PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 99(113) (2016), 1-13 DOI: 10.2298/PIM1613001D

FACTORIZED DIFFERENCE SCHEME FOR
TWO-DIMENSIONAL SUBDIFFUSION EQUATION
IN NONHOMOGENEOUS MEDIA

Aleksandra Delié¢, Sandra HodzZié, and
Bosko S. Jovanovié

ABSTRACT. A factorized finite-difference scheme for numerical approximation
of initial-boundary value problem for two-dimensional subdiffusion equation
in nonhomogeneous media is proposed. Its stability and convergence are in-
vestigated. The corresponding error bounds are obtained.

1. Introduction

Fractional partial differential equations have broad applications in mathemat-
ics, sciences and engineering (see [9}, [15}, [16]), such as anomalous transport in dis-
ordered systems, processes in viscoelastic and porous media, biological and social
phenomena etc. The important characteristic of fractional differential equations is
their non-local property. This means that the next state of the system depends
not only upon its current state but also upon all of its previous states. Thus the
fractional-order models are more realistic and it is the main reason of their popular-
ity. On the other side, this feature makes the design of accurate and fast numerical
methods difficult.

In this paper we consider the first initial-boundary value problem for two-
dimensional fractional in time diffusion equation with variable coefficients. This
equation is commonly called subdiffusion equation. The problem is approximated
by factorized finite difference scheme, which belongs to the type of alternating di-
rection implicit (ADI) schemes (see [I7]). This scheme combines the advantages
of explicit and implicit scheme—efficiency and stability. Analogous result for the
problem with constant coefficients is obtained in [6]. In [7] the same problem is
approximated by additive scheme—another type of ADI schemes. In [3], 11] multidi-
mensional evolution equations with fractional in space derivatives are approximated
using diverse ADI schemes.
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The paper is organized as follows. In Section 2] we introduce Riemann-Liouville
and Caputo fractional derivatives. In Section Bl we define the first initial-boundary
value problem for two-dimensional fractional in time diffusion equation and prove
existence and uniqueness of its solution. In Section[d we define factorized difference
scheme approximating considered problem and prove its stability. In Section ] we
investigate the convergence of the proposed factorized difference scheme.

2. Fractional derivatives

Let u be a function defined on interval [a,b] and k — 1 < 0 < k, k € N. The
left Riemann—Liouville fractional derivative of order o is defined as

1 dr [t u(s)
2.1 Dlu(t) = — & [ 5 >,
(2.1) o) = Ty ar / [ s)orik s t=a

where the I'(-) denotes the Gamma function. The right Riemann-Liouville frac-
tional derivative is defined analogously

—1)k dk P u(s
Dg_u(t) = ﬁw\/jﬁ (s—tgﬁ dS, t < b.

For ¢ = k—1 from (ZI) immediately follows that DF'u(t) = u*~1(t). Moreover,
under some natural assumptions [16], we have lim,_,; DJ, u(t) = u®)(#).

Commuting the derivative and integral in definition (ZII) one obtains the so-
called Caputo fractional derivative

- 1 t uF) (s
CDa+u(t) = T — o) /a = 8)£+)1k ds.

The two definitions are linked by the following relationship

k—1 ;
o o j (l‘ — a)jig
DZult) = “Du(t) + 3w (@) =y
i=0 J
In particular, D, u(t) = €D, u(t) if u(a) = v'(a) = - = u*~Y(a) = 0.

Unlike classical derivatives, fractional derivatives satisfy the semigroup prop-
erty under certain additional assumptions [16], for example for continuous func-
tions:

(2.2) D7, D¢ u(t) =Dl u(t)if0< o, o<1, wu(a)=0.

Let 0 < o < 1, and let u(t) and v(t) be continuously differentiable functions.
Then, using the relationship between the Riemann—Liouville and Caputo fractional
derivatives one easily obtains

(23) (Dg+uav)L2(a,b) = (uaDg—v)L2(a,b)~

Let us mention another result that will be used in the sequel. Let ¢ > 0 and
let u be infinitely differentiable function in R, with suppu C (a,b). Then (see [5]):

(2.4) (Dg u, Df_w)2(q,) = cos 7TJHD;’+UH%2(@,+OO).



FACTORIZED DIFFERENCE SCHEME FOR 2D SUBDIFFUSION EQUATION... 3

For the functions of many variables, the partial fractional derivatives are defined
in an analogous manner, for example

o 1 okt u(x,s)
Dt,a_i_u(x,t):mﬁ/ st, k'_1<0'<k', kEN

3. Problem formulation

We shall consider the time fractional diffusion equation
(3.1) Dioiu+Lu= f(x,t), 0<a<l, z=(r,22)€Q, t€(0,7T),
where Q = (0,1) x (0,1), Q = Q x (0,T) and

.0 o
Lu=— Z 8—m(aij8_ai) + au,
i,j=

are subject to homogeneous boundary and initial conditions
(3.2) u(z,t) =0, x € 09, te(0,7),
(3.3) u(z,0) = 0, z €.

We assume that the coefficients of the differential operator Lu satisfy the standard
ellipticity assumptions
aij, @ € L=(€), a0, Qi = Qjis
2 2
Z a;j&i&; = co Z‘f?, z€Q, {=(4,&%) R’ ¢ >0.
i,j=1 i=1
Initial-boundary value problem BI)—(@3) is often called sub-diffusion problem.
With C*(Q) and C*(Q) we denote the spaces of k-fold differentiable functions
in Q and Q, respectively. In particular, C=°(Q) = C5°(Q) stand for the space of
infinitely differentiable functions with compact support in €. As usual, the space
of measurable functions whose squares are Lebesgue integrable in 2 is denoted by
L*(Q). We also use W7P(Q2) to denote the Sobolev spaces [I]. By W?(Q) =
WP(Q) we denote the closure of C* () with the respect to the norm of W (Q).
In particular, for p = 2 we set H(Q) = W72(Q) and H?(Q) = W2(Q).
For o > 0 we set

(3.4)

luleg o) = 1Dastllciay),  luler oy = 1D5-ullcla,b);

2 2 1/2

HUHC:"E[a,b] - (HuHc[a]*[a,b] + |u|Ci[a,b]) )

[ulrg (a,0) = 1Dy ullL2(ap)s  [ulme @p) = 1DF-ullL2(a,b)
7

1/2
lallrg ity = (2o oy + [0l (ay)

where [o]~ denotes the largest integer < o. Then we define C[a,b] as the space
of functions u € Cl°” [a, b] with the finite norms |ull¢gfa,b)- The space HE (a,b) is
defined analogously, while the space HZ(a,b) is defined as the closure of C*(a, b)
with respect to the norm || - [|g¢(a,p). Because for o = k € NU {0} fractional
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derivative reduces to standard k-th derivative, we have C%[a,b] = C¥[a,b] and
HE (a,b) = H*(a,b).

The following result holds:

LEMMA 3.1. (See [12]) For 0 > 0, 0 # k+1/2, k € N, the spaces Hf_(a,b),
H?(a,b) and H(a,b) are equal and their norms are equivalent.

For the vector valued functions mapping real interval [0, T] or (0, T') into Banach
space X we introduce the spaces C*([0,T], X), k € NU{0} and H°((0,T), X), o >
0, in the usual way [13]. In analogous manner we define the spaces CZ([0,T], X)
and H((0,7), X).

Taking the inner product of equation ([BJ]) with test function v and using
partial integration and relations (22) and (Z3)) one obtains the following weak
formulation of the problem (EI)-(@3): find u € HY/2(Q) = L*((0,T), HY()) N
H/2((0,T), L?(Q)) such that

a(u,v) =1(v), Vv e H"2(Q),
where

2
a/2 a/2 ou Ov
a(u, ’U) = (Dt,é+u, Dt,é_v)LQ(Q) + Z (aija—xj, %)L%Q) + (au, 'U)LQ(Q)
ij=1 (
and
l(v) = (f, ’U)LZ(Q)-

THEOREM 3.1. Let a € (0,1), f € L*(Q) and let the assumptions B4) hold.
Then the problem 1) -E3) is well posed in H“*/?(Q) and its weak solution sat-
isfies a priori estimate

lull 102y < CllfllL2(q)-

The proof follows immediately using relation (Z4]) and the Lax—Milgram lemma.

REMARK 3.1. From Theorem Bl immediately follows a priori estimate
(3-5) ullprarz(@) < Cllfliza@

in weaker norm [13]

T
31020 = / (T — ), ) 3agay + (-, 0) 3 ey

THEOREM 3.2. Let the assumptions of Theorem[31l hold and let a;; € W1>°(Q).

Then solution of the problem BI)—-B3) belongs to the space Hia(Q) NHY2(Q)
and the a priori estimate holds

[ull g2y < CllfllL2(@)-

The proof follows taking the inner product of BI]) with Lu, using relation
(Z4) and the so-called ‘second fundamental inequality’ [L0]

||U||§12(Q) < C(”EUH%z(Q) + ||u||%rl(9))
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In the sequel, we shall assume that a;;, a € C(€) instead of L>(Q). Through
the paper by C we shall denote the positive generic constant which may take
different values in different formulas.

4. Finite difference approximation

In the area Q = [0, 1] x [0, 1] x [0, T'], we define the uniform mesh Q. = @y, X &,
where wp, = {& = (n1h,n2h) | n1,m2 =0,1,...,N; h =1/N} and w, = {t = t,, =
mr|m = 0,1,...,M; 7 = T/M}. We also define wy, = wp N Q, v» = wp \ wp,
wop = wp N (0, ].] X (0, 1], wip = wp N (0, ].] X (0,1), wop = wp N (0,1) X (0,1],
wr =w,N(0,T), w; =w,N[0,T) and w} = @, N(0,7]. We shall use the standard
notation from the theory of the finite difference schemes (see [17]):

v=wo(z,t), O=v(x,t+71),

0
hei, t) — v(, t _
vmi _ 'U(x+ € h) U(x ) :'Uji(x‘i’hei,t), 1= 172’
t —v(z,t
v = AR D 2D ) —
T

=v(z,t—71), V" =v(x,ty), T € wp,

where e; denotes the unit vector of the axis 0z;.

For a function u defined on @) which satisfies zero initial condition, we approxi-
mate the left Riemann-Liouville fractional derivative Dfo, u(z,tm), 0 < a < 1, by
(see [4]):

1 m—1
1— 1- l
(Di?jOJr,TU’)m = F(2 . a) Z (tmfal - tmfalfl)u’t'
1=0

The following result holds:

LEMMA 4.1. (See [18]) Suppose that o € (0,1), u € C%([0,],C(Q)) and t € w; .
Then

[Dforu— Dioy rul <

12 2 -«

e ] —q 227@
11—«

- —(1+ 2‘@)} max | =

where denoted Q¢ = (0,t) x Q.

We approximate initial-boundary value problem BI)-B3) with the following
factorized finite difference scheme:

(4.1) ((I+607%A1) (I + 07 A2) D, 0)" + L™ = f, x € w,
m=1,2,..., M, subject to zero boundary and initial conditions:
(4.2) v(x,t) =0, (2,t) €y X w],
(4.3) v(z,0) =0, =z € w,
where [ is the identity operator, 0 is positive parameter, A;v = —vy,3,, ¢ = 1,2,
and
12
Lpv = -3 Z [(aijvzj)ii + (aijvfj)mi] + av.

ij=1
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When the right-hand side f is a continuous function, we set f = f, otherwise
we must use some averaged value, for example f = T1T5f, where T; are Steklov
averaging operators:

1/2
Tif(x,t)z/ f(z+ hse;,t)ds, i=1,2.
~1/2

Let us note, that the finite difference scheme ([£I)—(Z3) is numerically efficient,
unlike the standard implicit scheme [19]. Indeed, to compute the values of solution
v at the time layer ¢ = t,,, it is necessary to invert the operators (I + 87*A;) and
(I + 67> A,). By suitable ordering of mesh nodes in wy, each of these operators can
be represented by a tridiagonal matrix. In this way, the required values of solution
are obtained by two applications of the Thomas algorithm.

We define the following discrete inner products and norms:

1/2
(v, whh = (v, w) () = > D vw,  [olla = [ollraen) = (0,0)3%,

TEWH

(v, w)in= (0,0) 20y = h* D v, [ollin= o]z, = (,0)il%, i=0,1,2,

TEW;h

0 oy = D vzl 1ol = 013 @) + 10115,

2

|v|§{2(wh) = Z ”vfl% i

bt 2||v531532||3h’ ||U||§12(wh) = |’U|§12(wh) + ||v||§-11(wh)’
=1

M M
2 _ m||2 2 _ mi|2 i =0.1.2
[l Z2uy =7 D 0™ 5 TolFaigu.y =7 > W™ I%, i=0,1,2,
m=1 —_

S

1013002y =7 Z (D0 (IR + 0™ s ]

M

012 g, —TZ[II 200" 12+ 10" 2 |-

For a € (0,1) and every function v(¢) defined on the mesh w,, which satisfies
the initial condition v(0) = 0, the following equality is valid (see [4])
1 M
(4~4) T Z t0+ T ) ~T(o _ .\ Z (t}\/?fm-l—l - t}\/?fm) (’Um)Q-
F'2-a)
In particular, from here follows that the norm [|v]| g1.a/2(q,.) is Well defined.

LEMMA 4.2. (See [7]) For 0 < a < 1 and any function v(t) defined on the mesh
wr the following inequality is valid

(45)  o"(Dfps )" 2

for m=1,2,...,M.

(D (2" + g o,

N | =
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THEOREM 4.1. Let a € (0,1) and 6 > %maxij laijll o). Then for suf-

ficiently small 7 finite difference scheme (EI)—(E3) is absolutely stable and its
solution satisfies the following a priori estimate:

(4.6) 0]l Brer(@u,) < CllFllL2@un)-

Proor. Taking the inner product of (41l with v™, we obtain

(v, BDgO+,TUm)h + (v, ﬁhvm)h = (v, La(v™ — Um_l))h = (v, fm)h’
where denoted B = (I +607%A1)(I +67*A3). The operators L, and B are positive

and selfadjoint, so the corresponding energy norms (see [I7]) ||v||z, = (Lnv, v),l/2

and |jv||g = (BU,U)}/2 are well defined.
Using inequality (&), Cauchy—Schwarz and e inequalities and taking into ac-
count that v™ = L (v™ +v™ 1) + 2 (v™ — v™~ 1), we obtain

1 727 (1 - 279)
Z Do m||2
2 t,O+,T||v ||B + F(2 _ Oé)

o1 + 5 lo™ 1, + 5l 12,
T me1g2 L zm)2 2
= Iz, < Ik ell™ R, Ve > 0.
Further we have
[0l = IlelR+0T 0l 4, +0° 7> 011, 4, = 040703
Using (34]) one obtains

colvfi ) < VN2, < elvfin,) + callvli,

(o) FOT2 V2,2, ][5 -

where ¢1 = 2max;; [|aij[|cq) and c2 = [|all¢(q)-
From the last three inequalities it follows
1 2 (1=27%) a1\ 2 m-1p2
§D§o+,r||’0m||h + (9m - 3)7 108" 2 (o)
1-27% ¢ 2 —1y2 , G 2 €O m—12
(m - 570‘)7' o ln + 5 V" 3 ) T §|Um H1(wp)

1 -
< IR + el

whereby for
al2—a) T(2-a)
0>00= 21— 2 %) = 7 _g-a max laijll o)

and

TgT():(

2(1—2*Q))1/0¢: ( 2(1—27%) )1/0<
el'(2 — o) L2 -a)llallc@
one obtains

1 Co
§DSO+,T”’UmHi2L + 5

Finally, using the discrete Poincaré inequality (see [17])

Co _ 1 -
0™ 31 (o) + 5 o™ i o) < 4—€||fm||i +elo™ 13-

1
lolla < 5 ol
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setting € = 4¢p and summing for m = 1,2, ..., M, we obtain a priori estimate (6]
with
1
C= —{ % O
8comin{l, 52

Note that inequality (48] is discrete analogue of a priori estimate ([BH). The
discrete version of Theorem we shall prove in the special case when L, is finite
difference approximation of Laplace operator.

THEOREM 4.2. Let a € (0,1) and 6 > % Then finite difference scheme

@) -@E3) with Lhv = Av = (A1 + A2)v = —Vgyz, — VUsyz, 1S absolutely stable in
the norm Hi’a(QhT) and its solution satisfies a priori estimate

(47) ol uny < Ol Fll20n-
ProoF. Taking the inner product of (@I with Av™, we obtain
(Av™, BD?,OJDTUm)h + (Av™, Av™)p, — (Avm7 A(v™ — Um_l))h = (Av™, ™,

whereby, analogously as in the proof of Lemma [£.1]

1 e (] — 27
§Dtofo+,r||vm||2AB +

2 _ Lo oo Lo o
WIW 1||,243+§||AU ||%+§||AU I

72 _ 1, -
= AR < 1P + el Ao

Further we have

[vllZis = vl = [olFn ),
[vllZis = 07 vll%,
[vlle = [Avll} = vl (o,)-

From the previous inequalities it follows

1 a m|2 (1 B 2704) 1 21, m—12
3 Dtot V" a0y + (9m - 5)7 108" 2 (o)

1 1 _ 1, -
+ §|’Um|%{2(wh) + §|Um ez (o) < 4—€||fm||;2L +e[0™ | H2 ()

whereby for § > %,

obtain

setting ¢ = 1/4 and summing for m = 1,2,..., M, we

M M
27 D Doy o0 iy +7 D WM () S AP 1Z2(q,, -

m=1 m=1

The first sum on the left hand side is positive according to [@4]). From equation

&) it follows
1D o4 +0)™ In < L™ Ml + 1™ Ml = 1AV Ik + 1™ [n

= [0 2y + 1" -
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Hence,

M M
T Z ||(Dtofo+,7’0)m||}2z +7 Z |,Um|%[2(%) < 14||fm||2L2(Qh.,)
m=1 m=1

and results follow using equivalence of seminorm |v| g2,y and norm ||v|| g2 (., for
mesh functions satisfying homogeneous boundary condition v = 0 on ~;, (see [L7]):

1 1
[0l 2 ) S Moll2on) <41+ 5+ 76z [l 0
5. Convergence of the difference scheme

Let u be solution of the initial-boundary-value problem @G.I)-(@.3)) and v the
solution of the difference problem [@I)-{3) with f = T1T>f. The error z =u —wv
is defined on the mesh wy, x w,. Putting v = —z + u into (EI)-E3]) we conclude
that the error z satisfies the following finite difference scheme:

(5.1) (I +6m%A)I + 07" A2) Dy, 2)" + Lpz™ 1 =™,
rE€Ewp, m=12 ..., M,

(5.2) z=0, €y, tE€w,,
(5.3) 20 =2(2,0)=0, x€wp,
where

Y" = (I +07A) (I + 07" A2) DY, u™ + Lou™ Y — T\ Tof™
2 2
=M Y ) Y O )
ij=1 i=1
and
§= Dgo+,ru - T1T2(D?,0+U)a
1 =au — T1T>(au),
Ju
Mij = T37i( )

1
ama—xj ) {(az‘jufj)‘(x,w + (aij“%”(w—heut)}’

(z—0.5he;,t) 2

Gij = %[( i7Ua;1) | ) T (aijuzjf)‘(x_hei,t)}v
Xi = —07%Do, uz,,
i = % 9272°‘fo0+,71¢51.137@371..
THEOREM 5.1. Under the assumptions of Theorem A1l finite difference scheme

GBI -BE3) is absolutely stable and the following a priori estimate holds:

2
(5.4) [zl preraa,) < 0[ S lisllz2 @y + 165220
i,j=1
2

+ > (il 2@y + 1l £2(@ur) + 1€l L2(@ur) + Il L2 |-

i=1
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The proof is analogous to the proof of Theorem [£.1], where in the estimation of
truncation error terms containing finite differences the partial summation is used.

In such a way, to obtain the error bound for finite difference scheme (Z.1)—(E3)
it is sufficient to estimate the right-hand side terms in (5.4).

THEOREM 5.2. Let the assumptions of Theorem Bl hold, a;j,a € H*(Y) and
let the solution u of initial-boundary value problem BI)—B3]) belongs to the space
C2([0,T],C(Q)) N C([0,T], H3()) N H'((0,T), H*()). Then the solution v of
finite difference scheme @) ~@3) with f = TyTof converges to u and the following
convergence rate estimate holds:

||u — ’U||Bl,a/2(QhT) = 0(h2 + Ta).
PROOF. Let us set £ = & + &2, where
§1 = Doy ,u—Digyu and & = Dig u—TT2D{y .
From Lemma [£]] immediately it follows
€1 L2(Qu.) < CTQ_a||u||C2([O,T],C(Q))'

From integral representation

z1+h/2 pxoth/2
Ty Tou(x,t) / / (/ / (2, 25, t)dxhy dx’)
( ) 142 . h/2 . h/2 81'18332 1 2 ) 2 1

r1 92 xr2 92
8 I/I / /Ild 8 / " t d /Ild 1" d Id A
” 017 S (', a5, t L1 a 023 5 (7], 25, t) day dvy | dxydr

one obtalns
1/2

M
1€2ll L2(qn,) = (T >, ||€£n||i) < OW?||ullca (0,7, 52 (0)) -
m=1

Hence,
(5.5) 1€l L2 @1y < CT* ™l oz o,1y,000)) + W2 lulles qo.m, 12 (0))-
Let us set n = 11 + 12, where
m = alt — Tng(ad) and N2 = Tng(ad) — T1T2(au) = —TTng(aug).

The value of 71 at the mesh node x € wy, is bounded linear functional of ati € H?(e),
where e = e(x) = (x1 — h/2,21+ h/2) X (x2 — h/2, 22+ h/2), which vanishes when
att = 1,1, x2. Using the Bramble-Hilbert lemma [2] one obtains

In1| < Chlat| g2 e)-

Summing this inequality over the mesh w;, and using the properties of multipliers
in the Sobolev spaces [14] we get

Imlln < Ch?*|lat]l g2y < Ch?|lall 2oy llill a2 (0)
and finally, after summation over the mesh w:

Il L2(@n.) < CR2lall w2 llulleo,r), m2(0))-
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The term 7y can be estimated directly:
Ju

o < O7lall ooy llullor o1y, L2 @) -

L2(Q)
From the obtained inequalities it follows

172l 22(Qu-) < C7llalle)

(5.6) Inllz2(@u.) < CR|lall gz lulle o a2 + Tllallo@luller qo.r.2@)-

Let us decompose 7;; in the following manner

(zO.Shei)T3i<§—.;j)

_ %(u@ (z,t) + g, (:cfhei,t))},

Tij = Mij1 + Mij2 + Nij3 + Nija, Where

ou
ij :T'ﬂ(i'—) — T5—(ai;
g1 3 ij an (x—0.5he;,t) 3 (a j)

(z—0.5he;) [T37i (E?_;J)

(9370‘5hei,t)7

ij2 = T3_; (a4
hij2 3 (a j) (z—0.5he;,t)

X [ufj (z,1) + ug,; (x — he;, t)} ,
Nija = —i |:a/ij () — aij(x — hei)} [ui.j (z,t) — ug; (x — he;, t)}

The value of 7;;; at the mesh node z € wy, is bounded bilinear functional of
(aij,u) € Whi(e;) x W224/(4=2)(¢;), where e; = e(x — 0.5he;) and ¢ > 2, which
vanishes when a;; =1 or u = 1,1, x2. Using the bilinear version of the Bramble—-
Hilbert lemma and methodology presented in [8] one obtains
i1 (2, 1) < Chlaijlwrae)|u(, w2202 ey, 4> 2.
Summing this inequality over the mesh w;; and using the Sobolev imbedding the-
orems [1] we get
i1 (5 O)lan < Ch?|laijlwae [ul, 8) w220/ -2 (q)
< OR?|aij ]| 2o 1l )] 53 0)-
Analogous inequalities hold for 7;52, 7;;3 and 7;;4. In such a way, after summation
over the mesh w we obtain:

(5.7) 176511 L2(@unr) < CR2[laisl| 120 lull o go, ), 1 (2 -
The terms (;5, x; and p; can be estimated directly:

(5.8) 1Giillz2(@inny < CTllaijlloqay llullzr o,y m2(0),

(5.9) IXillL2(Qinr) < CT|ulles 0,11, H2(02))

(5.10) il L2 (@inry < CT2*ull o (jo,17,13 (92))-
The result follows from (G.4)—(G.10). O
In the case when Lu = —Awu we shall derive error bound in the norm H io‘ (Qnr)-

Then, for f € C(Q), equation (&) reduces to
(5.11) (I +67A) (I + 07 A2) DYy ;o)™ + Av™ = ™,z € wy,



12 DELIC, HODZIC, AND JOVANOVIC

where denoted Av = (A1 + A2)v = —V4, 5, — Vaoiy-

Let u be the solution of initial-boundary-value problem FI)-B3) with Lu =
—Awu, and v the solution of difference problem ([&.IT)), [@2), @3]). The error z =
u — v satisfies finite the difference scheme

(5.12) (I+07"A1)(I + 07 A2) Doy 12)" + AZ™ 7 =™, € wy,
and homogeneous boundary and initial conditions (5.2)—(G5.3). Here
O™ = (I+07A1)(I + 07 A2) Dy o u™ — Au™ 1 — fm

2
=&Y (XS

=1
where denoted
- 0%u
_ o o _ o _ B L B
g - Dt,0+,7—u’ - (Dt,OJ,-u) - €17 n; = _8$2 u;m;cw Cl - Tu;ciiq-,ta
i
_ a o - 2 20 no
Xi = —01 Dt70+77—uzia’3i = Xiz;y B=0°T Dt,0+,ru531531932532 = Uiz, T H2,25-

THEOREM 5.3. Let the assumptions of Theorem [[.4 hold and let the solution
u of initial-boundary value problem BI)-B3) with Lu = —Au belong to the space
C2([0,7],C(Q)) N CL([0,T], H4()) N H'((0,T), H*()). Then the solution v of
finite difference scheme (&I1), @2)), [@3) converges to u and the following con-
vergence rate estimate holds:

— O(n2
llu— UHHi“(Qh,) =O(h” +7%).

PROOF. Note that under our assumptions the function f(z,t) is continuous,
so (BI7)) is well defined.

Applying a priori estimate (L7) to (B.12) we obtain:

(513) |lu-— v”Hi’“‘(QhT) = ”Z”Hi*a(QhT) < CHTZ)”L?(Q;LT)

2
< O|I€lle2@uny + 1l 2@y + D (Iill2(@nry + 16l L2ur) + ||)Zi||L2(QhT))}-
i=1

From Lemma 1] immediately it follows:

(5.14) 1€l 22(@nry < CT*~Iull 020,771,000 -
The term 77; can be estimated using the Bramble—Hilbert lemma:
(5.15) 17l 22(@nr) < Ch*[[ulleo,m), m4(0)-
The terms (;, Y; and i can be estimated directly:
(5.16) 1<ill 2(@n,) < Cllull a0,y 52(92))
(5.17) IXillL2(@n.) < CT%[[ulleg o1, m2(0)),
(5.18) 18l L2 @1y < CT* lullco (o, m1(52) -

The result follows from (EI3)—(EI]). O
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