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AN UNEXPECTED PROPERTY
OF ODD ORDER DERIVATIVES
OF HARDY’S FUNCTION

Philippe Blanc

Communicated by Aleksandar Ivié

ABSTRACT. Assuming the Riemann hypothesis, we show that the odd order
derivatives of Hardy’s function have, under some condition, an unexpected
behavior for large values of ¢.

1. Introduction and main result
Let ¢ be the Riemann zeta function, and Z the Hardy function defined by
Z(t) = e®M¢ (L +it)
where
0(t) = ara(n 2 T (4 +i8))

and the argument is defined by continuous variation of ¢ starting with the value 0
at t = 0. It can be shown [6] that

t t t m 1
o) = ~log — — = - T o(—).
()=3lesr =375 790
The real zeros of Z coincide with the zeros of ¢ located on the line of real part %
If the Riemann hypothesis is true, then the number of zeros of Z in the interval
10,¢] is given by [6]

(1.1) N(t) = %9@) F145()

where S(t) = T arg((3 +it) if t is not a zero of Z and arg((3 + it) is defined by
continuous variation along the straight lines joining 2, 2 + it and % + it starting
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with the initial value arg ¢(2) = 0. If t is a zero of Z we set S(t) = limc 0, S(t+e).
Let us choose T', say T" = 500, and let us plot the graphs of functions

(2k—1)
for—1(t) == (‘UkHZ(T%Etl)

for k =1,...,5 on the interval [T — 10, T + 10]. Observe that the term 1/6'(T)?*~!
is just a scaling factor. These graphs show that the functions (—1)’“"’12(%_1) have

i MA\/“\ AL
AV,

5 \/510
f7
— 1
FIGURE 1. Graphs of for_1 for k=1,...,5

generally the same signs, at least for small values of k. This can be explained
heuristically by a formula due to Lavrik [8], which asserts that for ¢ sufficiently
large and 1 < k < %logt, we have, uniformly in k,

1
ZE=D () = 2(=1)F Z —(#'(t) — logn)**~1sin((t) — tlogn)
n
1<n<y/t/2m 1
+0(t (2 1ogt)?).
Let us denote by M = M(T) the largest integer r, possibly infinite, such that
sign((—1)F ZCk=1(T)) = sign(Z2/(T)) for k=1,2,...,r.

For some T the values of M are surprisingly large. Using Mathematica we compute
Z with high precision and get for example M (100) = 26, M (1000.4) = 138 and
M(9999.5) = 402.

Now let T be large enough such that Z(T) > 0 and let i, where k # 0, be
the zeros of Z ordered in increasing order, taking their multiplicities into account,
and numbered so that --- < v7_92 < 71 < T < 71 < 72 < ---. Further, let
4(loglog T)~' < a < /T such that T +a and T — a are not zeros of Z and, finally,
let m,n > 1 such that v_,,—1 < T —a < vy_p, and v, < T 4+ a < yp+1. Note that
the existence of m,n > 1 is an immediate consequence of a result of Goldston and
Gonek [4]. We assume that (—1)"Z'(T —a) > 0 and (—1)"Z'(T + a) < 0 and we
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denote by K = K(T,a) the largest integer r, possibly infinite, such that
(1'2) (_1)m+k+lz(2k—l)(T_ a) >0 and (_1)n+k+1Z(2k—1)(T+a) <0

for Kk =1,2,...,r. For some T and a, the values of K are also surprisingly large:
K(109.3,9.4) = 21, K(1070.1,8.5) = 108 and K (10025.5,9.8) = 408. The goal of
this paper is to give a conditional upper bound for K.

It should be observed that if we replace Z(t) by cost and choose T' = 0 and
a = Im + % where | € N*, then m = n = [ and conditions (LZ) hold for every £ and
hence K = oo.

We now define a quantity which appears in our main result. By Lavrik’s for-
mula [8], for ¢ sufficiently large and 0 < k < § logt, we have, uniformly in k,

20 =2-1F 3 %(9’(t)—logn)2kcos(9(t)—tlogn)
1<n<y/t/2m "

+O(t7% (Blogt)*™)

and using ¢’ (t) = $log 5= + O(1/t?) we get

(13) 1290 =0 (02 < <Z/ (B o) —t10gm)

+O(3%%0' (1)1~ 1 log t).

As Tvié says in [5], it is difficult to get good uniform bounds for Z*)(t) from (I3).
Nevertheless, when Z(T') is large, relation ([3]) suggests that

T+a
(1.4) / (ZCR) (1) dt = 2a(cant (T)*F Z(T))
T—a

where coi is small. For the aforementioned computations, we used the results of
Kotnik [7] and chose T in a neighborhood of 102, 10 and 10* and a approximately
equal to 10 such that Z(7T') and K(T,a) are large. We obtain c¢4o = 0.56... and
co16 = 0.34 ... which show that co, can be small even for some k& > %1ogT despite
the fact that, for fixed T', the sequence co is unbounded. Numerical experiments
indicate that Lavrik’s formula is probably true for larger values of k with a better
error term.

THEOREM 1.1. For T large enough, let 4(loglogT)™' < a < VT, K be the
number defined in the introduction, AS = S(T + a) — S(T — a) and further let
K* = Z2logT + AS. If the Riemann hypothesis is true and if AS > 1, then

(1.5) K < max (%AK)T%(l—FO(%)),K*bgK*)

where
1 logT

A =1 ASlog2 4+ ——=——.
KT =108 CoK + ) +\/§10g10gT
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For T large enough such that Z(T) is large in the sense of [7], numerical ex-
periments show that the bound (ILH]) is probably true without the term logcog. If
this is the case and if we neglect the big O in (L5]) and choose T' < 10°° and a < 1
such that AS = 1, we get K < 327. Note that for the three values of K(T,a)
already given, we have AS < 0. This suggests that the behaviour of K is different
according to AS < 0 or AS > 1. This is unexpected.

This work stems from an observation of Ivi¢ [5] about the values of the deriva-
tives of Z in a neighborood of points where |Z| attains a large value. Some of the
material used in our proof has been published by the author in [1].

The notations used in this paper are standard: |z| stand for the usual floor
function and {z} := 2 — |2]|. Bernoulli and Chebyshev polynomials of degree n are
denoted by By, (z) and T, (z); they are defined by

x+1
/ B,(t)dt =2z" and T,(cosf) = cosnf.

The organization of this paper is as follows: In Section 2 we prove the key identity,
a property of the derivatives of Bernoulli polynomials and preparatory lemmas.
Section 3 is devoted to the proof of our main result.

2. Preliminary results

We first prove an identity which will be used later to establish a relation between
the value of a function f € C?"[—a,a] at 0, the zeros of f and the values of its
derivatives of odd order on the boundaries of the interval.

LEMMA 2.1. Let —a < x_py < - <z <20 <71 < -+ < Ty <a and for
1=1,2,... let U1 be the function defined on [—a,a] by

Uo_1(z) = % k_i_m 10 (Bgz (% T 1— :zrk) + By ({33 ;aa?k }))

where Y p_ i =0. Then for f € C*"[—a,a] where r > 1, we have the identity

n T

21 > flan) =Y FH V()W (a Zf% V(=a)Woy_1(—a)

k=—m k=1

—/_ f(2r)($)\112,~_1($)d$.

PROOF. By definition the function Wq,_; is C?"~2, piecewise polynomial and
the relation Bj(z) = [B;—i(x) for [ =1,2,... leads to

\Ifgﬂr> (z) = % i fhk (B2r—j(% 4 wl-axk) +B2T—j({x;a$k }))

forj=1,...,2r—1land x #x_,,,...,x, if j = 2r — 1. This implies that
(2.2) U2 =Wy forj=1,2,...,r—1
and that
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(2.3) W5 (+a)

(4a2J 2 & ( ia+xk) +a — zp
1) (7))
T (2j—1)! Z da B 4a
(4a)272 1 +a+ayg 1 fa+ayg
B () e 22
2j—1)!k;m“’“ e\at T )T e T T
=0 forj=1,2,...,r
Further for x # x_,,, ..., z, we have

ey 9w = 3 w(m () e m((E5))
k=—m
- Y ({552 -5)

k=—m

and as > p_ = 0 the function \I/gf:ll) is piecewise constant. Explicitly, for

T e ]'rja IjJrl[v we get

J n J
2r—1 T 1
vV (@) = > /Lk(%—i)‘F > uk(2 +1——) Z pe=— Y
k=—m k=j+1 k=j+1 k=—m

which leads to

[ e @ =—( 30 m) (=g ori=omnt
T k=—m

Summing these equalities and using that \I'gir:ll) = 0 on the intervals [—a,z_p,]

and |2, a], which follows from (24]), we have

n

S owfla) = [ f ) w8 () da

k=—m -a

and we complete the proof by integrating 2r — 1 times the right-hand side by parts
taking into account relations (2.2) and (2.3). O

For further use we recall some elementary facts concerning the divided differ-
ences.

LEMMA 2.2. Let I =]—T,T[, f € C™"(I) and let g be the function defined

for pairwise distinct numbers t_,,, ..., t, € I by
n
_ f(tr)
Gty tn) = Z m
F=mmnisn
J#k

Then
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a) The function g has a continuous extension g* defined for t_p,,... t, € I
and there exists n = n(t_m,...,tn) € I such that
(m+n)
G (b rt) = L)
(m+n)!

b) Let yo,y1,- .-,y be the distinct values of t_p,, ..., t, considered as fived and
let v, be the number of index j such that t; = yr. Then there exist oy ;
depending on Yo, Y1, - ..,y such that

l
g*(t,m,...,tn)zzz k’Lf( yk

PROOF. Assertion a) is a consequence of the representation formula

(2.5) Gty ... tn) =
m-+n

1 T1 Tm+n—1
/ dmy / dry - - / f(m+n) <tm + Z Tk (t7m+k — tm+k1)) AT+ -
0 0 0

k=1
A proof of b) is given in [9]. O
In the next lemma we indicate the choice of coeflicients iy for which the identity

of Lemma [2.T]is of practical use for large values of a. The main reason of this choice
will appear in the proof of (2I1]) in Lemma

LEMMA 2.3. Let o1 be defined for pairwise distinct € —_o,,...,x, €]—a,a[ by
(4a)?-1 & 1 z+ag T — T
Uot 1 (T T, ) = ol B )+ Ba({ 1
a—1(x Ty X) @0 k;m fue{ B2t 5 + 1a + By 1a
where
1 .
Wi = X and — = H (sm (Wz—k) —sin (ﬂ'ﬂ)) fork=—-m,... n.
Qo Xk in 2a 2a
J#k
Then
a) For I = 1 the functions Wo_1(-,...,,£a) have continuous extensions
vy (..., ta) defined for x_p, ..., xn €]—a,al.
b) If 2l = m + n + 2 the function ¥o;_1 has a continuous extension U1
defined for x_p,, ...,y €]—a,a] and x € [—a,a.

c) If2r >m+n+2 and f € C*[—a,a] is defined on [—a,a] and vanishes
at x with k #0 where —a < z_p, < ... <21 <zrp<z1<...<2,<a
and the xi are numbered taking into account their multiplicity, then we
have the identity
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T

(2.6) f(l‘o):Zf(zk*l)( a) o1 ( Zf(% Y(—a)¥3,_i(—a)

k=1

- f C0 (2) W3, (2) do

where for short ¥5, | (+a) and U5, () stand for U, (..., +a) and
\Ijgrfl('v SRR ~,$).

ProOOF. Introducing the function h defined by

h(t,z) = % (le(% + 4£a + % Arcsint) + Bgl({i 1 Arcsint}))

(20! da 27
we have
Uor 1(T—pmy .., T, La) ; akh(sin (7‘(;—2) , :I:a)
for pairwise distinct _,, ..., x, €]—a,a] and assertion a) holds since the functions

h(-,£a) belong to C>°]—1,1].

By definition the function h belongs to C?=2(]—1,1[ x [ —a, a]) and the asser-
tion b) is a consequence of the representation formula (23] since we have 2] — 2 >
m + n. For pairwise distinct x_,,,...,z, €]—a,a| the left-hand side of identity

@) reads
— Z akf( Arcsm(sin (wi—i)))

and thanks to Lemma [22] this expression, and hence the identity (2II), extend

t0 T—m,..., Ty €]—a,al. One completes the proof of ¢) by observing, thanks
to Lemma [2Z2] that the left-hand side reduces to f(zp) when the z; are zeros of
multiplicity ry of f. (|

The results stated in Lemma [24] play a central role in the proof of properties
of functions €%, ,(-,...,-, £a).
LEMMA 2.4. For all m,k € N* we have the inequality

d* 1
dzk 2
The proof of Lemma 4] requires two technical results given in Lemmas

and

LEMMA 2.5. For all k € N we have the Taylor expansion

1
()" Bzm( + — Arcsin \/E) >0 forzel01].
™

oo

(Arcsinz)? = Z ((221;; 222k b 12 for x € [-1,1]
1=0

where by, | are integers defined recursively by
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bo,o=1and by o=0bo,1 =0 fork,l=>1
bis1 141 = b1+ 1%bkr1,  for k1> 0.
PROOF. We note first that the functions far(z) := (Arcsin x)?* satisfy
(1= @) fohya (@) = @ foryo(2) — (2k +2)(2k + 1) far(z) = 0 for z € ]-1,1[.
From the definition of fo;, and the above equality it follows that numbers cy ;
defined by for(z) = Y12 ck, 12 for x € [—1,1] are uniquely determined by the
recurrence relations

co,o=1and ¢y o=co; =0 fork,i>1
(20 +2)(20 + 1)cprr, 101 — 4Pchi11 — 2k +2)(2k +1)cg =0 for k,1 > 0.

(2K)! ook

2 br, O
(@)
LEMMA 2.6. Let by, ; be the numbers defined in Lemma 23l Then

(2.7) lim b = L forallk > 1
I—oo ((I—1)N2  (2k —1)! -
PROOF. From the definition of numbers by ; we infer that by ; = ((I — 1)!)? for
I 2 1. Thus relation ([2Z7) is trivially true for k¥ = 1. We then assume k > 2. As
bj,1 = 0 for j > 2 the numbers d; ; defined for j,! > 1 by d;,; = ((lﬁjill),)Q satisfy the
recurrence relations

A simple check shows that c;,; =

dji=0anddy,; =1 forj>2andl>

1 .
dj1,141 = j3dj +djpa, for gl > 1.

Using the fact that d;_1,;, =0forl =1,...,5 — 2 we get first for j > 2 the equality

djn, = Z

1
n2 dj_lxnjfl
nj—1 ]—1 J—

which we iterate to obtain

-1 ng_1—1 n3—1 no—1

1 1
dri= ), —— n, Z Z

n
np_1=k—1 k—1 ng_o—=k—2

This leads to
. — 1
lim dk | = E H —2
l—00 ’
Ng_1>NK_2>>na>n1>0 j=1 3

and we recognize in the right-hand side the number {({2}—1)) whose value, given
in [2], is equal to the right-hand side of 27)). O
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Proor oF LEMMA 241 It suffices to prove that the numbers e, ; defined by

o0

1 1
Z 4 = Arcsi ):E: m 21
—|—7T resin e em, 1 %

(2.8) (1)1 By, (2
=0

satisfy en,,; > 0 for all m,l € N*. Using Taylor’s formula and the evenness of
function Bap, (3 4+ L), we have

B3+ ) =3 s (O =5 () pana(D)()°

and the Taylor expansion of (Arcsinz)?* given in Lemma leads to

Bgm(% + %Arcsin :C) = i ((2272) Boyn— 2k( ) —2k i —))221%1%,1962[)

k=0 =
Cem)! & (27r)2m—2k 1 22!
T (2m & ((2m—2k) 2m= 2’“(5)2 O Tk )

We then change the order of summation to get

1 1 !
_1\ym+1 — — i = _—
(2.9) (-1) Bzm(2 + - Arcsmx) )!fm,m

where
271' 2m—2k 1
fma = (-1 mHZman 2k( )bk,z-

We prove by recurrence over m that fp, ; > 0 for m, [ > 1. To this end we set

gm,l 7((1 N2 for m,l > 1 and since by,; = 0 for [ > 1 we have
(—1)m+2 T (2rr)2m+2—2k 1
- ()
Im+1,1+1 (l!)z e (2m T2 2k)! 2m+2—2k 5 K, 1+1

(_1)m+2 m+1 (27T)2m+2—2k

oy ;(2m+2—2k)!32m+“’“(

N =

) (bkq,z + 12 bk,l)
B (_1)m+2 m+1 (27T)2m+272k 1
- ()2 ; 2m+2— 2k>!B2m+2—2k (2) bi—1,1 + gm+1,1
- (_1)m+1 i (27T)2m—2k
B ()2 & (2m - 2k)!

7 Bam— 2k( )bkl+gm+ll

1
= _Z_QQm,l + Im+1,1
and this implies that

1
Im+1,1+1 + Z—QQm,z =Ggm+1,1 forl>1
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We have g1,; = fi1,; = 1foralll > 1. Let us suppose that g,,,; > 0 forall{ > 1
Then gm+1,1+1 < gm+1,1 and it follows that gy,41,; > lim;— o0 gm+1,:- Thanks to
Lemma we have

m+1 2m+2—2k 2k—2
(2m) ™

1
2.10)  lim g1 = (-1)"2 Y T By, ( )7
(210)  fim g1 = (-1 Z 2m +2—2k)1 "2 2k — 1)

m+1 22m+2 2k 1
= (=" Z i Bamt2—2k (—)
(2m + 2 — 2k)!(2k — 1)! 2

and using B;(3) = 0 for all odd j and the formula

Bn(z+y) = sz% (7;) Bj(z)y" 7

we check that the sum which appears in (2.I0) is equal to

2m—+1

S () = e S (s () ()
= J'em+1-5)! N2/ 2m+ 1) = j T\2/\2
22m+1

- (2m+1)!

Hence ¢p,; > 0 for m,l > 1 and this implies, thanks to (Z9), that the numbers
em, 1 defined by (Z8) are positive for m,l > 1. O

Bomy1(1) = 0.

We are now in position to prove main properties of functions ¥3;, ,(-,...,-, £a).

LEMMA 2.7. Let W3, (-,...,-,+a) be the functions defined in Lemma 23
Then

a) (=1)"HHIwE (2, xp,a) >0 for zop,, ..., 1, €]—a,al.
b) (=)™ (T, Tny—a) >0 for 2y, ..., 2y €]—a,al.

PRrROOF. For pairwise distinct z_,, ..., 2z, €]— a,a[ we have

:I:a—l—xk)

4a 2[—1 n
\Ifal_l(:zr,m,...,xn,:ta) = 2 Z 143 B2l( da

since the function Bay, (4 + t) is even and then

(_1)7l+l+1 \I/;lfl(:r*ma sy Ty :l:a)

- 2%(ﬂ) i Oék(—l)l“Bzz(l 4ot x’“).
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The first two terms of the right-hand side are positive and the third term reads
> he—p Qkha(sin(m 5k )) where

1
ha(t) = (_1)“1321(2 o Arcsint) for t € [~1,1].

The identities

1 1 1 1+¢
Z:I:%Arcsint: i—l—;Arcsin\/T for t € [-1,1]

together with Lemma [2:4] show that hg_m'm) and (—1)™ ™™ are positive on

]—1,1] and the conclusion holds by Lemma O

The last point is to bound the integral which appears in the right-hand side
of the identity (2.6). This is the content of Lemma 2:9] whose proof needs the
following result.

LEMMA 2.8. Let b, s the numbers defined for integers r > 4 and s > 0 by

b - ( r )2rlogr—1 2r+s—1
" \r 4+ s '

Then >0 b2, =1+o0(1) as r — cc.

s=0 "r,s

PROOF. We have b, = O,(s7271°872") = O,(s7!) and hence Y o~ b7, is
convergent. We now prove that b, s < by s for 7 > 4. We have logb, s = g(r,s)
where the function g is defined for (x,y) € [4, 0o[ x [0, co[ by

g(z,y) = 2zlogz — 1) log (%_’_y) +logT'(2z +y) —log'(y + 1) — log I'(2x).

Straightforward computations lead to

99 y
99 x.y) = (21 291 (—) 2zlogz—1)—t— 1202 —20(2
5o (r.y) = (2logz +2)log () + (2rloga —1) b 202w +y) - 20(22)
and

%g 1422+ 2y +2ylogx ,

— 7 = 20°(2

T (w.9) L v )
where W is the derivative of logI". We have %(m,O) = 0 and moreover since

U(z) =1y ﬁ, we get U'(z) < 1+ & for 2 > 0 and therefore

0%g 1422+ 2y + 2ylogx 2 2
—(.’Ii,y) X T 2 + 2
Oyox (x+y) 2r4+y  (2z+y)
B (4:103 +2(1+3y)2® + 2z — 1)y*>  2ylogx )
a (z +y)*(2z +y)? (z +y)?

Hence %(m,y) < %(m,O) = 0 and this implies that g(z,y) < g(4,y) and hence
by s < by for r > 4.
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Let € > 0 and so be such that 3372 bj . < §. Since b, s — 0 as r — oo for
> 1, there exists rg such that ZSD ! b2 < % for r > rg. Hence

o0 S[)*l o0
1< be)s < bf)o—i— Z bf)s—i— Z bis <1l4+¢€ forr >
s=0 s=1 s=5q
The proof is complete. O

LEMMA 2.9. For positive integers m,n and l which satisfy m +n > 4 and
Il > (m+n)log(m+n) and for x_p,,...,x, €]—a,al, let U3, be the function
defined in Lemma 23l Then
gmtn—1 ( 2a
laolva

2
[03_1ll2 = j ) (I4+0(1)) asm+n— oo

(m+n)m

where

. . 2
||‘I’2171||§:/ (\Ijﬂfl(x—mv"'?xmx)) dx.

—a

PROOF. The use of the Fourier series expansion

Bo(z) = (=1 12((20)! Z

Jj=1

2]7T 7 cos(2jmx)  for x € [0,1]

and the identity cosa + cos 8 = 2cos(*5=~ ot ) cos( 5= B lead, for pairwise distinct
T, .-, Tn €]—a,al, to the expression

U (T, ey T, @)
)21 & .
:(‘DHQ%; ( Z akcos(jw(;+2 )))COS (]W(%—l—%))

Using the identity cos(jm(3+y)) = (—1)T;(sin(ry)) and introducing the numbers
ajk = (1) Tj(sin(r %)) we have Yp_ apajr=0forj=1,...,m+n—1, this
is crucial, and, therefore

(2.11) U3, (T—my-- vy Tny )
2l-1 > n
_ 141, (2a) 1 _ (1
= (—1) 2 W - Z W Z QEaj k| COS (]71'(5 + %))
j=m-+n k=—m
Using Lemma [2.2] squaring (211 and 1ntegratlng on the interval [—a, a], we get
_ 00 (m+n) 2
ooz (o 20! LT ()
(2.12) [5_1llz = (2 ool j:;rnﬁ “(mtn)l a

for some 7; €]—1,1[. It is well known [10] that

_@21‘:@? +)(:C)‘=Tj( (1) = 2+ (1 4 — 1)1 ( )

j—m-—n
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forj=m+mn,m+n-+1,... and then

m—+n—1 2\2 = 41-2 i1\ 2
sl < (B ()Y Y ()T )
agva \(m+n)w J j—m-—n

j=m-+n

We set j =m + n+ s and since | > (m + n) log(m + n) we have

sl < (A ((mi"mﬂ)mf > ()™ (2(m+2)+8_1)>2

s=0
2m+n—1 2a 21 2 x
< b;
( agVa ((m—l—n)w) ) ; mtn,s

2m+n—1 2a 20\ 2
= 1 1
(ozo\/a ((m+n)7r) ) (1+0(1))
as m + n — oo, thanks to Lemma 2.8 To complete the proof we compute a lower
bound for ||¥3, |3 using the first term in the series which appears in the right-hand

side of (Z.12). O

3. Proof of Theorem

In this section we assume that the Riemann hypothesis is true. Our result is a
consequence of identity (2.6) which for Z(T') gives

K K
31)  Z(T) =Y Z* T +a)¥,_1(a) = > 2T - a) W5 (—a)
k=1 k=1

- [ 2@ s 0 (@) de

where 2K > m +n + 2 and for short U5, | (+a) and ¢35, _,(x) stand respectively
for O3, (x—m,...,%n,xa) and U5 _ (2 p,...,2n,2) and xp = v, — T. The
main step in the proof is to bound the integral which appears in the right-hand
side of (B]). In our proof we use the bound

i logT log T'logloglog T
{—=—7F7"—F+0
16 (loglogT)? (loglogT)3

(3.2) ‘ /T o S(u) du

for 0 < h < /T, due to Carneiro et al. [3].

LEMMA 3.1. Let T be sufficiently large, 4(loglogT)~' < a < VT, m and n
be the integers defined in the introduction and let ag be the coefficient defined in
Lemma where to =0 and 2, = v —T. Then

2a 1 logT logloglogT
3.3 —1 <——0(T)log2+ —=—>—(1+0 —=—2—"2— |.
(3:3) og || T (T)log2 + ﬁloglogT( + ( loglog T
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Further, if S(T +a) — S(T —a) > 1, then
2 3
(3.4) mtn= —ae'(T)+As(1+o(%))

T
where AS = S(T +a) — S(T — a).
PRrROOF. By definition
1 .
ool = I Jsn(r3,)]
Qg _mi<n 2a
70
and using (I.I)) and Stieltjes integral we have
T+a
t—T 1
—10g|a0|=/ log‘sin (7r 5 )}d(—@(t)—i—l—i—S(t))
a T

T—a

and an integration by parts leads to

1 T+a t—T
—log |ag| = ;/ o' (t) log’sin (7T 5 )‘dt
T—a

x [THe t—T
cot (7r

“5a ) )(S(t) — 8(T)) dt.
Now for ¢t € [T — a,T + a] we have
0't)=0(T)+0"(T)(t—-T)+ %6‘”’(7)(1% ~T)? forsome 7€ [T —a,T + a

and using 6" (t) = O(1/t?) together with

T+a /2
t—T 4
/ log ’ sin (7T )‘ dt = 2 logsinTdr = —2alog?2
i

T—a 2a 0
we get
2a ,
(3.5) —log|ag| = ——6'(T) log 2
™
T+a 3
s t—=T a
5 ] ot (7r — )(S(t) — S(T))dt + o(ﬁ).

Further, for n €]0, a] we have

/ - (wt . T) (S(t) = S(T)) dt
)S(t) dt+/T cot (ﬁt;T)(S(t) —8(T))dt

T—a
T=n t—T
= / cot (7r
T—a 2a T—n a

+/T+n cot (ﬁt;aT)(S(t) - S(T))dt+/T+a cot (wt;T)S(t) dt

T T+n
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and we bound from below the third term using
S(t) ~ S(T) > ~—(6(t) ~ () > ~~6'(T +a)(t ~T) > —_log T (t )
T T

™

which, together with the inequality cotz < L for z €]0, Z], implies

Tn t—T na
/T cot (w - )(S(t) — S(1))dt > 23 log T.

Applied to the fourth term, the second mean-value theorem gives

T

/T+a cot (wt ;GT)S'(t) dt = cot (W%> S(t)di

T+n T4n

2a (7 logT 0 log T logloglog T’

™ \ 16 (loglog T')? (loglogT)3
where 7 € [T+ 1, T 4 a] and ([3.2) has been used. Proceeding in the same way to
bound from below the first and second term we finally get

x [Tte t—T
cot (7r
2a

n 1 /7 logT log T'logloglog T
< —logT+ —|( = 0] .
- + n (8 (loglogT)? + ( (loglogT)3

)(S(t) _S(T)) dt

2a T—a

We choose 1 = 7r(2\/§10g log T)_1 and we complete the proof of (B3] using (B.H).
Since m +n = N(T + a) — N(T — a), the Taylor formula leads to

1 ~ 2a,, a?
m+n==(0(T+a) = (T —a)) + AS = 4 (T)+AS(1+O(E)).
which proves (3.4). O

Proor oF THEOREM [Tl Either K < K*log K* and there is nothing to
prove or K > K*log K* and this implies that K > (m + n)log(m + n). As-
suming 7' large enough we have also m +n > 4. By definition of K and thanks
to Lemma [2.7] the first sum in the right-hand side of identity (8] is nonpositive
and the second one is nonnegative. Using Cauchy—Schwarz inequality, (L4) and
Lemma 29 we get

Z(T) < |23 |2 | Whg 4 [l2 < Cox Z(T)

where

240/ (T)

2K
m) (1+0(1))

Cok = co 273 |~ (

<zl (1S (1 0(45))
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for T sufficiently large. Since Cox = 1 we have log Cox > 0 and this implies that

AS a®
_ _ = — > 0.
log cax + (m + n)log2 —log |ag| — 2K log <1+7T2a9’(T) (1+O(T2))> =0

Finally, as AS = O(logT (loglog T)~*) and thanks to Lemma 31} we get

QKW%@ +O(@))

<(10g02K+A810g2+ L _logT )(1 O(M))

ﬁ loglogT loglogT
and the proof is complete. (|
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