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BLOW UP RESULTS FOR
FRACTIONAL DIFFERENTIAL
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ABSTRACT. The aim of this research paper is to establish sufficient conditions
for the nonexistence of global solutions for the following nonlinear fractional
differential equation
D§,u+ (=) 2u[™  u + a(@) - V]ul!™ u = h(z,D)]ul?, (t2) € Q,
u(0,z) = ug(x), =eRN

where (—A)*B/z, 0 < B < 2is the fractional power of —A, and Dg\w O<a<l)
denotes the time-derivative of arbitrary o € (0; 1) in the sense of Caputo. The
results are shown by the use of test function theory and extended to systems
of the same type.

1. Introduction

In his article [3], Fujita considered the Cauchy problem

u=Au+u'"Pin Q =R" xR,

(L) u(0,2) = a(x) in R™
where p > 0. If p. = %, he proved that:

1. If 0 < p < pe and a(zg) > 0 for some xg, then any solution to (LI]) blows-up
in a finite time.

2. If p > pe, then there exist a solution on Q.

The critical case p = p. was decided later by Hayakawa [6] for N = 1,2 and by
Kobayashi, Sirao and Tanaka [9] for n > 3.
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174 HAKEM AND BERBICHE

In a more recent article, Guedda and Kirane [5] extended the previous results
to the equations

up = (—A)2u+ h(z, u P in Q = RN x R,
u(0,z) = a(z) in RY

where h(z,t) = O(t7|x|?) for |z| large.
Finally, Kirane and Qafsaoui [8] treated the more general equation

w4+ (A2 (™) + a(z, t) - Vud = h(z, HHul*?, in Q.

The technique we use has been introduced by Mitidieri and Pohozaev [10], [11],
Pohozaev and Tesei [12], Pohozaev and Veron [14] and used by Hakem and Berb-
iche [1].

Let us consider the following nonlinear fractional differential equation
8
2

DG u + (—A) (Ju] ™ ) + a(x) - V(|ul*" u) = bz, t)]ul?

1.2
(12) uw(0,z) = ug(z), =€ RY,

«
where Do\t

of Caputo [14], (=A)?/2, g € [1,2], is the (%)—fractional power of the Laplacian — A,
in the x variable; a(z) := (a1(z),...,an(x)) and h(x,t) are given functions, a(z) -
V(|u|9= u) is the scalar product of a(z) and V(Ju|?"!u) and the exponents p > 1,

denotes the time-derivative of an arbitrary order a € (0, @) in the sense

q > 1 and m > 1 are positive constants. The nonlocal operator (—A)g is defined
by (—A)Zo(z) = FL(|€]PF(0)(€)) () for every v € D((=A)%) = HP(RY), where
HP(RY) is the homogeneous Sobolev space of order 3 defined by

B
2

HY(RY)={ue8; (-A)zuecl?R")} if B¢N,
HPRY) = {u e L2 (RY); (-A)7ue L*(RY)} if BeN,

where &’ is the space of Schwartz distributions; F denotes the Fourier transform
and F~! its inverse. The fractional Laplacian (—A)§ is related to Lévy flights
in physics. Many observations and experiments related to Lévy flights (super-
diffusion), e.g., collective slip diffusion on solid surfaces, quantum optics or Richard-
son turbulent diffusion, have been recently performed. The symmetric S-stable
processes (8 € (0,2)) are the basic characteristics for a class of jumping Lévy’s
processes. Compared with the continuous Brownian motion (8 = 2), symmetric
[b-stable processes have infinite jumps in an arbitrary time interval. The large
jumps of these processes make their variances and expectations infinite according
to B8 € (0,2) or 8 € (0,1], respectively. It is worth mentioning that when 8 = %,
the symmetric [-stable processes appear in the study of stellar dynamics. The
time fractional derivative has been found to be very effective means to describe
the anomalous attenuation behaviors. We here recall some definitions of fractional
derivative.
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The left-handed derivative and the right-handed derivative in the Riemann—
Liouville sense for ¥ € L'(0,T), 0 < o < 1 are defined as follows:

N 1 d [t (o)
( th’)(t)_r(l—a)%/o i—o) ™

where the symbol I' stands for the usual Euler gamma function, and

N 7 1 d [T v
( t|T‘I’)(t)——m%/t mdo’,

respectively. The Caputo derivative

1 t (o
D500 = s | oz o

requires ¥’ € L1(0,T).
Clearly we have

o 1 9(0) , [* (o)
(D0|t9)(t) = m [t—‘l +/0 m da} ,

L[ e
" e = oy e~ o)

Therefore the Caputo derivative is related to the Riemann-Liouville derivative by
01t Y (t) = Dgj[¥(t) — ¥(0)].
We will use the formula of integration by parts [13, p. 46]

/ (DG 9) (1) dt = / o(t) (D f)(2) dt

Solutions to problem ([2]) are meant in the following sense.

DEFINITION 1.1. A function u € LY (Qr), where Qr := RN x (0,T), is a local
weak solution to (L2)) defined on Qr, if uh'/? € LL (Qr,dz dt) such that

(1.4) / h(x,t)§|u|pd:cdt—|—/ ug D€ d di
Qr Qr

:/ qufT§d:vdt+/ " tu(—A)3 ¢ da dt
T T

al Oa;
- E / lu|? g —— dx dt — / lul? ua - VE dr dt
) Qr 3xz Qr

for any test function ¢ € C2 1(QT) such that &(z,T) = 0.

The integrals in the definition are supposed to be convergent. If in the above
definition, 7" = 400 the solution is called global.
To begin, we set some hypotheses. For the function h, we require the condition

(Hn) h(yR,7TP/®) > C,R°TPP/* Cy >0,
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for some o,p > 0 to be determined later, R, T large and 7 > 0, y in a bounded
domain. It can easily be seen that there is no conditions imposed on ¢. The vector
a(z) = (a1(x),...,an(z)) is required to satisfy

(Ha) la;(z)| ~ c|z|% for z large and &; > 2.
For later use, we define § = max(é;).
1.1. The Results. Now, we may state our first result.

THEOREM 1.1. Let N > 1, p > max(m,q) > 1. The exponent p satisfies
p p
(p+1)> max{m, (1—a)p, q}'
Assume that (Hr) and (He) are satisfied and uo(x) satisfies ug(z) > 0. If
a(e+B)+Bp ((aN+p)+ (a0 + ﬂp))Q>
aN+8(1-a) (6-Da+ (Na+p) )’

then problem ([L2)) admits no global weak solutions other than the trivial one.

pémin(l—l—

PROOF. The proof proceeds by contradiction. Suppose that u is a nontrivial
solution which exists globally in time. That is exists in (0,7*) for any arbitrary
T* > 0. Let T and R be two positive real numbers such that 0 < TRA/® < T*.
For later use, let ® be a smooth nonincreasing function such that

1, ifz<1,
Bz)=4 " .~
0, ifz>2.

and 0 < @ < 1. The test function ¢ is chosen so that

/Q(hg)—m/(P—m)‘(_A)B/zg‘p/(p_m)dxdt<oo, /Q(hg)—l/@—l)|D3T§|P/<P—1>dx dt < o0,
T

T
N 9
h_Q/(”_Q)f
‘/QT ; 8I1

To estimate the right-hand side of (I2)) on Q7 p2/e, we write

J

Using the e-Young inequality
XY <eXP+CE)YY, pt+p =pp, XY >0,
we have the estimate

/ "L (—A) 3 Eda dt
Q

TR2/0

p/(p—q)

dr dt < oo, /(hg)—q/@—q)m - VEP/ P D dg dt < oco.
Qr

" (-8 edndt = [ () (- A) Pt

TR2/0 Qpp2/e

gs/ h§|u|pda:dt+0(5)/ (h€) 7= |(—A) 2 |7 du dt.
Qrp2/0 Qpg2/o

Similarly,
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/ UD?I‘TRQ/ng:I;dt:/ U(hg)i(hg)%DﬁTRg/gé—d(Edt
Qrr2/0 Q

TR2/0
< 6/
Q

Integrating by parts, we get

hé|ulPdz dt + C(e) / (hE) 7T | D o€ 7T da dit.

TR2/0 Qrp2/0

/ a-V(julT u)éde dt
Qrr2/e

I,
Now writing

N N
u| e ST L g dt — Wt u(he) iR T eSS S O o ar,
|ul
Qrg2/e i—1 Q 9

9]
T
= 8 ? TR2/6 i=1

al oa
Z |u|q_1u§8—dx dt.
T

TR2/9 i=1

lu|" ua - Véda dt — /
Q

TR2/0

and using the e-Young inequality, we get

J

N
|9 ug Z da dz dt
i=1

8:@»
q

< 5/h§|u|pda:dt+0(5)/ h7=i¢

Qrg2/0

TR2/0

p—qu dt.

N
da

i=1

Similarly, we have

/ lu|"" u(a - VE) dx dt
Qrp2/0 ., p
és/ h§|u|pda:dt+0(a)/ (h&)7=d|a- V" " da dt.
Q

Qrg2/0
Combining the above estimates with (1.4) and taking £ small enough, we infer that

(1.5)

/QTRz/e
_ _p_ —q
< C’(s)</ (h{)ﬁ’DﬁTRz/gﬁyp’ldxdt+/ h7=a&
Qrg2/6 Qrr2/e

o

At this stage, we set

TR2/0

U Dy paso€ da dt—|—/ |u|PER dx dt

Qrp2/0

%
dz dt

N
da

(—A)§§|ﬁndmdt>.

(hé)ﬁla-V§|ﬁda¢dt+/ (he)~ 75

TR2/6 Qrr2/e

E(a,t) = @(7|x|;j te),

where R and 6 are positive real numbers to be determined latter.
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We note that &(z, TR?/?) = 0 for T? > 2, then by (L3) we have
/ uonfTRQ/gf drdt > 0.
Qrg2/6

Let us perform the change of variables 7 = t/RQ/‘g, y=z/R, and set
Q= {(y,7) e RY xR, |y +7° <2}, p(y,7) = |y* +7°.
We have the estimates
|Dta‘TR2/9§|p/(p71) (&)=Y P~V g dt

Qrp2/0

2 1

< RTHop/ - DN — g (o) /Q | D2y Dou| 7T (Chly| 7 ®op) 7 dy dr,

[(—A)7€|77 (he) 7= da dt

Qrp2/0

< RPN ) [ | )E dop 7R (Culyl”r o) T dy
Q

[
Q

TR2/0

P

P—q

¢dz dt

N
Oa

N
<Rp—l<a+%P>+ﬁ<5—2>+N+%/(Ohlylgf”)p—llz
Q@ i=1

daj _»_
BZ- |P5q doudy dr,

and

(hg)—q/(p—q) la - v§|p/(p—Q)dx dt
Qrp2/0

< RFESCHIHODENS [ (oo T o Vel dr dy.
Q

Now, we choose 8 such that

= Bpb + (p — m)ON +2(p — m) — m(6o + 2p)
< —2ap+ (p—1)N +2(p — 1) — (6o + 2p),

then it is sufficient to take 6 = 270‘ We then have the estimate

(1.6) / hlulPE da dt < C(e)(R + R + R*),
Qrpp/a

where
(p—1)0s1 = —2ap+ (p—1)N +2(p— 1) — (6o + 2p)
(p—m)fss = —ppl + (p — m)ON + 2(p — m) — m(fo + 2p)
(p = q)fss = (6 = 1)p0 + (N0 + 2)(p — q) — q(6o + 2p)
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and C(e) is a generic positive constant depending on e. Now if we choose
max(sy,82,83) < 0, that is

p<min (14 2B (0N 48+ (oo 4 Bon)

aN+B(1-a)’ ((6 —1Da+ (Na+B))
and let R — oo in ([L6]); we obtain

/ hlulPdz dt < 0.
RN xR+

This implies that u = 0 a.e., which is a contradiction. If p = p,. (i.e., max(s; s2, s3)
= 0) the critical case, we have from (L6

(1.7) / hlu|Pdz dt < C.
R” xR+
We modify the test function ¢ by introducing a new fixed constant S (0 < S < R),
such that o y
We set

te
Crs = {(z,0) R" x R* : B* < o + o5 < 2R%}.

See that because of the convergence of the integral in (IT), then
(1.8) lim hlulP& dx dt = 0.

R—o0 Cr.s

By using the Holder inequality, we get

/ |u|q_1ua -Védxdt = / |u|q_1ua -V dxdt
QT(SR)2/9 CRr,s

P—4q

< (/ |u|ph§da:dt)p</ (hg)—ﬁm-vgp—%d;cdt) o
CRr,s CRr,s

where we have used that the support of a - V€ is Cr g. Taking into account of the
scaled variables: t = (RS)#7, = Ry &(x,t) = &(Ry, (RS)?7) = x(y,7) and the
fact that p = p. then instead of estimate (L)), we get

(1.9) (1-3¢) hlu|P¢ dx dt
QT(SR)2/9

< (/ |u|”h§dwdt>p(/ (hg)ﬁ|a-vg|ﬁdxdt) ’
CR,S CR,S
+C(e) (LS~ 71 dostitd | g 5w (F)+E 4 [y95a(BA1E)

where

— 2
Ly ::/prll‘D?I‘Txypfldydﬂ
Q
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Ly :=/X’PT’“ (=A)% x| " dydr,
Q
o (5] )
= X ydr ).
; Q dyi

i=1
Using (L9, we obtain via (L8]), after passing to the limit as R — oo
(1.10)

2

/ hlulPdz dt < C(S*ﬁ(%*%aﬁ*% 1+ 5w ETE 4 5%<%p>+§),
R xR+
Finally, we realize that the left-hand side of (II0) is independent of S, then by

passing to the limit when S goes to infinity, we obtain u = 0, which is contradiction
and this completes the proof. ([

REMARK 1.1. When the vector a = 0 and ¢ = m = 1, we recover the case
studied by Kirane-Tatar [6]. Whena=0,g=m=1,0=p=0,a=1and § =2,
the critical exponent coincides with the well known Fujita exponent [2].

2. System of Fractional Differential Equations
This section is devoted to the following system of reaction-diffusion equations
D= o) + (=A) (ju" M) = h(t, D)ol + lg(t.2)[[ul" in Q
Dy, (v = o) + (=A)2 ([o]"10) = k(t,2)[ul? + [I(t,@)|[o]*  in Q

subject to the initial conditions u(z,0) = ug(z) > 0, v(z,0) = vo(x) > 0, x € RV,
where 0 < a, 6 < 1land 0 < v,08 < 2.
The functions h, g, k, [ are assumed to satisfy the conditions

h(t,x) > C1t“tz|¥, g(t,z) ~ t“2|z|" when |z| large

k(t,z) > Cst*? |z, 1(t,z) ~ t“|z|% when |z| large,
fort >0, z2>1, w 20, w 20,ws 20, w, >20,dy >0,ds >0, d3 >0 and
dy 2 0. Weset \; = w; + %di and n; = w; + %di for : = 1,...,4. For the system
(FDS) we have

(FDS)

THEOREM 2.1. Let p,q > 1,m,r, and s > 1 and assume that

(1) pq > max(m?, sm, sr,mr).

+1) A1+1) As+1) 2
(2) EZEH) z3>1 E)\zllJrl) >5>1 EAerl) > > L
If
(21) N g max(@l,t?g)

where 6‘1 = min1<j<7 91]‘, 92 = minlgjg7 6‘2j

g +p*As +pg(6 — (1= 3)) +p%qla— (1= 1))

011 = )
((p—’yl)qt? + (q—lﬁ)p%z)
5 _ mam + 923 +pg(d — (1= 3) +p*q(a — (1= 7))
12 =

—m)qd —1)p2«
((p ’Y)q +(q 1ﬁ)p )
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sq(A1 +1) = pg(Aa +1) +p°As +p’g(a — (1 - 7))

013 = ,
13 ((p—s)a+(¢—1)p*)G
0. — gmny + p*mAz + pgm (5 — (1 — %)) +p?q(a— (1 — %))
4= (5(P—1)mq + apz(q—m)) ’
Y B
01r — spAz +5¢° (M +1) = pg® (M +1) +pgs(a — (1 - 1))
' ((g—Dsp+(p—19)°) 5 ’
p_Tam —p?q(m + 1)+ rp*(ns + 1) +rpg(6 — 1+ 1)
16 — ,
((p = Drg+ (g —7)p*)2
g — s+ 1) —parQa+ 1) +p*r(As + 1) —p?g(ho + 1)
v ((p—s)ra+(a— P35 '
g @*m +pg(a— (1= 2) +pla +pg?(6 — (1 - 3))
21 = )
[p(q ~ 1§+ (p—1)g*S
0 (3 +1)rp — (12 + 1)pg + ¢*m +pg° (0 — 1+ 1)
22 = )
((g=r)p+(p—1)¢*)3
) mpAs +mg*n; +mpg(a — (1 — %)) +pg?(6 — (1 — %))
23 — ,

mp(g—Da | (p—m)q?s
(R + )
o _ prmlns +1) —mpg(n +1) + mg*m +pg* (0 — (1 - 2))
24 — )
((q = rymp + (p —m)g?)2

smq(A + 1) —mpq(As + 1) + p*mAs + p?qla— (1 — )

q
P = @~ 9yma + P = m)S ’
bor — msp(Az + 1) + 5¢° M — pg® (M + 1) + pgs(a — (1 — %)),
((g=m)sp+ (p—s)¢°) 5
0y — TPOs £1) —spgAa +1) + 5¢* (M +1) —p*(Aa 1)

((g=r)sp+(p—95)a°) 5

then the system (FDS) (with the initial data) does not admit nontrivial global weak
solutions.

PROOF. Here again the proof proceeds by contradiction. Let

j=1,2

)

&z t) = @(#),

where R > 0, p1 = 8/a and ps = /6.
The weak formulation of solutions to (FDS) reads

/ BlofPes + / DS
QTR QTR
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[ wptee [ qumtaesia - [ gl

| kelulr+ [ w0
TR QTR

= [ wpfpes [ rtaeaie - [ el

Using the Holder inequality, we may write

g—1

| i< (/ ,@Mq)% (/ TR(k@rﬁwaTsnﬁ) "

m m—gq

/T’*(Mmlux_A)%gl ) (/ TR%'“'q)?(/TR|(—A)§£1|m—%(k52)mmq)_T,

q—r

/TR9|U|T§1 < (/ N k§2|u|q>£ (/ TR(kfz)q_rr(gﬁ)ﬁ) q

Consequently
B+ (/ k§2|u|q) "
Qrr

A—(/ (kfz)—ﬁwmﬂﬁ) :

B= (/QTR|<—A>§sl|m—qq<k£2>m"‘q>_ "

q—r

c- </TR(kfz>—q—”<g§1>ﬁ> "

Similarly we obtain the estimates

m
q

p q é, q .
‘/QTR h|U| 51 < <‘/QTR k§2|U| ) A+ </62TR k§2|U| )

where

p—1

» »
[ i< ( |v|P<h§1>) ([ e pl|DfT52|ﬁ) ,
TR QTR QTR
m m—p

D

/</ ) ([, e =) .

So we get

q P % p % p %
/Q e <( /Q e <h§1>) D+(/Q e ha) s+(/Q e ha) 7

ol
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with
—</ (hé1)” 77| D ol 7T )_
=(/° (he)™ Aﬁgﬂﬁ%) "
QTR !
= (/ h§1 = lfg) Sp)_T
If we set

vie [ mPa. 2= [ kel
QTR QTR

then we have

VIKZ-A+Z™-B+Z"-C,
ZrPLY-D+Y"-E+ Y- F
which yields
(2.2) VPO L 3PTL(ZP L AP + ZP™ L BP 4 ZPT L CP),
(2.3) ZP9 L P L(Y9. DI 4 YIm . £9 4 YIS L FU),

We have used in ([22)) and ([Z3]) the inequality

183

(a+b4c)P <3P HaP + 0P +cF), p=1, a,bc=0

It then follows from (Z2)), (23) that
V< elpm,r) (V- D+ Y™ €+ F) - AP
FM DT YT Em g yem Y L BP
(DT YT ET YT FT) L CP),

where c(p, m,r) is a positive constant depending on p,m and 7.
inequality, we get

(24) D7 < ofp,m, 1) (DAV)THT + (EAV) T + (FAP)75

Pq

Using e-Young

+ (D" BT 4 (£mBY) T 4 (FBY) T
+ (DVCP)TT + (£7CT)THT + (FTCP)TT ).

Now, using the scaled variables (y,7) defined by t = R7 and 2 = R%y, in A, B, F
while in D, &,C we use the variables (y,7) defined by ¢t = R7 and x = R%y, we

obtain

(25) Y <c(R" +R”+ R+ R"“ + R + R's + R" + R's

+ RY)
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where

gm +p?*As +pa(d — (1= 1)) + pqla — 1+ 7)

(pg =Dl =N — ((p—l)tﬁ + (q—l)an) ’

Y

mam +p*Az +pg(6 — (1= 2)) + p°qla — (1 - 7))

(pg —m)lz == N — =Drr= 1ﬁ>p ay ’

5
( s = N sq(M +1) = pa(Aa + 1) + p*Az + pPgla — (1 - 1))
pq — s)lz == IN — - 7
’ (- 9)a+ (- D)3
g + p*mAs +pqm(d — (1= 1)) +p°qla — (1 - 2))
(pg —m)ly :== N — d D )
(p—1)mg ap?(g—m)
( v + B )
2 ’mA S§—(1=-m 2 _l4m
(pq—mz)l5 ::N_mqm+pm 3+pqm( ( P))+p q(a +q)a
(5m(p—m)q + pz(q—m)a)
v B

smq(M1 + 1) — mpg(A\g + 1) + p?mAs + p?q(a — (1 — ™))
((p — s)mq +p*(qg —m))3 ’
(b — 1)l o= O — PO+ 1) +rp*(ns + 1) +1pg(6 — 1+ 1)
((p=Vrg+ (g —r)p*)2 ’
mram + (n3 + Dp*r — pq(n2 +1) +rpg(d — (1 = 7))
((p —m)rq + (¢ —7)p?)2 ’
grs(M +1) — pgr(Aa +1) +p°r(As + 1) — p®q(A2 + 1)
((p—s)rq+(q—7)p?)5 '

(pg — sm)lg := N —

(pg —mr)lg := N —

(pg — sr)lg := N —

In the same way we find

(26) 2" < c(e)((AD) 7 + (BDY) 7 m+<CDQ>

(Amgq)w w4 (BMET) pa-m? 4 (Cmé’q)pq mr

+ (AT 4 (B F)E + (COF)7 ).
Similarly, we have for Z
(2.7) 2P L ¢(R) + R + R% + R/ + R + R + R’" + R’ + R”),
where

(0g— 1), = N — g*m +pg(a — (1= 3)) +pXs +pg*(§ — (1 — %))7
' [p(a = 1)§ + (0 — 1)¢?2]
)

As + @*n1 + —(1-m)+ -1
(0g— ), = N — [mpAs + ¢*m pq(iam)i i 1))q2 pg* (8 — ( p))]7
(£ + =e?)

(n3 + 1)rp — (n2 + 1)pq+ *m +pg*(6 — 1+ 1)

(pa == N ((@=mp+@—1)q*)?2 ’
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mpAs + mg*n +mpg(o— (1 — 1)) +pg? (6 — (1 — 2))

. _ q p
(pq - m)j4 =N ((q—lg)pmoz + (p—7;1)q25) ’
m*pAs + mg*m + pgm(e — (1= 2)) + pg*(d — (1 - 2))
2Y: . N ! L
(pq —-m )js =N (a(qi;n)mp + 5(P*$n)q2) ’
_ prm(ns + 1) — mpq(n2 + 1) + mag®*m + pg*(6 — (1 — %))
(pq - mT)]s =N - S )

((q =r)mp + (p—m)q*) 5

(pq — 8)j. == N — spAs + 5¢% (M1 +1) = pg* (A + 1) + pgs(a — (1 - 7))
" ((g=1)sp+(p—s)a*)5 ’
msp(As + 1) + s¢?\1 — pg® (A + 1) + pgs(a — (1 — £))

(pg —ms)j, := N (a=m)spt p=s)2)o ’

_rsp(As +1) —spg(ha + 1) +5¢2 (A1 + 1) — pg® (s + 1)
((g=7)sp+(p—95)a°) 5

(pq—rs)j, =N

Condition (2.I)) leads to either maxi<i<ol; < 0 or maxigi<o ji < 0. In both cases,
the proof follows from the arguments presented above. O

REMARK 2.1. Whena=0=1,=v=2,h=k=1and g =1 =0, we found
the case studied by Escobedo and Herrero [1], however we impose the constraint
p > 1, ¢ > 1 while Escobedo and Herrero require pg > 1.
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