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ABSTRACT. Recently, we have researched certain twisted product C' R-submani-
folds in a Kaehler manifold and some inequalities of the second fundamental
form of these submanifolds [11].

We consider here two kinds of twisted product C' R-submanifolds (the first
and the second kind) in a locally conformal Kaehler manifold. In these sub-
manifolds, we give inequalities of the second fundamental form (see Theorems
5.1 and 5.2) and consider the equality case of these.

1. Twisted product manifolds

Let (M1, ¢1) and (Mz, g2) be Riemannian manifolds and M be a (topological)
product manifold of M; and Ms. We define a Riemannian metric g of M as

g(U, V) = efzgl(Trl*U, 7T1*V) + gg(?TQ*U, 7T2*V)

for any U,V € T M, where f denotes a positive differentiable function on M, T'M
is the tangent bundle of M, 7; (resp. m2) is a projection operator of M to My (resp.
M>) and 71, (resp. ma) is the differential of 7 (resp. m2). Then the manifold M is
called a twisted product manifold with an associated (or a warping) function f and
we write it M = My x y M [8]. In particular, if the associated function f is in My,
then the manifold M is a warped product [12].

Let M = M x § M3 be a twisted product manifold with the associated function
f and let dim My = nq, dim My = ne and dim M = n = ny + ns. Moreover, let
(xt 22, ... 2™), (x™ T ... 2™ ") be local coordinate systems of M; and Ma,

respectively. Then (x!,22,...,2") is a local coordinate system of M.
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Using the above local coordinate systems, we can write

2
(95 0N\ _(efgii O
1.1 = - J 7
(1) o= (% )= (o 0

where the indices (j,4,...,h), (d,c,...,a) and (v,u,...,A) run over the ranges
(1,2,...,n1), (n1+1,n1+2,...,n1+n2) and (1,2,...,n1 + ne = n), respectively.
From (1), we have

Okgji = 6f2{2f2(3k log f1)g1ji + Okg1ji },
(1.2) 0agji = 2]”26'702 (Oalog f)guji,
8igba = 07 acgba = 8cg2ba;

where 9), = 9/9z* and 9, = 9/9x*.
Next, using (I and (IZ), we calculate the Christoffel symbols {,*,} with
respect to g, which are given by

(1.3) {0} = 597009 + Ougue — 0=gu)-
By virtue of (L2)) and (I3]), we obtain
{;"i} = (" + {0 log £)8," + (i log £)8;" — (D" log f)g15:},
("} = (D log £)6:", {u"a} =0,
(i} = — 12/ (02" 1og f)g1ji,
{i%} =0, {c"} ={c"v}2,

where 91" = ¢1'"0, (resp. 0§ = ¢2°?0.) and {;";}1 (resp. {.%}2) denotes the
Christoffel symbol of g; (resp. g2).
By virtue of ([I[4]), we get

VyX = Viy X + fH{(Ylog f)X + (X log f)Y'}

— F291(Y, X){ (01 log f)d; + € (82° log f). },
VxZ =VzX = f*(Zlog {)X, VzW =VazW

(1.4)

for any Y, X € TMy and Z,W € T My, where V1 (resp. V3) denotes the covariant
differentiation with respect to g1 (resp. ga).

2. Locally conformal Kaehler manifolds

A Hermitian manifold M with structure (J,§) is called a locally conformal
Kaehler (1.c.K.) manifold if each point z € M has an open neighbourhood U with
differentiable function p : U — R such that §* = =27 gjv is a Kaehlerian metric on
U, that is, V*J = 0, where J is the almost complex structure, g is the Hermitian
metric, V* is the covariant differentiation with respect to §* and R is a real number
space [13]. Then we know [9]
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PROPOSITION 2.1. A Hermitian manifold M with structure (J,§) is l.c.K. if
and only if there exists a global 1-form o which is called Lee form satisfying

(2.1) da=0 (a: closed),
(2.2) (Vv U = —g(a*,U)JV + g(V,U)B* + g(JV,U)a* — g(B*, U)V

for any V,U € M, where V denotes the covariant differentiation with respect to §,
ot is the dual vector field of «, the 1 form 3 is defined by B(X) = —a(JX), B* is
the dual vector field of 8 and TM means the tangent bundle of M.

3. C'R-submanifolds in an l.c.K.-manifold

In general, between a Riemannian manifold (M,§) and its Riemannian sub-
manifold, we know the Gauss and Weingarten formulas

VxY =VxY +0(X,Y), Vx€=—AcX + Vit

for any X,Y € TM and ¢ € T+M, where o is the second fundamental form and
Ag is the shape operator with respect to £ [7]. The second fundamental form o and
the shape operator A are related by §(A:Y, X) = g(o(Y, X),§) forany Y, X € TM
and ¢ € T M.

A submanifold M in an l.c.K.-manifold M is called a CR-submanifold if there
exists a differentiable distribution D :  — D, C T, M on M satisfying the following
conditions

(i) D is holomorphic, i.e., JD, = D, for each x € M and

(ii) the complementary orthogonal distribution D+ : & — D C T, M is totally
real, i.e., JDL C T;-M for each x € M, where T, M (resp. T;-M) denotes the
tangent (resp. normal) vector space at 2 of M [1,2,6, etc.].

If dim D} = 0 (resp. dim D, = 0) for each # € M, then the C R-submanifold
is holomorphic (resp. totally real). A C'R-submanifold M is said to be anti-holo-
morphic if JDEF = T+ M for any x € M.

In [10], we proved the following

PROPOSITION 3.1. In a CR-submanifold M in an l.c.K.-manifold M, we have
(i) the distribution D+ is integrable,
(ii) the distribution D is integrable if and only if

(3.1) Go(X,JY) —o(Y,JX) +25(JX,Y)a*, JZ) =0
for any X,Y € D and Z € D*.

A CR-submanifold is said to be proper if it is neither holomorphic nor totally
real.

In a C'R-submanifold M in an l.c.K.-manifold M, we know the following for-
mulas [10]

i(VuZ,X)=§(JA;2U, X) + §(o*, 2)§(U, X)
+3(U, 2)g(a*, X) — §(B*, 2)§(JU, X),
AW = AywZ + §(B*, Z)W ( W)Z
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forany U € TM, X € D and Z,W € D+.

A CR-submanifold is said to be mized geodesic if the second fundamental form
o satisfies (D, D) = {0} and to be D (resp. D+)-geodesic if the second funda-
mental form o satisfies o(D, D) = {0} (resp. o(D*+,D+) = {0}).

In a C'R-submanifold M of an almost Hermitian manifold M, we denote by
v the complementary orthogonal subbundle of JD* in the normal bundle T+ M.
Then we have the following direct sum decomposition T+M = JD+ @ v, JD+ L v.

REMARK 3.1. By the definition of v, a C R-submanifold is anti-holomorphic if
vy = {0} for any z € M.

DEFINITION 3.1. Let M be a Riemannian manifold with a metric tensor j. A
submanifold M is said to be a twisted product submanifold of M if it satisfies

(i) M is a Riemannian submanifold of M,

(ii) M is a twisted product manifold of two submanifolds M; and Ms of M,

(iii) for a certain Riemannian metric g1 (resp. ga2) of M; (resp. Ms),

g(UV) = e g1 (m1.U, 11, V) + ga(m2.U, 12, V)

is an induced metric of § for any U,V € TM and a positive differentiable function
f on M, where 7 (resp. m3) is the projection operator of M to M (resp. Ms), and
m1x (resp. ma.) is the differential of w1 (resp. ma).

(iv) the submanifolds M7 and Ms are orthogonal, that is, §(X, Z) = 0 for any
X € TM;y and Z € T M.

4. Twisted product CR-submanifolds
in a locally conformal Kaehler manifold

In this section, we consider a special twisted product submanifold in an l.c.K.-
manifold.

DEFINITION 4.1. A submanifold M in an l.c.K.-manifold M is said to be the
first (vesp. second) kind twisted product CR-submanifold in M if it satisfies

(i) M is a product manifold of a holomorphic submanifold M+ and a totally
real submanifold M ,

(ii) for a certain Riemannian metric tensor gy (resp. g2) on M~ (resp. M, ) and
a positive differentiable function f on M,

(4.1) g(V,U) = e’ g1 (m.V, mU) + ga(n.V,0.U)
(4.2) (resp. gV, U) = g1(mV, m U) + ef2gz(77*v’ n.U) )

is a induced metric of g, that is, §(V,U) = ¢(i.V, i.U), for any V,U € T M, where
7 (resp. 1) is a projection operator of M to Mt (resp. M) and i is an identity
map of M to M.

Then we write the first (resp. second) kind twisted product C'R-submanifold
MZMT XfMJ_ (resp. M:MJ_ leMT).

REMARK 4.1. We write D (resp. D+) instead of TM+ (resp. TM).
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REMARK 4.2. In our submanifold, since the holomorphic distribution D is
integrable, we have to assume that the second fundamental form o satisfies (BI]).

REMARK 4.3. About warped product and doubly warped product C'R-submani-
folds in an l.c.K.-manifold, we can find in [3,4, 5].

In a C R-submanifold M of an l.c.K.-manifold M, let be dim D = 2p, dim D+ =
g, dimM = n, dimv = 2s and dim M = m. Then we know 2p + ¢ = n and
2(p+q+s)=m.

Now we recall an adapted frame on M. We take a following local orthonormal
frame on M,

(i) {e1,e2,...,ep, € 1,€%2,...,€*,} is an orthonormal frame of D,

(ii) {e2p+1,€2p42;---,€2p4q} is an orthonormal frame of D+,

(lll) {en+q+17 En+q+2;5- -3 Entqgts €*n+q+1 N e*n+q+27 N 7€*n+q+s} is an ortho-
normal frame of v. Then we know

(a) {e1,....ep,€%1,...,€"p, €2p41,...,E2p1q} is an orthonormal frame of T'M,

(b) {€*2p+1,- - € 2ptqs Entqis -« - » Entatss € ntqtls - - s € npqgtrs) is an ortho-
normal frame of T+ M, where e*; = Je; for i € {1,2,...,p}, €*2prqa = Jeapiq for
any a € {1,2,...,¢} and e*pygta = Jentqra for any a € {1,2,...,s}. We call
such an orthonormal frame {e1,...,e*n4q+s}, an adapted frame of M.

First of all, we consider the first kind twisted product C'R-submanifold M in an
l.c.K.-manifold M. Then, by the definition, the induced metric g on M is defined

by (&I)).

Then we have
VyX = Viy X + fA{(Ylog )X + (X log )Y

(4.3) — P21(Y, X){(81' log )0y + e (825 Tog £). ),
VxZ =VzX = f3(Zlog f)X, VzW =VozW

for any Y, X € D and Z,W € D+, where V; (resp. V3) denotes the covariant
differentiation with respect to g1 (resp. ga).

PROPOSITION 4.1. For a proper first kind twisted product CR-submanifold M =
M+t x¢ My in an l.c.K.-manifold M, we have

(1) §(o(X,JY), JZ) = §(k, 2)5(X,Y) = 4(, T Z2)§(X, JY) — f*(Z1og /)§(X,Y),
(2) §(0(X,Y),JZ) = §(f, JZ2)§(X.Y) and §(o, Z) = f*(Zlog f),
(3) §(0(JX, 2),JW) = —g(a*, X)3(Z,W)
forany Y, X € D.
PROOF. For any Y, X € D and Z € D+, we have from (22)) and (£3)
G0 (X, JY),JZ) = §(Tx (JY), 1 Z) = —§(Vx(J2), JY)
= —3((VxJ)Z,JY) = §(JVx Z,JY)
= §(f, 2)§(X,Y) — §(af, J2)§(X, JY) = §(Vx Z,Y).
Using ([@3)) and the above equation, we have (1).
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In (1), if we put JX instead of X, then we have
§(0(X,Y),JZ) = §((a*, T2)§(X,Y) = {f*(Z1og ) — §(o*, 2)}3(X, TY).

In the above equation, the left-hand side is symmetric and the right-hand side is
skew symmetric with respect to X and Y. So, we have (2).
From (2), (1) is written as

(1" G(o(X,JY),JZ) = —g(of, JZ)§(X, JY).
Finally, for (3), we have from (22 and (Z3)
Go(JX,2),JW) =§(Vz(JX),JW) = g(Vz )X, JW) + §(JVz X, JW)
=§(=g(e*, X)JZ + §(2, X)B* + §(J X, Z)o*
—§(8%, X)Z,JW) + §(V2 X, W) = —j(a*, X)§(Z, W)
which means (3). O
By virtue of (2) in the above proposition, we know

PROPOSITION 4.2. There does not exist a proper first kind of twisted product
CR-submanifold in an l.c.K.-manifold whose Lee vector field of is normal to D*.

PROOF. By the assumption, we easily know the function f is in M+ which
means our proposition. (I

Next, we consider the second kind of twisted product C'R-submanifold M =
M, xy Mt in an l.c.K.-manifold M. Then, (£2) means

_ [ Gba 0 . €f292ba 0 >
(92) ( 0 gji) < 0 g
@)= (9 O (e e o

0 g 0 o)

In the similar way with a first kind case, we obtain
("} = {c" o + F2{(0c1og £)8" + (9 log )6 — (92" 10g f)gaen }
(4.4) {i%} = f2(0:log /)o*,  {:%n} =0,
("} = =12 (0" log flgma, ("} =0, {"i}={"ih,
Equations ({4 mean
VW = VaozW + f2H{(Zlog /YW + (W log ) Z
(4.5) — [2g2(2,W){(82° log f)D. + " (01" log f)d1},
VzX =VxZ=f*(Xlogf)Z, VyX=ViyX

for any Y, X € D, Z,W € D+, where V; (resp. V3) denotes the covariant differen-
tiation with respect to g1 (resp. g2).
By virtue of (222)) and (@3]), we obtain
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PROPOSITION 4.3. For the second kind twisted product CR-submanifold M =
M| xy Mt in an l.c.K.-manifold M, we have

(1) Glo(Y,JX),JZ) = §(of, 2)§(X,Y) + §(of, JZ)§(X, JY),
(2) §(0(X,Y),JZ) = —g(o*, JZ)§(X,Y) and §(a*, Z) =0,
(3) Q(U(JX,Z),JW)Z{—Q(CM ) )+f2X10gf}g(Z7W)

for any Y, X € D and Z,W € D+.

The proof of Proposition 4.3 is similar to Proposition 4.1. So, we omit it.
By virtue of (2) in Proposition 4.3, we know

PROPOSITION 4.4. For the second kind twisted product CR-submanifold M =
My Xy Mt in an l.c.K.-manifold M, the Lee vector field o is orthogonal to the
totally real distribution D, automatically.

5. The length of the second fundamental form

In this section, we consider the length ||o|| of the second fundamental form o
of twisted product C' R-submanifolds M = Mt x¢ M and M = M, X7 M+ in an
L.c.K.-manifold M.

Using the adapted frame, the length ||o|| of the second fundamental form o is
defined as

(5.1) o= 3" 3" (dotensen)s 0y

r=n+1 p,A=1

The equation (B]) is separated as

n+q n m n
ol =" > {gllenen) ey’ + > D {dloler en) en)}?
r=n+1p,A=1 r=n+g+1 p,A=1
m n
=Z Z{g olensen), Jezpra)}o + Y Y {glolen en) )}
a= 1y)\ 1 T:n+q+1y,)\:1
q
= Z Z {g 6.7761 62p+a }2 + 22 Z {g 61762P+b)7€;p+a)}2
a=1j,i=1 i=1 b,a=1
q
+ Z {g(o(e2p+v, e2p+p), e2p+a} + Z Z{ a(ex, eu), er)}?,
c,b,a=1 r=n+q+1 p,A=1
that is,
HUH2 = Z Z {g ejvez e2p+a }2 + 22 Z {g 61562p+b)7e§p+a)}2
a=1j,i=1 1=1 b,a=1

q

(5.2) + Z Z {g(o(exs en), )}2+Z {§(0(62p+0762p+b)7€§p+a)}2'

r=n+q+1 p,A=1 c,b,a=1
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Now, assume that our submanifold is the first kind of twisted product CR-sub-
manifold M+ x s M, in an l.c.K.-manifold M. Then we have from Proposition 4.1,

9(o(e” i, eapra), € 2p1) = =G0t €)dpa,
g(a(eiv €2p+a), e;p—i-b) = g(o‘ﬁv ez)abaa
G(o(eire5), eapra) = {3(0F, e2p1a) — f*(e2ptalog f)}dji

for any j,i € {1,2,...,p} and a,b € {1,2,...,q}.
Using the above equation, we obtain

p
3o capta) €ipr) = —0 2 g0 )

b 1

=

M= IM=
RIS

P
g(o (61762p+a e2p-|-b Z

(5.3)
1=1b 1
2p
Z g(o(ei, e;), e;p-ﬁ-a) = 2p{g(aﬂ, e2p+a) - f2 (e2p+a log )}
jri=1

Substituting (B.3]) into ([B.2]), we have

q
(54) Nol” = 2{pllab . II” + alab |7} + 2 Y {3(0%, eapra) = F2(eapralog )}
a=1
q

+ > {do(eapreseapra)s i)+ D D {d(olen ) o)}

c,b,a=1 r=n+q+1 p, =1

where ||aﬁDL|| (resp. ||auD||) denotes the length of of in D+ (resp. D)-part. Hence,
we have

q
(5:5)  [lol* = 2{pllay |I* + allab 1P} + 2 {G(a% e2pra) = f*(e2psalog )}

a=1

Thus we have

THEOREM 5.1. In the first kind of twisted product CR-submanifold M = M+ X ¢
M in an l.c.K.-manifold M, we have (54]). The equality of [&0) is satisfied if and
only if the second fundamental form o satisfies o(D+, DY) C v and o(TM,TM) C
JD+.

COROLLARY 5.1. In the first kind of twisted product CR-submanifold M =
M+ x¢ M in an l.c.K.-manifold M, inequality (5.0) satisfies the equality, then the
submanifold M is D*-geodesic.

Next, we consider the second kind of twisted product C'R-submanifold M =
M, xy M+. Then we have from Proposition 4.3

g(a(eja 61'), e*2p+a) = g(aﬂa 62P+a)5ji + g(aﬂv e*2p+a)g(635 i)v
(5.6) G(o(ej )€ apra) = =Gt € 2pya)dii,
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g(o(e"iseap+n), € 2pa) = {=3((aF, e5) + f*(eilog f)}dba
for any j,i € {1,2,...,2p} and b,a € {1,2,...,q}.
Using Proposition 4.4 and equation (5.6]), we obtain

ZZ{Q o(ej,€i) e 2p+a)} —2p2{9 a )€ 2p+a)}

a=1j,i=1 a=1
2 Z Z [g(o(ei, €2p+b)7 6*2p+a)}2
i=1 b,a=1
=20 [{glaf,e%s) — f2(e*ilog £)}* + {g(of, ;) — f*(eilog f)}?].

i=1
|

Hence the length ||| satisfies

q
||U||2 = 2p Z{g(aﬁv 6*2p+a)}2

a=1
+ QZ[{EI(Ofﬁ’ ei) = f2(e"ilog /)}? + {3(a*, &) — f2(eilog f)}?]
i=1

q n

m
+ {§(0(62p+c, €2p+b)a e*2p+a)}2 + Z Z 6#7 e>\ )}2
r=n-+q

c,b,a=1 +1 p,A=1
2p
= 2pllaf ypo ||* + 2q[lld|1* — £ G(a¥, e:) (e log f)
=1

+f4Z{ e;log f)(e; log f)} Z (eapter €2p1b)s € 2pta)}

=1

£ Y (alolemen) e

r=n+q+1 p,A=1

where of ;51 denotes the JD-component of . Thus we have

q
B.7) ol > 2p) _{a(a e opra}’

a=1
+2qZ{g — fe*ilog 12 + {(af, e;) — fPeilog £17]
2p
= 2pflafpo |7 + 24l |1 — 2D dlaf, e:)(eilog f)
=1

+ 4> {(eslog £)(e] log )}

i=1
By virtue of (&1]), we obtain
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THEOREM 5.2. In a second kind twisted product CR-submanifold M = M X

M-+ in an l.c.K.-manifold M, the length ||o|| satisfies inequality (5.0) and equality
of (B0 is satisfied if and only if o(D+,D+) C v. and o(TM,TM) C JD* and

th

x

10.

11.

12
13

en the submanifold M is D+ -geodesic.
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