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A NOTE ON CURVATURE-LIKE INVARIANTS
OF SOME CONNECTIONS
ON LOCALLY DECOMPOSABLE SPACES

.,

Nevena Pusié

ABSTRACT. We consider an n-dimensional locally product space with p and
q dimensional components (p + ¢ = n) with parallel structure tensor, which
means that such a space is locally decomposable. If we introduce a confor-
mal transformation on such a space, it will have an invariant curvature-type
tensor, the so-called product conformal curvature tensor (PC-tensor). Here
we consider two connections, (F,g)-holomorphically semisymmetric one and
F-holomorphically semisymmetric one, both with gradient generators. They
both have curvature-like invariants and they are both equal to PC-tensor.

1. Introduction

In [8], we considered conformal transformations on anti-Kéhler spaces (also
called Kéhler spaces with Norden metrics or B-spaces). Also, we have considered
two kinds of holomorphically semi-symmetric connections: one of them is a metric
and F-connection and the other one is just an F-connection. We have proved that
both of these connections have the same curvature-like invariant, which is equal
to one of conformal invariants on such spaces. It was a geometrical motivation for
such a consideration on a locally product (decomposable) space.

As we know, a locally product space is an n-dimensional manifold M,, with a
(positive definite, but not necessarily) Riemannian metric (g;;) and with structure
tensor field F; #+ 6}, satisfying the conditions FSiFjs = 5;, gStFisF;e = gij, Where
V is the Levi-Civita connection from g. If we put F/g;s = Fj;, then it is clear
that F;; = Fj; (from the previous formula we are getting g;; = Fm‘Ff = F,;F!,
then gijFlj = FtiF]‘fFlj and, consequently, Fy; = F,;0; = Fy;). There also can hold
Vi F ; = 0 and, consequently, Vi F;; = 0. We shall explain such a case later.

At any neighborhood of any point of a locally product space, if it is a (pseudo)
Riemannian space, there exists a coordinate system, called a separating coordi-
nate system; we can express the metric tensor in such a coordinate system in the
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following way . |
ds® = gap(2)da®da® + gro(z') da” da®,
where o, 8 =1,...,p; s =p+1,...,p+¢=n (n=dimM,),i=1,...,n or,

equivalently
y_ |gas O
(9i7) [ 0 grs]
and then its tangent space is a product of two tangent subspaces: M,, = M, x M,.
The structure tensor satisfies F2 = I. In the separating coordinate system, it shall
have the form, by definition [10]
= [53 0 ]

J 0 -7

or, for its covariant form
_ |98 0
EJ B |: 0 _grs:| '

It is not hard to prove that, gag = gap(z?) (o, B,y = 1,...,p) and g,s = grs(z?)
(r,s,t =p+1,...,n) is equivalent to V;CF]? =0 or Vi F;; =0. In such a case the
space M, is called a locally decomposable space, because it can be divided into two
naturally defined subspaces.

The choice of metric tensor on a locally product space in such a coordinate sys-
tem (separating) gives us the form of the covariant structure tensor automatically.

A product conformal transformation [1, 6,8, 9] is a transformation of the metric
of a locally product space, given by

(1.1) 9ij = pgij + ok,
where p and o are scalar functions satisfying
(1.2) pi = 0., p*—0? #0,

for their partial derivatives p; and o;. For details, the author recommends to see
[1]. The geometric interpretation of a PC-transformation is a pair of conformal
transformations, each of them acting on one of the subspaces M, or M,. Then it
is not difficult to show that Christoffel symbols of the metric (II]) are

{ak} = {i1} + 8 pe + 61pj — gind’ + Fan + Flg; — Fijd',

where

ppi — 00; poi — op;
1.3 = PP 0% PTiT O
(13) Py T oY)

which is the consequence of (1)) and (L2). If (T2 were not satisfied, both vectors
in the upper equality would be zero vectors. It can be obtained by calculating
Christoffel symbols defined by metric (II)). Then, one can show that the tensor

PCijii = Kijii + 28ijrr + B2Sijnl
—2[(e1az + B1f2) K + (12 + a2f1) K |riju

K
— 2[(&152 + azf) K + (apan + Blﬁ2)f];:ijkl7



CURVATURE-LIKE INVARIANTS OF CONNECTIONS ON DECOMPOSABLE SPACES 221

where Kjji; is the Riemann—Christoffel tensor of Levi-Civita connection, Kjj is
the Ricci tensor of the same connection, K is its scalar curvature, Kp; = K F js,

K = Kjjg" and
Tijkl = 9ikgjl — Gugik + Fir Fji — Fy Fg,
Fijkt = Flreju,
sijet = Kjgir — Kjkga + Kirgji — Kugjr + K Fr
— KjxFy + KipFj — Ky Fj,

~ t
Sijl = Iy syjkt,

n—2 P
=S g2 T a2 g
n—4 P
R e A

Y=p-—q,

do not depend on the choice of the functions o and p. This tensor is common
for all PC-transformations and it is called a product conformal curvature tensor
or a PC-tensor. For more details about locally product and locally decomposable
spaces, the author recommends to consult [10].

In this paper, we shall consider two kinds of so-called holomorphically semi-
symmetric connection on locally decomposable spaces. Originally, a semi-symmetric
connection was considered on a Riemannian space, as a connection with torsion
tensor which is equal to T;k = I‘;k - l"};j = p;0j, — prdj. The generalization of
such a connection on the spaces with symmetric structure will be holomorphically
semi-symmetric connection, with the torsion tensor given by

T}, = pjoy, — prd; + g Fy — ai Fj,
where the vector ¢; is the image of the generator by the structure. Both the
metric and the structure tensor will be parallel with respect to the connection with
coefficients

(1.4) e =ik} +0i0k —D'gie + @ F — d' Fjw

and we shall call this connection an (F, g)-holomorphically semi-symmetric connec-
tion. The other one will be

(1.5) ik = U} +pi0k + P g + G . + ¢ Fire.
As just the structure tensor is parallel towards the connection (H), we shall call
it an F-holomorphically semi-symmetric connection. For more details about such
kind of connection, it may be useful to consult [5]. Also, similar problems have
been discussed in papers [2,3,4,7].

It is not difficult to prove that the Riemann—Christoffel tensor of a locally
decomposable space satisfies the condition of Kéhler type

b
Kijk = Kapk1 F{' F;
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using the Ricci identity for the structure tensor and Levi-Civita connection. There
also holds

(1.6) Kijw = KiablFfFlf,

which can be proved using the first Bianchi identity for the same connection. These
identities are analogous to those which have been used in [6]. The identity analogous
to (L), but with minus on the right-hand side is valid on anti-Kéhler spaces.

In this paper, we shall use mostly the covariant components of vectors. These
are, in fact, components of co-vectors, but as we can lower any upper index using
contraction by a component of the metric tensor, we shall still consider and call
them components of vectors.

The vector p; is the generator of both these connections. The vector g; is its
image by the structure.

2. Curvature tensor and curvature-type invariant of
(F, g)-holomorphically semi-symmetric connection.

Now we shall calculate the curvature tensor of the (F, g)-holomorphically semi-
symmetric connection. The components of such a connection are given by (L4]). If
we calculate the component of its curvature tensor, we obtain, after lowering the
upper index

(2.1) Rijii = Kijri+9ikpij — giprs + 950k — 9kt + Fire @i — Faqrj + Fjiqei — Firqu,

where we introduce the abbreviations py; and gz; for tensors

(2.2) Prj = Vipj — PkPj — ak4j + 3PP grj + 3056° Fij,
(2.3) akj = Viaj — Pe@; — @ePj + 3PsP° Frj + 3050°gij-
We have got these expressions in the process of calculation of the components R;j;.
It is obvious that qr; = pkaijl.

Now we want tensor ([21) to satisfy standard algebraic conditions for a curva-
ture tensor. It is obvious that it is skew-symmetric in the last two indices (just this
condition is satisfied automatically). It will also be skew-symmetric in the first two

indices, which can be easily checked. If we want it to be invariant under changing
of places of the first and the second pair of indices, then there must hold

(2.4) 0 = git(pi; — pjt) — 9it(Prj — Pjk) + 951(Pri — Pir) — gjk (Pri — Par)
+ Fi(qi; — q51) — Fulae; — gix) + Fii(qei — qir) — Fir(qu — qar)-
After contraction of the upper equation by g’*, we obtain

(2.5) (n = 3)(pij — pjt) + (@ — ajt) — FLF (pra — pav) = 0.

We can see that, if p;; is a symmetric tensor, then the tensor g;; is also symmetric.
So, if we take into account (2:2) and (Z3)), it is easy to see that, if the generator p;
is a gradient, then its image by the structure is also a gradient.

It is not difficult to prove that the generator of connection (L) must be a
gradient if its curvature tensor is invariant under changing places of the first and
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the second pair of indices. There is an exception just for cases of low-dimensional
subspaces. If we transvect (Z4) by F'**, we obtain

(2.6) (n = 3)(qi; — 1) + ¥y — pit) = F{ F (qba — qab)-
From (ZH), it is easy to get
1 P
a_a:—FSFT rs — Psr) — — o a — qab)-
Pra = Pab = ——= Fa By (Drs = Psr) = —— (@b — dab)

If we transvect the last equation by FfFlb, we can obtain, using (Z3])
FYF (pra — pab) = %_?)(plj —pjit) — %quﬂb(%a ~ Qab)
= (n—=3)(pi; — pjr) + (@ — qu)-
The consequence of the last equation will be
n—3
(2.7) piy—pu= —%(% —qt) — m
Using (28] and 27]), we obtain
1 (n—=2)(n—4)+y?
n—3(n-—2)(n—4)—1y?
The last equation deals with a recurrent relation. Using it once again on the right-
hand side, we obtain

F;'ZF‘lb(Qba - Qab)-

qQj — gt = FYFP (Gha — ab)-

1 [(n—2)(n—4)+v?]°
(n—=3)? L(n—2)(n—4) —¢?
Here we have three possibilities

n—2)(n—4)+? n—2)(n—4)+¢?
or (3) ay = qji.-
From the first possibility, we obtain ¢ = &(n — 4). From the second possibility, we
obtain ¢ = +(n — 2). This means
(1) p=n-2, ¢g=2 or p=2, g=n-—2
(2) p=n-1, g=1 or p=1, g=n-1.

Qi — g = (@ — q51)-

In case 3, it is easy to notice that g;; is symmetric if and only if the vector g; is
a gradient. If we use (2.6) and if the vector ¢; is a gradient, then the tensor p;;
is also symmetric and it is true, according to (2.2), if and only if the generator of
considered connection is a gradient. So, we have proved

THEOREM 2.1. If the curvature tensor of (F,g)-holomorphically semi-sym-
metric connection (L)) on a locally decomposable space is invariant under changing
places of the first and the second pair of indices, then the generator of such a connec-
tion is a gradient automatically, except if the dimension of one of space components
is 1 or 2. If the generator is a gradient, then ilts image by the structure is also a
gradient.
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In our following considerations, we shall presume that both the generator and
its image by the structure are gradients. The best way to prove it is to presume
that p > 2, ¢ > 2, like in [6]. Then the first Bianchi identity for such a connection
will be satisfied automatically.

Now we can transvect (Z1)) by ¢* and obtain

(2.8) Rjx = Kji — (n — 4)prj — pigrj — Yarj — Firgs-

We shall define fjk = Kijle“ and Ejk = Rijle“. Then, we can transvect (2.1))
by F* and obtain

(2.9) Rjk = Kji — (n — 4)arj — 4S9k — ¥prj — Fipl,

The scalar functions p; and ¢; are still unknown. We shall find their form by
multiplying both (Z8) and (Z3) by ¢’* and by contracting these expressions. We
shall obtain two new expressions of scalar type:

2(n = 2)pi + 20q; = K — R,
20p; +2(n—2)q; =K — R,
where K = K j1.¢’* and R = Rjrg’".

Now we are going to solve this system of equations. We obtain
n—2 ) -

S = = (K—-R)-— (K-

T Ers R (e E e

n—2 — = P

R () T K A ()

If we use the following abbreviations

n—2 _ P
Mmoo =7

a1 =

then
p;=ai(K —R)+ /(K —R), ¢ =ai(K—-R)+p(K-R),
If we substitute this into (Z8]) and (23], we obtain that

(n = 4)prj +¥Var; = Kjk — Rji, — [a1(K — R) + 1(K — R)] g
— a1 (K — R) + B1(K — R)|Fjy,

Yprj + (0 — )iy = Kjk — Rjx — [0 (K — R) + S1(K — R)]gji
— [ (K — R) + 1(K — R)]gk

If we multiply the first of the upper two equations by n — 4 and the second one
by —, add results and put new abbreviations

n—4 B —)
woap-g AT

g =
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we obtain
(2.10) prj = a2 [Kjp — Rji, — [0 (K — R) + B1(K — R)|gjk
— [ (K = R) + B1(K — R)|Fj]
+B2[Kjk — Rji — [o1(K — R) + B1(K — R)]gjk
— [1(K = R) + 51(K — R)]g;i]

As we have to calculate ¢;; = p;wF]fl7 we have to notice that
K Ff = KijjuF'FF = Kiju. F'FF = K;j9™ = K.

Using equality (Z1), it is easy to prove Ryjp = RableiaFJb. If we use the fact that
this curvature tensor is invariant under changing places of the first and the second
pair of indices, then we have R;;i; = RijabF,?Flb. Then

RixF) = RijuF'FF = Riju F'FF = Rijug™ = Rjs.

Then, it is easy to calculate the tensor g; using (ZI0). We have

(2.11) arj = a2 [Kjx — R, — (o1 (K — R) + p1(K — R)|Fjy,
— 1 (K = R) + 1(K — R)]g;i]
+ B2[Kjk — Rji, — [0 (K — R) + B1(K — R)]Fjy,

[ar ( ) ( )]

o
=

Substituting (ZI0) and (ZII) into (ZII), we see that the tensor

Kijii — [(02Kji + B2 K ji)gir — (a2 Kji + B2K ji) gin
+ (a2 Ky + BoKi)gjr — (oKik + B2 K i) gj1]
— [(2K i + B2 K i) Fu — (a2 K ji + B2 K ji) Fik
+ (a2 Ky + B2Ki) Fj — (a2 K + B2 Ki) Fji
+ 2[(ar02 + B1B82)K + (2B + Bacr) K| (gugik — gingi + FuFji — FinFy)
+ 2[(ar02 + B1B2)K + (2P + P20 K| (Fugjx — Firgii + Fiegi — Fjigrs)
is identical to the tensor which is constructed in the same way by using the corre-
sponding curvature elements of the (F, g)-holomorphically semi-symmetric connec-

tion. Also, it is easy to transform the upper tensor to the form which is identic to
([T3). So, we have proved

THEOREM 2.2. If the curvature tensor of the (F, g)-holomorphically semi-sym-
metric connection on a locally decomposable space is invariant under changing
places of the first and the second pair of indices, then such a connection has a
curvature-type tensor which is equal to the product conformal curvature tensor of
such a space and, consequently, it does not depend on the choice of the generator.
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3. Curvature tensor and curvature-type invariant of F-holomorphically
semi-symmetric connection on a locally decomposable space

Now we shall calculate components of curvature tensor of the F-holomorphically
semi-symmetric connection; its components are given by ([H). After lowering the
upper index, we obtain

(3.1) Rijr = Kijri+9irprj— GuPrj +9ikPri — 951Pri + Fie i — Faudij + FinGi — FjiQp
where we induce abbreviations
iy = Vip; — Sij, @ =iy, Py = Vipi + S, qui = paFy,
Sy =pipj + @gj + 30°psgij + 30s0°Fij,  SiaF = SjaFY.
Also the following relations hold and will be necessary for future calculations:

n+4 Y ;i n+4 P b

Sg = 9 psps + 5?5‘]57 SljF] = Tpsqs + 5?51’57 SabﬂaFj = Slj-
Suppose that curvature tensor (3] of such a connection is an algebraic curvature
tensor (that means that it satisfies standard algebraic conditions for a curvature
tensor) and that the generator p; of such a connection is a gradient. If the curvature
tensor of the connection ([B1) is skew-symmetric in the first two indices and if we

take into account symmetry of the tensors S;; and Sjo F Jfl, we obtain
0= g9itVipj — 9u VP + 95k ViDi — 9 Vipi + Fi Viq; — Fu Vi + Fi Vg — FjVig;.

If we transvect the relation above by ¢g*, we obtain

(32) (n+1)Vip = g;Vsp® + Fi3Vs¢® + F'Vig; — Vg,
and if we transvect it by F* we obtain
(3.3) (n+1)Vig; +9Vip — Vg = gi;Vsq® + Fi;Vsp®,

as the generator is a gradient. Now we shall change places of the indices [ and j i
the upper equation and get

(n+1)Viq+vVip; —Vig; = 91Vsq® + FVep°®.

The expression on the right-hand side of both two upper equations is symmetric.
If we subtract the second one from the first one, we obtain

(n + 2)(quj — qul) =0.
So, we have proved

LEMMA 3.1. If the generator of F-holomorphically semi-symmetric connection
on a locally decomposable space is a gradient and if its curvature tensor is skew-
symmetric in the first two indices, then the generator’s image by the structure is
also a gradient.

If the generator is a gradient, then the equations (8:2) and (3] can be simpli-
fied as

nVip; +¥vVig; = gi;Vsp® + Fi;Vq®,
YVip +nViqg = gi;Vsq® + Fi;Vsp®.



CURVATURE-LIKE INVARIANTS OF CONNECTIONS ON DECOMPOSABLE SPACES 227

If we multiply the first equation by n, the second one by —1 and adding them, we
obtain

nVp® —Vsq® ) nV,q® —¢YVsp®

le] = n2 _ w2 glj TL2 _ ’lb2 E]a
nVsq® —YVsp® nVsp® —YpVsq®
Vig; = Sn2 0 & 1+ Sn2 — 2 a Ey.

There holds

LEMMA 3.2. If the generator of an F-holomorphically semi-symmetric con-
nection on an almost product space is a gradient and if its curvature tensor is an
algebraic curvature tensor, then covariant derivatives of the generator and its image
by the structure can be expressed in such a form

(34) Vip; = agi; + BE;,  Vig; = Bgi; + aFy,
where a and B are scalar functions.

If we want curvature tensor [B.I]) to be invariant under changing places of the
first and the second pair of indices, we obtain

95k Vipi — guVip; = FiiViq; — FjpVig;.

It is easy to check that the upper equality will be satisfied authomatically, by the
reason of holding of [34). It will not be difficult to prove that the curvature tensor
of such a connection will also satisfy the first Bianchi identity, because the generator
is a gradient and tensors Si; and Si. F’ ;’ are symmetric.

When we substitute the expressions (8:4) into (BII), we obtain

Rijki = Kijri — 9iStj + 9i1Skj — 9j15ki + 9515t
— ikSmF;-l + FilSkaFf — FlekaFﬂ + ijSlaFi“.
We know that both tensors Si;, Sio F i are symmetric. The only difference between

this formula and formula (ZI)) is the sign, but it is absolutely irrelevant. In the
same manner like in the previous paragraph, we obtain

Skj = as[Rjk — Kj — [a1 (R — K) + B1(R — K)]gji
— (R -K) + Bi(R - K)|Fji]

+ B2 [ Rjr. — Kji, — [en (R = K) + B1(R — K)]g;u

— [ (R = K) + p1(R - K)]g;s]

and, consequently

SkaFj = aa[Rjr — Kji, — [0 (R — K) + f1(R — K)|Fjy,
— [a1(R—K) + 1(R — K)]gjs]
+ Bo[Rjx — Kji — [a1(R— K) + Bi(R — K)|Fji

— [ (R = K) + 1(R = K)]g;x),
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as we can easily prove that the curvature tensor of F-holomorphically semi-sym-
metric connection, if it is an algebraic curvature tensor, satisfies the condition of
Kéhler type
Rijii = Rija FPF}
and that there, consequently, holds
RixEF = Ry F'FF = Rj;.
So, we have proved that there holds

THEOREM 3.1. If the curvature tensor of an F'-holomorphically semi-symmetric
connection satisfies some standard algebraic conditions for a curvature tensor and
if its generator is a gradient, then such a connection has a curvature-type invariant
tensor (independent on the choice of the generator) which is equal to the product
conformal curvature tensor.
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