) and
the well-known estimate

[(f = Lnr (v, f)) ”WP lp < C"([(f = Lo e (v, S0 1 + 10707
which holds for any f € W], 1 <p < oo, and r > 1. We omit the details. ]
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