PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 92(106) (2012), 43-51 DOI: 10.2298/PIM1206043J

COMPLEXES OF DIRECTED TREES
OF COMPLETE MULTIPARTITE GRAPHS
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ABSTRACT. For every directed graph D we consider the complex of all directed
subforests A(D). The investigation of these complexes was started by D.
Kozlov. We generalize a result of Kozlov and prove that complexes of directed
trees of complete multipartite graphs are shellable. We determine the h-vector
of A(I_(}m,n) and the homotopy type of A(I_()nL712 ,,,,, ng)-

1. Introduction

A directed tree is a tree in which one vertex is selected as the root and all edges
are oriented away from the root. If T'= (V(T'), E(T)) is a directed tree with root
r, then for every x € V(T) there exists a unique directed path from r to z. We
say that a vertex y is below vertex z in a directed tree T if there exists a unique
directed path from x to y. A directed forest is a family of disjoint directed trees.
In this paper we write ﬁ/ for a directed edge from z to y.

An abstract simplicial complex A is a collection of finite nonempty sets such
that A C B € A = A € A. The element A of A is called a face ( simplex) of A
and its dimension is |A| — 1. The vertex set of A is the union of all faces of A.
The dimension of the complex A is defined as the largest dimension of any of its
faces. A facet of A is any simplex that is not a face of any larger simplex of A. A
simplicial complex is pure if every of its facets has the same dimension. We denote
the number of i-dimensional faces of A by f;, and f(A) = (f-1, fo,- -+, fa—1, fa) 18
called the f-vector. A new invariant, the h-vector of a d-dimensional complex A is
h(A) = (ho, h1, ..., hq, hqr1) defined by the formula

k )
fd+1—1
hy, = —1)k? 1.
e= 20 (5 )
We refer the reader to [8] for definitions of topological concepts used in this paper.
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DEFINITION 1.1. Let D be a directed graph. The vertices of the complex of
directed trees A(D) are oriented edges of D. The faces of A(D) are all directed
forests that are subgraphs of D.

The question of shellability of complexes of directed trees was posed by R.
Stanley. Kozlov in [6] showed that the existence of a complete source in a directed
graph provides a shelling of its complex of directed trees. The complex of directed
trees of a graph G is recognized in [3] as a discrete Morse complex of a 1-dimensional
complex. These complexes are also studied in [4] and [7].

Geometrically, a shelling of a cell complex is a way of gluing it together from its
maximal cells in a well-behaved way. In this paper we use the following definition
of shellability for pure simplicial complexes.

DEFINITION 1.2. A pure simplicial complex A is shellable if there exists a linear
ordering (shelling order) Fy, Fs, ..., Fy of facets of A such that for every i < j < k
there exist some [ < j and a vertex v of F; such that

FiﬂFngij:Fj\{U}.

For a fixed shelling order Fi, Fy, ..., Fj, of A, the restriction R(F;) of the facet
F; is defined by R(F};) = {v is a vertex of F; : F; ~ {v} C F; for some 1 < i < j}.
The type of the facet F' in the given shelling order is the cardinality of R(F), i.e.,
type(F) = |R(F)|. If we build up A according to a shelling order, then R(F)
is the unique minimal new face that appears when we add the facet F'. For a
shellable simplicial complex we have the following combinatorial interpretation of
its h-vector: hi(A) = |[{F is a facet of A : type(F) = k}|. Further, we know
that a shellable d-dimensional simpilicial complex A is homotopy equivalent to
a wedge of hg spheres of dimension d. A set of maximal simplices G of A is
a generating set of simplices if the removal of interiors of all simplices from G
makes A contractible. For a shellable simplicial complex A the set of simplices
G = {F isafacet of A : R(F) = F} is a generating set of A, i.e., the simplicial
complex A\ (Upeg F) is contractible.

For more information on shellability see [1], [2] and chapter 8 of [9].

2. Graphs with a dominant pair

Kozlov in [6] used the following variant of a shelling. Let F(T") denote the set
of all facets of a pure simplicial complex I'. Assume that we can partition F(T")
into the blocks Fq, F1, Fa, ..., Fm such that the following holds:

|Fo| = 1; for all i < j and two different facets F' € F;, F' € F},
(2.1) there exists k < j, a facet F"' € Fy, and a vertex v € F”
such that FNF' C F"NF' = F' ~ {v}.

It is easy to check that any linear order that refines partition Fg, F1,F2,...,Fm
(for i < j we list facets from F; before facets from F;) is a shelling order of I" in
the sense of Definition

A vertex ¢ is a complete source in a digraph D if ¢t € E(D) for all z €
V(D) ~ {c}. The partition of F(A(D)) defined by Kozlov in [6] substantially uses
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the out-degree dr(c) = |{z : ¢t € E(T)}| of e
Fi={T € F(A(D)) : dr(c) — 1 —i}.

It is not complicated to prove for a digraph with a complete source, that the
above partition of the facets of A(D) satisfies the condition described in (see
the proof of Theorem 3.1 in [6]).

We now describe a broader family of graphs whose complexes of directed trees
are shellable. For a directed graph D and a vertex u € V(D) we set N(u) = {x €
V(D) : ut € E(D)}). We say that a directed graph D has a dominant pair of
vertices if there exist vertices u,v € V(D) such that

(i) V(D) = N(u) U N(v). Therefore, we have that ud, vl € E(D).
(ii) Forall z € N(u)~N(v) and y € N(v)~ N (u) we have that 3}, & € E(D).

THEOREM 2.1. If a directed graph D has a dominant pair of vertices the complex
A(D) is shellable.

ProOF. We will define a partition of the facets of A(D) and show that this
partition satisfies (2.I). Recall that facets of the complex A(D) correspond to
subtrees of D.

Let D be a graph with a dominant pair of vertices u,v. For a directed tree T’
with the root r let hp(z) denotes the length of the unique directed path from r
to x. We classify directed trees of D by using dr(u), dr(v), hr(u) and hr(v). The
trees of D in which the above defined parameters are the same form a block

Fpgrs =T : dr(u) =p,dr(v) = ¢, hr(u) = r, hp(v) = s}

of our partition of the facets of A(D). We say that F,, 4. s is before Fp o s, and
write Fp qrs < Fpr g5, if and only if p > p’, or p = p’ and ¢ > ¢/, or p' = p,
g=q¢ andr <71 orp =p, ¢q=¢,r =1 and s < s’. Note that the first block
in this partition J|nu)|,|N(v)~N(u)|—1,0,1 contains only the tree with the edge set
{ug:z e Nw)}U{vg:ye Nw)~ (N(u) U {u})}.

Now, we consider two different directed trees T' € Fp 4.5, 1" € Fpr g1, Such
that Fpgrs < Fprogrrr,s- Assume that the edges E(T) N E(T”) span a directed
forest F =Ty U1y U---UT,, and let r; denote the root of T;. Assume that 7;,
is the root of T”. Note that E(T") ~ E(T) contains m — 1 edges of the form 7},
where 7 # ig.

The following analysis will show that there is a tree T" such that T, T’ and T"
satisfy the conditions described in . First, we consider the case when u,v are
in the same tree of F' (w.l.o.g. we assume v,u € T7).

(1) If the root of T” is a vertex r; # 1, then there exists zr; € E(T') ~ E(T)
such that = # uw and x # v. We set T = T' ~ {zri} U {ur}} (if r; € N(u))
or T =T~ {zri} U {or} (if r; ¢ N(u)).

(2) Assume that 71 is the root of T”. If there is a vertex r; € N(u) for some
j > 1, the assumption dr(u) > d7/(u) guarantees that there exists an edge
zr, € E(T') ~ E(T) such that  # u, i > 1 and r; € N(u). Otherwise,
if all of the edges wr; (for all 7; € N(u), i > 1) are contained in E(T"),
then we obtain that dr(u) < drs(u). In the above described situation we set
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T" =T~ {zr,} U {ur}.

If r; € N(v) ~ N(u) for all i = 2,3,...,m, then there exists yr; € E(T') ~
E(T), such that y # v (otherwise we obtain that dr(u) = dp/(u) and dp(v) <
dri(v)). Then we set T = T" ~ {yr;} U {or}}.

we consider the situation when the vertices v and v belong to different trees

of F' (w.l.o.g. we assume that u € T} and v € T).

If the root of T" is 7y, r; # 7 and r; € N(u), then there exists T €
E(T") ~ E(T) such that z # u and we set 7" = T" ~ {zr{} U {ur,}.

If the root r; of TV (again r; # r1) is not contained in N(u) and r; # rq, then
there exists zrs € E(T') ~ E(T). If z # u we set T =T ~ {Zrs} U {vr}}.

If 2 = u, then v is below u and there exists yri € E(T") such that y # u
and y # v. In that case we set T = T" ~ {yri} U {07} }.

If ro is the root of T” (recall that ro € N(v) \ N(u) and therefore ro # v),
then there exists an edge zr € E(T") ~ E(T). If r; € N(v) and = # v, we
set T =T’ ~ {zri} U{ori}.

If 2 = v (and therefore r; € N(v)), then we find an edge yr; € E(T') ~
E(T) such that y # u, i > 2 and 7; € N(u) (or zr; € E(T')~ E(T) such that
z#wv,1; € N(v)\N(u), j > 2) by using the same arguments as in the proof
of (2). Then we set T = T~ {yr;} U {ur;} or T = T' ~ {zr}} U {vr} }.

If 11 ¢ N(v), then there exists zr{ € E(T") ~ E(T), x # u,  # v and
we set T" = T’ ~ {zri} U {rir3}. In that case we obtain that dp~(u) =
dr (u), dpn (U) =dp (U) and hrpn (u) < hT/(U).

If the root of T” is 71, then we have the following possibilities.

(6)

(7)

(®)

There exists ¢ > 1 such that r; € N(u). Because we have that dr(u) > dp (u)
it follows that there exists 27 € E(T") ~ E(T) such that « # u, r; € N(u)
and j > 1. In that case we set 7" =T’ ~ {zr}} U {ur}}.

If all vertices r; for i = 2,3, ..., m are contained in N(v)~\N(u) and r; € N(v)
(recall that 71 is the root of T"), then there exists zrs € E(T') N E(T), © # u
and we set T" = T" ~ {zr3} U {or{ }.

Finally, we assume that r; € N(u) \ N(v), r; € N(v) ~ N(u) for all i > 1,
and r is the root of 7”. In that case we have that dr(u) = dp (u).

If m > 2, from dr(v) > dr(v) we conclude that there exists r; € N(v)
for i > 2 and an edge yr, € E(T") ~ E(T) such that y # v. Then we set
T =T (R} U ).

For m = 2, we again consider the edge zr5 € E(T')~ E(T). If z = 11, we
have that dr(u) = dp/(u),dr(v) = dp/(v) and

T=T ~{rr}U{zri} or T =T~ {75} U {yrs}.

But, then we have that hr(u) > hp/(u) or hr(u) = hy(u), hr(v) > hy(v)
which is a contradiction with the assumption. Therefore, in this case (m = 2)
we have that o # r1. If we set T = T' ~ {Zr5} U {75}, then we obtain that
dT/ (u) = dTH (u), dT/ (U) = dTH(’U), hTH (u) = hT/ (’LL) and hTH (’U) < hT/(’U).

O
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3. A complete multipartite graph

Let Ky, nsy....n, denote a complete multipartite graph. Assume that its vertex
set is V=V UVoU-- UV, where |V;| = n;. Furthermore, we assume that all sets
V; are linearly ordered. We may choose one vertex in V; and one in V5 and denote
them by 1 and —1.

Let K, n,,...n, denote a directed graph obtained from a complete multipartite
graph Ky, n,,..n, When one replaces all edges by pairs of directed edges going in op-

posite directions. Note that 1, —1 is a dominant pair of vertices in Ky, n,,. .. n, and
from Theorem we know that A(?nl,nz,...,nk) is shellable. We use a slight mod-

ification of the algorithm described in [5] to encode directed trees in ?nl,m _____ ng -

REMARK 3.1. For each directed tree T of [?nlmn we associate the set of

sequences {Cp, Cq,...,Ci} of the vertex set such that

k

(i) The length of the sequence Cy is k — 1 and any x € V can occur in Cj.
(ii) For any ¢ > 0 the length of C; is n; — 1 and C; contains vertices from V \ V;.

Let r denote the root of T. For a vertex v € V, v # r, let Ur(v) denote the
unique vertex u such that w € E (T'). We say that the depth of a vertex v in T
(denoted by depth(v)) is the length of the longest directed path from v to a leaf
of T. For alli =1,2,...,k let v} denote the vertex from V; with the maximal depth
in T (if there are more than one vertex in V; with maximal depth for v}, we choose
the greatest one among them in the linear order of V;).

If the root of T is a vertex that belongs to Vj,, then we have that vj = 7.

The sequence Cy contains vertices {Ur(v;) : i # do}, and the vertex Ur(v}) is
before Ur(vy) in Cp if and only if depth(v}) < depth(v) or depth(v}) = depth(vy)
and j < s. For any i > 0 the entries of the sequence C; are n; — 1 vertices
{Ur(v) : v € V;,v # v}} and we order the set of these vertices in the same way as
in Cy. Vertices from V; that appear in C; and have the same depth, we order in C;
by using the linear order defined on V;. We say that {Cy, C1,...,Ck} is the code
for the tree T'. The proof that the map T — {Cy, C1,...,Cx} is a bijection, as well
as more details about this construction can be found in [5].

It is easily seen from the above remark that there are

nkfl(n o nl)nlfl(n o n2)n271 . (Tl o le)nk71

.....

THEOREM 3.1. The h-vector ofA(?m’n) s given by

A = 3 (" (- 1y

p+q=Fk p

+(mt+n-1) > 1(m;1>(n—1)p(n_l>(m—1)q.

pt+q=k—
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PRrROOF. Note that A(?m,n) is (m+n — 2)-dimensional complex. We consider
the shelling order of A(?m,n) described in Theorem Recall that

R(T) = {ﬁ/ € BE(T) : E(T) ~ {zj} C E(S) for some tree S that precedes T}.

In other words, an edge zj) € E(T) is in R(T) if it can be replaced with another
edge zib ¢ E(T) such that (T ~ {zf}) U{Zw} is a new directed tree which precedes
T in considered shelling order.

It is easy to check that the following statements hold:

(i) The restriction R(T") does not contain the edge 1r. A replacement of 1z will
decrease the out-degree of 1.

(ii) A replacement of the edge ——L% in T will decrease the out-degree of —1. A
new tree T = (T~ {——1x>}) U {72} precedes T in the considered shelling
order only if we increase the out-degree of 1. We can do this if and only if
Mertex y = 11is below —1 in T and z € V5 is the root of T. Other edges
—12’ can not be replaced.

(iii) Let r be the root of T. For a vertex z € Vi, z # 1, and an edge @ we have:

(a) if 1 is not below y the tree (T~ {ZJ}) U {1_y>} precedes T.
(b) If 1 is below y and if r belongs Va, we have that (T ~ {Z7}) U {@} is
before T'.
(¢) If r € V4 (recall that 1 is below y) we set S = (T'~ {Z{}) U {y#}. Then
we have dr(1) = dg(1), dr(—1) = dg(—1), hr(1) > hg(1) and therefore
the tree S precedes T'.
So, any of the considered edges z is contained in R(T).

A similar analysis shows that an edge ﬁ/, where x € Va, x # —1, is contained
in R(T) except when x is the root of T, —1 is below y and 1 is not below y.
From the above remarks we have that for a directed tree T

(3.1) type(T) =m +n — 1 —dp(1) — dp(—1)

except for the following trees:

(A1) Trees in which the root r belongs to V and the vertex 1 is below of —1. The
type of a such tree T is type(T) = m +n — dp(1) — dr(-1).

(A2) Trees in which the root r € Vi, 7 # —1, there exists an edge 74 € E(T)
such that —1 is below z and 1 is not below z. The type of this tree is
type(T) =m+n—dp(l) —dp(—1) — 2.

Now, we count the number of trees in A(I?m,n) with given dp(1) + dr(—1).
Let {{r},Cy,C2} be the set of sequences of vertices associated to a tree T' (r is the
root of T') in Remark We set

p=HzeCi:x#-1}, q=|{yeCa:y#1}.
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From Remark [B.1] we obtain that there are

men=2 3 (" w-wr (" )y

pra=k-1~ P q
2 3 (7, oo (", ey

directed trees in ?mn such that dr(1) + dr(—1) = m +n — 1 — k. Note that the
summands in the second row correspond with the trees in which the root is 1 or —1.
From the relation we have that all of these trees are of the type k, except the
trees described in (A1) and (A2).

The remaining trees of K, ,, of the type k are all
(B1) trees described in (A2) in which dr(1) + dr(—1) =m+n —2—k; or
(B2) trees described in (A1) in which dp(1) +dpr(—1) =m+n — k.

Let T be a directed tree as considered in (B1). If @ is the first edge on the path

from 7 to 1, then T = (T ~ {i}}) U {1y} is a tree as described in (A1). Note
that the map T — T” is an injection, and all trees described in (A1) are contained
in the image of this map except the trees whose root is —1. From Remark it

follows that there are
m—1 n—1
n1p< >m1q
Z < 4 >( ) q ( )

p+q=k
trees with —1 as the root and dr(1) + dr(—1) = m 4+ n — 1 — k, which should be

subtracted while calculating by (A(K pn))-
Further, if 7' is a tree described in (A2), and 7 is the first edge of the path

from 7 to 1, then T" = (T ~ {7#}) U {—ﬁ} is a tree as in (B2). This map is an
injection, and a tree from (B2) is not in the image of this map if and only if its

root is —1.
There are
Z (m1>(n1)p(n1)(m1)q
pHg=k—1 b a
trees with —1 as the root and d(1) +d(—1) = m+n — k that should be added when
determining hy, (A (?mn)) O

From the above theorem we obtain that the generating facets for A(?myn) are:

(i) All directed trees of I_%mm in which the vertices 1 and —1 are leaves and the
root of such a tree is a vertex contained in V3.

(if) All directed trees of K, , in which the root is from V5, the vertex 1 is a leaf
below —1, and the out-degree of the vertex —1 in such a tree is one.

COROLLARY 3.1. The complex A(?m,n) is homotopy equivalent to a wedge of
(m+n—1)(m—1)""Y(n—1)""1 spheres of dimension m +n — 2.
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THEOREM 3.2. The complex A(?nl,nz,...,nk) is homotopy equivalent to a wedge
of (n—1)*"t(n—n;—1)""Yn—ny—1)"2"1 ... (n—ny—1)"* 1 spheres of dimension
n—2.

PROOF. We use a shelling of A(I_(}m,nz’”_,nk) described in Theorem to
recognize generating faces. These are
(A) directed trees in which the vertex 1 is a leaf, and there does not exist an
edge —1v, for a vertex v € V;

except the tress of the above form in which

(A7) the root is a vertex vy € Vo, there is an edge 1?1)1> for a vertex vy € Vi,
the vertex —1 is below v, and 1 is not below v1; and

(A3) the root is a vertex v € V; and the leaf 1 is below —1.
Generating facets of A(?n17n2w7nk) are also:

(B) directed trees in which the root is a vertex r € V \ Vi, there is only one
edge of the form —1v; for a vertex v; € V4 and 1 is a leaf below v;.

Now, we define a map between a subset of the trees of the type (B) and directed
trees of type (A;) or (As). If T is a tree of the type (B) with the root r € V N\ V}
and —1 - vy > — y — --+ — 1 is the unique path from —1 to 1, then

T =T~ {—11}1,@} U {x_m},m} is a tree of type Ay if z € V3,
T =T~ {—11}1,@} U {——Lr>7m} is a tree of type Az if z € V . (V1 U V).

The above map is a bijection that exhausts all trees of type (B) except the trees
in which —11 is an edge. Therefore, in order to estimate the number of the gener-
ating simplices of A(%
in which

nina,...nx) We have to count directed trees in K, n,. . n,

R
(*) 1 is a leaf, there are no other edges of the form —1v, for a vertex v € Vp;
or
— —
(**) 1is a leaf, —11 is an edge, there are no other edges of the form —1v, for
a vertex v € Vq, and the root is a vertex r € V \. V.

From Remark we obtain that the code of a tree described in (*) or (**) does
not contain label —1 in the sequences Cy at the place reserved for the deepest
vertex of V4. Also, a tree described in (*) does not contain —1 in the sequence Cf.
For a tree described in (**) the vertex —1 appears in C; only in the first place,
and the last entry of Cy (the root of such a tree) is not from Vj. Therefore, in
the code of such a tree there exists v € V \ Vi that appears in Cy as U(v]). We
replace this vertex v with —1 and obtain the bijection between generating simplices
of A(?nl,nz,...,nk) and directed trees of K, n,... . n, in which —1 does not occur
in C7 and 1 does not occur at all. For a tree described in (*) the code remains
unchanged. The number of these trees is

=Dt n—n — 1) Y n—ny -1t (n—ng — 1)L O
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