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ABSTRACT. Following Jiang Guanghao and Xu Luoshan’s concept of conjuga-
tive, dually conjugative, normal and dually normal relations on sets, the con-
cept of quasi-regular relations is introduced. Characterizations of quasi-regular
relations are obtained and it is shown when an anti-order relation is quasi-
regular. Some nontrivial examples of quasi-regular relations are given. At the
end we introduce dually quasi-regular relations and give a connection between
these two types of relations.

1. Introduction and Preliminaries

The regularity of binary relations was first characterized by Zareckil [9]. Fur-
ther criteria for regularity were given by Hardy and Petrich [3], Markowsky [7],
Schein [8] and Xu Xiao-quan and Liu Yingming [11] (see also [I] and [2]). The
concepts of conjugative relations, dually conjugative relations and dually normal
relations were introduced by Guanghao Jiang and Luoshan Xu [4], [5], and a char-
acterization of normal relations was introduced and analyzed by Jiang Guanghao,
Xu Luoshan, Cai Jin and Han Guiwen [6]. In this paper, we introduce and analyze
the so-called quasi-regular relations on sets.

Notions and notations which are not explicitly exposed but are used in this
article, readers can find e.g., in [3] and [11].

For a set X, we call p a binary relation on X, if p C X x X. Let B(X) denote
the set of all binary relations on X. For «, 5 € B(X), define

Boa={(z,2) e X xX:(FyeX)(z,y) €ea A (y,2) € 5)}.

The relation 8 o « is called the composition of @ and S. It is well known that
(B(X), 0) is a semigroup. For a binary relation o on a set X, define a1 = {(z,y) €
X x X :(y,7) €a}and a® = (X x X) \ o
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Let A and B be subsets of X. For a € B(X), set
Aa={ye X :(Fac A)(a,y) €a)}, aB={zx e X :(Ibe B)((x,b) € a)}.
Specially, we put aa instead of {a}a and ab instead of a{b}.

2. Quasi-regular relations
The following classes of elements in the semigroup B(X) are known.

DEFINITION 2.1. For a relation o € B(X) we say that it is:
(1) regular if and only if there exists a relation 5 € B(X) such that

a=aofoa.
(2) [6] normal if and only if there exists a relation 8 € B(X) such that
a=aofo ()L
(3) [5] dually normal if and only if there exists a relation 8 € B(X) such that
a= (% tofoa.
(4) M) conjugative if and only if there exists a relation 8 € B(X) such that
a=atofoq.

(5) [ dually conjugative if and only if there exists a relation 8 € B(X) such that
a=«aofo a b
Diverse descriptions of regular elements of B(X) can be found in [7], [8], [9],
and [10]. For any a € B(X), Zaretskii [10, Section 3.2] (See also [3]) introduced
the following relation in his study of regular elements of B(X),

at ={(z,y) e X x X :ao{(z,y)}oa Ca}.

Schein in [8, Theorem 1] proved that a™ = (o™ 0 a® 0o a7 1)¢ is the maximal

element in the family of all elements 8 € B(X) such that o foa C a.

In the following definition we introduce a new class of elements in B(X).

DEFINITION 2.2. For relation o € B(X) we say that it is a quasi-regular relation
on X if and only if there exists a relation 3 € B(X) such that a = a® o fo .

The family of quasi-regular relations is not empty. Let aw € B(X) be a relation
such that a® o (a®)~! = Idx. Then, we have a = Idx oa = a® o (a®)~! o a. So,
such relation « is a quasi-regular relation on X. Analogously, for relation o € B(X)
such that ovo a™! = Idx, we have

c

a® =Idxoa® =aoatoa® = (a““oatoa”

o« oo .

C

Therefore, the relation a“ is a quasi-regular relation.

Our first lemma is an adaptation of Schein’s concept exposed in [8], Theorem 1],
(See also |2, Lemma 1]) for our needs.
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LEMMA 2.1. For a binary relation o € B(X), relation
a* = ((@€) "t oaf oa1)C
is the mazimal element in the family of all relations f € B(X) such that
o Boa C a.
PROOF. First, remember ourselves that
max{f € B(X):a“0foaCa} = {BeB(X):a%cBfoaCal.

Let 8 € B(X) be an arbitrary relation such that a“ o o a C a. We will prove
that 8 C o*. If not, there is (x,y) € 5 such that =((z,y) € o). The last gives:

(z,y) € (@) toa%0a?
< (Fu,v e X)((x,u) € A (u,v) € a% A (v,y) € (@9)71)
<z>(EIu,v€X)((u,:c)€oz/\( v) € a® A (y,v) € %)
= (Fu,v € X)((u, ) 604/\(:10 y) € B A (y,v) € a® A (u,v) € a®)
= (Ju,v € X)((u,v) €a®o0foaCa A (u,v) € a’)

We got a contradiction. So, must be 5 C a*.

On the other hand, we should prove that a®oa*oa C a. Let (z,y) € a®oa*oa
be an arbitrary element. Then, there are elements u,v € X such that (z,u) € «,
(u,v) € a* and (v,y) € a“. So, from (z,u) € a, —((u,v) € ()"t oa®oa™l),
(v,y) € a, we have =((x,y) € o). Suppose that (z,y) € a”. Then, we have
(u,v) € (o)t oa® o @™, which is impossible. Hence, we have (r,y) € « and,
therefore, a® o a* o a C a.

Finally, we conclude that a* is the maximal element of the family of all relations
B € B(X) such that a® 0o Boa C a. O

It is easy to see that a* = {(z,y) € X x X : a®o{(z,y)} oa C a}. In addition,
we have the following property of a*:

o ={(z,y) € X x X : ax x ya© C a}

The formula a® o {(z,y)} o a = azx x ya® follows directly from our adaptation of
the concept exposed in [3] Lemma 3.1(ii)].

In the following proposition we give an essential characterization of quasi-
regular relations. It is our adaptation of concept exposed in [3], Theorem 7.2].
(Also, we can look at this theorem as our adaptation of concepts exposed in the
following theorems: Theorem 2.3 in [6], Theorem 2.4 in [5] and Theorem 2.3 in

4]).

THEOREM 2.1. For a binary relation o on a set X, the following conditions
are equivalent:
(1) « is a quasi-regular relation.
(2) For all z,z € X, if (x,y) € a, there exists u,v € X such that:

(a) (u,z) € a™t A (v,y) € a©
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(b) (Vs,t € X)((u,s) € a™t A (v,t) € a® = (s,t) € a).
(3)aCaoa*oa.

PROOF. (1) = (2). Let a be a quasi-regular relation, i.e., let there exists a
relation 3 such that a = a® o Boa. Let (z,y9) € a. Then there exist elements
u,v € X such that (z,u) € a, (u,v) € B, (v,y) € a®. It follows that there exist
elements u,v € X such that (u,z) € a~! and (v,y) € a®. This proves condition
(a).

Now, we check condition (b). Let s,t € X be arbitrary elements such that
(u,s) € @t and (v,t) € a®. Now, from (s,u) € a, (u,v) € 8 and (v,t) € a% it
follows (s,t) € a® o Boa = a.

(2) = (1). Define a binary relation

o ={(u,v) € X x X : (Vs,t € X)((u,8) €™t A((v,t) € a® = (s,1) € )}

and show that a® o @’ o @ = « is valid. Let (z,y) € a. Then there exist elements
u,v € X such that conditions (a) and (b) hold. We have (u,v) € o’ by definition
of the relation «’'.

Further, from (z,u) € «, (u,v) € o’ and (v,y) € a it follows (x,y) € a®oa’oq.
Hence, we have o C a® oa’o. Contrary, let (z,y) € a® oo’ oa be an arbitrary pair.
There exist elements u,v € X such that (z,u) € «, (u,v) € o and (v,y) € a,
i.e., such that (u,z) € o' and (v,y) € a“. Hence, by definition of the relation
o', it follows (x,y) € o since (u,v) € o'. Therefore, a” o o/ o C . So, the
relation « is a quasi-regular relation on X since there exists a relation o’ such that
aod oa=a.

(1) & (3). Let a be a quasi-regular relation. Then there exists a relation §
such that o = a® o Bo a. Since a* = max{ € B(X) : a% o Boa C a}, we have
BCa*and a=a%opBoa C a’oa*oa. Contrary, let hold o C a® o a* o o, for a
relation . Then, we have a C a®oa*oa C a. So, the relation « is a quasi-regular
relation on set X. O

COROLLARY 2.1. Let (X,<) be a poset. The relation <€ is a quasi-regular
relation on X if and only if for all x,y € X such that x < y there exist u,v € X
such that: (a') x <Cu A v <y, and (V) (Vz€ X)(z<u Vv 2).

PRrROOF. Let <© be a quasi-regular relation on set X, and let z,y € X be
elements such that < y. Then, by the previous theorem, there exist u,v € X
such that: (a) 2 < uAv<y; (b) (Vs,t € X)((s <Cunv<t)=s<Ct). Let
z be an arbitrary element and if we put z = s = ¢ in formula (b), then we have

(zgcu/\vgz)ézgcz.

This is a contradiction. Hence, —(z <Cunv< z). It follows z < u Vo <% 2.
Contrary, let x,y € X be arbitrary elements such that z <¢ y. There exist
elements u,v € X such that (a’) * <Y uAv < yand (b') (Vz € X)(z <uVo < 2).
Let s,t € X be arbitrary elements such that s <%y and v < t. From s <% u it
follows s <“ t or t <¢ u. For z =t, we have t <€ u A (t < Vv <Y t) by condition
(b"). Hence (t <€ unt <u)or (t <€ uAwv <Y t). The first case is a contradiction,
and the second case is impossible because v < t. Therefore, there is only possibility
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s <% t. This means that u and v satisfy condition (b) of Theorem 2.1. So, the
relation <% is a quasi-regular relation on X. (|

3. Examples

EXAMPLE 3.1. Let a be a quasi-regular relation on set X. Then there exists
a relation 8 on X such that o = a® o foa. If 6 is an equivalence relation on X,

we define relation «/0 by a/0 = {(ad,b0) € X/0 x X/0 : (a,b) € a} and §/6 by
analogy. We have a/0 = (a/0)¢ o0 3/ o a/. Indeed:
(aB,b0) € /0 < (a,b) €a=a% 0 Boa

& Fu,v € X)((a,u) € aA (u,v) € BA (v,b) € a®)
< (Fu,v e X)((a,u) € aA(u,v) € BA((v,D) € a))
< (Fub, vl € X/0)((ab,ud) € a/O A (ub,vl) € 5/0 A —((v0,b0) € a/0))
& (Fub,vh € X/0)((ab,ub) € /A (ub,v8) € B/0 A (v6,b6) € (a/0)°)
& (ab,b8) € (/)€ 0 B/6 0 a/b.

So, the relation «/6 is a quasi-regular relation on X/6.

EXAMPLE 3.2. Let a be a quasi-regular element in B(X’). Then there exists
a relation 3 € B(X') such that a = a® o B o a. For a mapping f : X — X’ and a

relation v € B(X’) we define f~1(y) by (z,y) € f*(7) & (f(z), f(y)) €. If fis
a surjective mapping, we have:
(z,y) € fH () & (f(2), f(y) ea=a0foa
& (0 € X)((f(z),u) € an(,v) € BAW, f(y) € a”)
& (Fu,v € X)((f(2), f(u)) € an(f(u), f(v)) € BA=((f(v), f(y)) € )
& (Fu,v e X)((z,u) € fHa) Alu,v) € F7HB) A ~((v,y) € fFH(a))
& (z,y) € (f 1) o fH(B) o fH(a).
So, the relation f~!(a) is a quasi-regular relation in X.

ExXAMPLE 3.3. The relation Vx on X, defined by (z,y) € Vx < x # y, satisfies
Vxy =IdxoldyoVyx = V)C( oldx oV x since V%; = Idx. So, Vx is a quasi-regular
relation on X.

Besides, let 8 be an equivalence relation on X. There is natural surjective
mapping 7 : X — X/60. Then, Vx /60, by Example 2.1, is a quasi-regular relation
on X/0. Thus, by Example 2.2, 7=(Vx/6) is a quasi-regular relation on X.

4. Dually quasi-regular relations

There is a possibility to introduce the notion of dually quasi-regular relation on
sets, for example, in the following way: For a relation o € B(X) we say that it is
a dually quasi-regular relation on X if and only if there exists a relation 5 € B(X)
such that @ = a o B0 a€. For these relations we can state dual statements of
Lemma 2.1, Theorem 2.1 and Corollary 2.1.
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It is easy to see that the family of these relations is not empty. Relation
a € B(X) satisfying (a®) ! oa® = Idy, is a dually quasi-regular relation. Indeed,
we have a = aoldx = ao (a%)"toal.

In the end we give a connection between the quasi-regular and dually quasi-
regular elements of B(X).

THEOREM 4.1. Relation « is a quasi-reqular relation on X if and only if the
relation o=t is a dually quasi-reqular relation on X.

PROOF. Indeed, if « is a quasi-regular relation, then there exists a relation g
such that o = a o 8 o a. Hence

o = (ac oflo 04)71 —alo 571 o (ozc)fl =alo [371 o (Ofl)c.

So, the relation a~! is a dually quasi-regular relation on X. (|
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