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LOGARITHMIC BLOCH SPACE AND ITS PREDUAL
Miroslav Pavlovié
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log®?

disk D, defined by the requirement fD [f'(2)|¢(]z]) dA(2) < oo, where ¢(r) =
log®(1/(1 — 7)) and show that it is a predual of the “log®-Bloch” space and
the dual of the corresponding little Bloch space. We prove that a function
f(z) = ZZO:O anz™ with an, | 0 is in %lloga iff ZZO:O log*(n+2)/(n+1) < oo
and apply this to obtain a criterion for membership of the Libera transform of
a function with positive coefficients in ‘Blloga. Some properties of the Cesaro
and the Libera operator are considered as well.

ABSTRACT. We consider the space B of analytic functions on the unit

1. Introduction and some results

Let H(D) denote the space of all functions analytic in the unit disk D of the
complex plane. Endowed with the topology of uniform convergence on compact
subsets of D, the class H(D) becomes a complete locally convex space. In this
paper we are concerned with the predual of the space Bioga, € R,
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_ . !/ _ _ —1 @
Buoge = {/ € HD): 1) = O((1 = &) og® 1= ) }
The norm in Bjgee is defined by

1

£ 1181050 = [£(O)] + sup | f'(2)|(1 — [2]) log™* ——.
zeD 1 |Z|
The subspace, bigge, of Biogo is defined by replacing “O” with “o”. It will be proved:

(A) The dual of bjoge is isomorphic to By .o,

(1) Bloe = {F 51l

log™

=11+ [ 17/)l1og” 1= dAG) < oo},
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and the dual of %lloga is isomorphic to Bipga, in both cases with respect to the
bilinear form

(12) (f.9) = lim >~ Fm)g(n)r?
n=0

(In (1.1) dA stands for the normalized Lebesgue measure on D.) This extends
the well-known result on the Bloch space and the little Bloch space b := bjgg0.

These spaces are Banach spaces, and the space bjoge coincides with the closure
in Bjege of the set of all polynomials. The space Bjog := Byer occurs naturally in
the study of pointwise multipliers on the usual Bloch space B := B .0 (see [3]).

One of interesting properties of %lloga is described in the following theorem:

THEOREM 1.1. Let f(z) = Y o2 anz", where {a,} is a nonincreasing sequence,
of real numbers, tending to zero. Let « > —1. Then f belongs to SBlloga if and only if

[e%S) nl a
(1.3) Sa(f) ;:Z%ﬁ”) <
n=0

Moreover, there is a constant C independent of {an} such that Su(f)/C <
[fllsy . < CSalf)-

PROOF. See Section 4. O

In the case a = 0, this assertion is proved in [17]. We can take a, to be the
coeflicients of the Libera transform of a function with positive coefficients. Namely,

if g(z) = Y02, 4(n)z™ and
(1.4) i g(n

then the Libera transform Lg of g is well defined as

(1.5) Eg(z)zflz/ f(C)dCZZZ"Z,f—ﬂ

(see, e.g., [12]). If § > 0, then condition (1.4) is also necessary for the existence of
the integral in (1.8): take z = 0 to conclude that (1.8) implies the convergence of

the integral
! o §(n)
t)dt =
) swai=>2 00

Then, as an application of Theorem 1.1 we get

THEOREM 1.2. Let a > —1, let g € H(D), and § > 0. Then Lg is in %loga if
and only if

i n) log®*H (n + 2)
o n+1

We have K,(9)/C < [|Lg|lsr = < CKa(g).

log®™

< 0.
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PROOF. See Section 4. O

In the general case, the integral in (1.5) need not exist, but it certainly exists
ifge H (ﬁ), which means that g is analytic in a neighborhood of the closed disk.
By using Theorem 1.1 we shall prove that £ cannot be extended to a bounded
operator from SBlloga to H(D), if @ < 0. In the case o > 0, every function g € %lloga
satisfies (1.4), whence £ is well defined, and we will show that £ maps this space

into %lloga,l, when a > 0. If @« = 0 we need a sort of “iterated” logarithmic space.

Cesaro operator. The dual of H(D) is equal to H(D), where “g € H(D)”
means that g is holomorphic in a neighborhood of D (depending on g). The duality
pairing is given

(1.6) (fo9) = f(m)g(n),

where f(2) = Y00 f(n)z" € H(D) and g(2) = 0%, §(n)z" € H(D), and the
series is absolutely convergent (see, e.g., [8]). The Cesaro operator is defined on
H(D) as

o0 1 n
(1.7) Cf(z):Zz”n+1Zak, f e HD).
n=0 k=0

It is easy to verify that the adjoint of C : H(D) — H(D) is equal to L: HD) —
H (D), under the pairing (1.6), and vice versa (see, e.g., [12]).

The operators C and £ acting on H? spaces were first studied by Siskakis in
1987. In [21] he proved that C is bounded on H? for 1 < p < oo, and that £
can be extended to a bounded operator on H”, 1 < p < 00, and obtained some
results on their spectra and norms. A few years later he proved the boundedness
of the Cesaro operator on H' ([22]), while Miao proved its boundedness on H? for
0 < p < 1([10]). A short proof of the boundedness of C on H?, 0 < p < oo, as well
as a stronger result, can be also found in Nowak [11]. However, H* is not mapped
into itself by C (see [4]). If we write (1.7) as

ei) = [

and hence

Gese)y =12,

we conclude that C maps H* into the Bloch space (see [4]).
On the other hand, by using the inequality

F@)=0(log——). feB,

2
1—|z|
and the analogous inequality for f € b (replace “O” with “0”), we get:
(B) The operator C maps the space B into Bieg, and b into bjyg.
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One of our aims is to generalize this assertion to some other values of a and
then use assertion (A) together with the duality between C and £ to obtain an
alternative proof of some results on the action of £ from B, to B}, where

(1.8) Lf(z)= /0 fE+ (1 —1t)z)dt.

In particular we have:
(C) The operator L is well defined on %llog and maps it into B*.

It should be noted that: (a) B! C H'; (b) £ does not map B! into H! (see
[17]); and (c¢) £ maps B into BMOA [12], which improves an earlier result, namely
that £ maps B into B ([5, 24]).

The formula (1.8) is obtained from (1.5) by integrating over the straight line
joining z and 1. A sufficient (not necessary [18]) condition for the possibility of
such integration is (1.4) (g = f).

In proving some of our results, in particular assertions (A) and (B), we use a
sequence of polynomials constructed in [6] (see also [7] and [16]) to decompose the
space into a sum which resembles a sum of finite-dimensional spaces (see Section 3).

2. Some more results

Some elementary facts concerning the cases when Lf is well defined are col-
lected in the following theorem, where

o0 A
o ol S laml
g_l{gEH(D)-|g||211;n+1 <OO}'

THEOREM 2.1. Let a € R. Then:
(a) Bioge C LYy for all a;
(b) Biza C L1y if and only if a > 0;
(c) if a <0, then L cannot be extended to a continuous operator from %lloga
to H(D).
PROOF. See Section 4. O

REMARK 2.1. The inclusions in (a) and (b) are continuous. Assertion (c) says
much more than simply that %lloga ¢

In the context of the action of C and £ some new spaces occur: the space Bioge
is defined by the requirement

4
7)) = 0(loglog =),

the space bioge defined by replacing “O” with “0”, and the space ‘B

4
f(2)|loglog
L1 @ogios =

defined by

1
logg

dA(z) < 0.

Our next result is
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THEOREM 2.2. (a) If & > —1, then C maps the space Bioge, Tesp. bioge, into
%loga+l, resp. blog“+1'
(b) C maps the space B,g-1, Te8p. biog—1, iNto Blogg, T€SP. bloge-

PROOF. See Section 5. O

REMARK 2.2. If f € DBjpge and o < —1, then, as it can easily be shown,
f € A(D), where A(D) is the disk-algebra, i.e., the subset of H> consisting of those
f which have a continuous extension to the closed disk. Moreover, the modulus of
continuity of the boundary function f.(¢), ¢ € 9D, satisfies the condition

W(furt) = O(t(log%)aﬂ), £10.

This follows from the inequality
1
w(fe,t) < C Moo (r, ') dr,
1—t
see [15, Theorem 2.2]. Tt should be noted that the modulus of continuity of f is
“proportional” to that of f(z), z € D, see [23, 19].

Concerning the Libera operator we shall prove, besides Theorem 2.1(c), the
following facts.

THEOREM 2.3. (a) If a > 0, then L is well defined on %lloga and maps this
1

loga—l .

(b) L is well defined on By, and maps this space into SBllog,l.
(c) L is well defined on B and maps it into B, for all a < —1.

space to B

PROOF. See Section 5. O

THEOREM 2.4. Let a € R. Then the dual of bioge, resp. %lloga, is isomorphic
to SBlloga, resp. Bioge under the pairing (1.2). Similarly, the dual of biogs, resp.
%llogg, is isomorphic to SBllogg, resp. Bloge, under the same pairing.

PROOF. See Section 6. O

REMARK 2.3. The phrase “the dual of X is isomorphic to Y under the pairing
(1.2)” means that if f € X and ¢ € Y, then the limit in (1.2) exists and the
functional ®(f) = (f, g) is bounded on X; and on the other hand, if ® € X*, then
there exists g € Y such that ®(f) = (f, g), and moreover, there exists a constant
C' independent of g such that ||g|ly/C < ||®| < C|g]ly-

As an application of Theorems 2.2, 2.3, and 2.4, one can prove the following fact.

THEOREM 2.5. Let o« > 0. Then the adjoint (with respect to (1.2)) of the
operator L : SBlloga — ‘Blloga,l is equal to C : Byyga—1 — Bioge. The adjoint of

the operator C : bigga—1 > bioge is equal to L : %lloga — Bl

loga—1- The analogous

assertions hold in the case when o = 0.
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3. Decompositions

In [6], a sequence {V,,}§° was constructed in the following way.
Let w be a C*°-function on R such that

(1) w(t)=1fort <1,

(2) w(t)=0fort>2,

(3) w is decreasing and positive on the interval (1,2).
Let p(t) = w(t/2) — w(t), and let Vo(z) =1+ 2z, and, for n > 1,

oo ontl_q
Va(2) =Y o(k/27 1) = Y p(k/2m )2k,
k=0 k=on—1
The polynomials V;, have the following properties:
(3.1) 9(z) =Y Vaxg(z), for g € HD);
n=0

(32) Vo s gllp < Cligllp, for g € H?, p>0;
(3.3) [Vl = 270=YP) ) for all p > 0,

where * denotes the Hadamard product. Here ||h||, denotes the norm in the p-
Hardy space HP,

1 [ X 1/p
Iy = sw (5= [ ntre)1as) " = sup M9
0<r<1 m™Jo o<r<1

We need additional properties.

LEMMA 3.1. Let P(z) = i:m apz®, m < j. Then
| Pll, < My(r, P) <r™||Pllp, 0<7 <1
When applied to the polynomial P = V,, x ¢, this gives:
(3.4) P2V x gy < My(r, Vi g') < Y|V kgl for no> 1
Another inequality will be used (see [16, Exercise 7.3.5]):
(3.5) 2|V, 9llp/C < Vo xd'llp < C2" |V, gllp for n > 1,
where C' is a constant independent of n and g.
THEOREM 3.1. Let a« € R, and f € H(D). Then:
(1) € Broge if and only if sup,.zo(n+ 1)~ [V * flloe < 00,
(i) f € bioge if and only if lim,, oo (n + 1) ~%||V,, * f|leo = 0.
(iti) f € Bioge of and only if Y07 o(n+ 1)%||Vi  fll1 < 0.
Moreover, the inequality

CH e < sup(n + 1)~ [Va # glloe < CH 18 0
nz

holds, where C is independent of f. The analogous inequality holds in the case of
(iil) as well.
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For the proof we need the following reformulation of [9, Proposition 4.1].

LEMMA 3.2. Let ¢ be a continuous function on the interval (0,1] such that
o(x)/zY (0 < x < 1) is nonincreasing, and (x)/2° (0 < x < 1) is nondecreasing,
where 3 and v are positive constants independent of x. * Let

Fi(r)y=(1- r)*l/qcp(l —r) st;li )\nr2n+1*1,

Fy(r) = (1 =Y =r) > Ar? 71,
n=0

where A, 20,0< qg< o00. If F=F, or F=F,, then
CHFllzao,n) < He@™™)An}les < ClIF || zago,1)-

PROOF OF THEOREM 3.1. CASE (i). Let ¢(z) = zlog”*(2/x), and ¢ = oc.
That ¢ is normal follows from the relation

2oa () _

210 @u ()
Let Ay = 27|V, * flloo- By (3.1), (3.2), (3.4), and (3.5), we have

CTHFM+C sup Ar® < Mo, f) < CLF ()] +C Y- Ar® 7

nzl n=1

Hence, by Lemma 3.2, we obtain the desired result.

CASE (ii). In this case we can proceed in two ways:
1° Modify the proof of Lemma 3.2 to get the inequalities

CHIF oo < e AnH o < ClIFlcofo,,

where Cy[0,1] = {u € C[0,1] : u(1) = 0} and ¢ is the set of the sequences tending
to zero.

2° Consider the spaces bigge C Bioge and X = {f : |V, * f|| = o((n + 1)*)},
which is, by assertion (i) and its proof, a subspace of a space ¥ isomorphic to Bioge.
It is not hard to show that the polynomials are dense in both bjoge and X. This
proves (ii).
CASE (iii). In this case we use the function p(z) = zlog®(2/x), let ¢ = 1, and then
proceed as in the proof of (i). The details are omitted. This concludes the proof of
the theorem. O

REMARK 3.1. By choosing ¢(z) = zlog 1og(%), then we can conclude that

Theorem 3.1 remains true if log®, resp. (n + 1), are replaced with loglog, resp.
log(n + 2).

L Following Shields and Williams [20], we call such a function normal.
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4. Functions with decreasing coefficients
PROOF OF THEOREM 1.1. Assuming that (1.3) holds, we want to prove that

o0
Ifls, . < Cao+C Y agn-s(n+1)%.

n=1

According to Theorem 3.1 and its proof, we have

g

O fllssy . < a0+ (n+1)*|Vix flli < Cllf sy,
n=1

Let n > 1, m=2""1 and Q) = Z?:m w(j/m)e;. Since Qam—1 = V4, we have

4m—1 4m—1
Vs f= Z o(k/m)ager = Z (ar — t1)Qr + GamQam—1
k=m k=
4m—1
= (ar — ar41)Qk + aam V.
k=m

On the other hand, Qr =V, * A, ;;, where

k
Ape= Y, 2% 2kt
j:2n—1

By (3.2), with g = A, &, we have
1Qkllr < CllAnklly < Clog(k+1—2""1) < C(n+1).

Combining these inequalities we get

4m—1
Vs fli(n+1)% < C Y (ar = agg1)(n+ 1)* T+ Cagm || Vol (n + 1)

k=m
<Cn+ 1) am — asm) + Cagm(n + 1)
=C(n+1)""(agn-1 — agn+1) + C(n + 1)%agn+1.
Here we have used the relation ||V,||1 < C (see (3.3))! Thus
(n+ 12V flls < Cln+ 1)7 (aocs — azn)
+ C(n+ 1) (agn — agnt1) + C(n + 1)“agn+1,

and therefore it remains to estimate the sums

Sy = Z(n +1)* ! (agn-1 — azn) and Sy = Z(n + 1) (agn — agnt1).
n=1 n=1

If @ > —1, then

n

(n+ 1) <Oy (k+1),
k=1
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and hence
o0 n o0 o0
Sl <CZ(a2n71 — Q2n Z k’+1 CZ k+1 QZ(Qanl —agn)
n=1 k=1 k=1 n=k

Z k + 1 2k 1-
In the case of Ss we get

Ci kJrl Aok,

k=1
which completes the proof of “if” part of the theorem in the case « > —1. If
a = —1, then

Vi * flli(n +1)7F < Clagn—1 — agnt1) + C(n+ 1) tagn+1,

from which we get the desired result in the case a = —1.
To prove “only if” part we use Hardy’s inequality in the form

wMi(r,g) > Zn+1

It follows that

/|f |10g —2/ M (r, f') log®
2 n ! 2
> 2 log® n q
w;annJrl/O AT
Now the desired result follows from the inequality

1
1 _
/ L( r) rdr > c<p(
0

1—r

valid for any normal function ¢ (see [9, Lemma 4.1]). O

rdr
™

p— 1) (¢ = const. > 0),

Before proving Theorem 1.2, some remarks are in order. Let f(z) = >, anz",
ap, > 0. In order that Lf be well defined by (1.8) it is necessary and sufficient that

(oo}
[£2%
(4-1) Z nrl < 00.
n=0

We already have mentioned in Introduction that this condition implies the existence
of the integral in (1.8). In fact, this integral converges uniformly on compact subsets
of D, which means that the limit

1im/0 Flt+ (1= 0)2) dt

11

exists and is uniform in |z| < p, for every p < 1. This guarantees that Lf is
analytic. On the other hand, if the integral in (1.8) exists, then we take z = 0 to
conclude that (4.1) holds.
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PrOOF OF THEOREM 1.2. The Taylor coefficients of Lf are

o0

b, = Zn“:l.

k=n

The sequence {b,} is nonincreasing so we can apply Theorem 1.1 to conclude that
Lfe %lloga if and only if
i log®(n +2) == ay > ag zk: log®(n +2)

n+1 k:nkJrl k:OkJrl n+1

< 0.
n:O n=
Now the desired result follows from the estimate
k
Cllog® T (k4 2) < Z
n=0

which holds because o« > —1. O

log®(n +2)

< Clog®(k+2
] Clog™™ (k +2),

REMARK 4.1. The above proof shows that £f belongs to %llog,l if and only if

o0
Z %
“ loglog(n + 4)

Now we pass to the proof of Theorem 2.1.

PrOOF OF THEOREM 1.1(c). Since Bjoge C B,,s for f < a, we may assume
that —1 < a < 0. Let

o0
f(z) = Z anz", a, =log” " %(n+2),
n=0

where ¢ > 1. Condition (4.1) holds because ¢ > 1. For every r € (0,1) the

function f,.(z) = f(rz) belongs to H(D) and, by Theorem 1.1 and its proof, the set
{fr : 0 <r < 1} is bounded in SBlloga. On the other hand,

> k

L(fr)(0) = kZ:O (k+1)log®**(k +2)

Now choose ¢ =1 — a > 1 (because a < 0) to get
o0 k

L(f,)(0) :kzz:o Gr ety % (r11).

This contradicts the fact that if a set X C %lloga is bounded and £ is bounded on
B o, then the set {L£f(0) : f € X} is bounded because the functional h — h(0)

is continuous on H (D). This completes the proof. (]
PROOF OF THEOREM 2.1(a). Let g € Bioge. Then
2

Ma(r,g') < C(1—r)""log 7
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It follows that
gn+1_q

1/2
n 2
2n N 2 ontl < 1— —11 (07
(X we) <ot 2
k=27
Taking r=1—-2""n > 1, we get
2ntl_1 1/2
> Iﬁ(k)IQ) < Clog™(n+1).
k=27
Hence,

1/2
DY |@<k>|<(2" 3 |g<k>|2) <2 log™(n + 1),

fk—=2n
This gives the result. O

PROOF OF THEOREM 2.1(b). In this case we use Hardy’s inequality as in the
proof of Theorem 1.1 to get

[§(n)] log™(n + 2)
91|92 >CZ -

log®
This proves the result because a > 0. (I

5. Proofs of Theorem 2.2 and 2.3
Define the operator R : H(D) — H(D) by

o

RI() = 30+ Df )" = L (1 (2)).

n=0
By using Theorem 3.1 and the relation
(5.1) CT2%Vox fllp S IVax Rl S C2° Vo fllp, (0 20),

one proves that the norm in Bjye« is equivalent to

2
sup(1l — |z]|) log™* ——|R f(2)|.
sup( — [+ log~* RS

PROOF OF THEOREM 2.2(a). Let @ > —1 and f € Bjoge. Then, by integra-
tion,

)] < log™! =
Since i)
z
RCf(z) = 5.

we see that

[RCf(2)] < C(1— |2]) " log™ !

The result follows. (]
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PROOF OF THEOREM 2.2(b). The function ¢(x) = xloglog(4/x) is normal
because limg_,0 z¢’'(z)/p(z) = 1. Hence, arguing as in the proof of Theorem 3.1
we conclude that f € Biogg if and only if sup,,q ||Va * flloo/ log(n +2) < co. Then
using (5.1) we find that g € By, if and only if

4
[R(2)] < C(1 = |2]) " loglog T—— =k
— |z
The rest of the proof is the same as in the case of (a). O

REMARK 5.1. In the case of the small spaces the proofs are similar and therefore
omitted.

For the proof of Theorem 2.3 we need the following lemma [18]:
LEMMA 5.1. If f € ¢1, then Lf is well defined by (1.8) and the inequality

(5.2) rMi(r,(Lf)) <2(1—7r)" / My(s, f)ds, 0<r<l,
holds.

Before passing to the proof observe that %lloga C B! and %llogg C B!, and,

since B; C H', we see that in all cases of Theorem 2.3 the operator £ is well
defined.

PROOF OF THEOREM 2.3(a). We have, by (5.2),

Jierr@noe 2 J/Ml (L1))log® 112
1

d’l"/ M1

rdr

<4/ (1—7)"tlog*!
0

1

=4 [ M(s, f) ds/ (1—7)"tlog*™* dr
0 0 1—r
! 2
<C | M(s, f")log® T ds.
0 _
A standard application of the maximum modulus principle shows that the inequality
remains valid if we replace ds with sds. This gives the result. O

The proofs of Theorem 2.3, (b) and (c), are similar and we omit them.

6. Proof of Theorem 2.4

We consider a more general situation. Let X C H(D) (with continuous inclu-
sion) be a Banach space such that the functions f,(z) = f(wz), |w| < 1, belong
to X whenever f € X, and sup,<; [ fwllx < [[f[lx. Such a space is said to be
homogeneous (see [2]). A homogeneous space satisfies the condition

(6.1) [Vax fllx < Cllfllx, feX,

where C' is independent of n and f.
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If in addition
(62) lﬁ%{lnf*fTHX:Oa fGXa

then the dual of X can be identified with the space, X', of those g € H(D) for which
limit (1.2) exists for all f € X (see [1, 2]). Also, the dual of a homogeneous space
X satistying (6.2) can be realized as the space of coeflicient multipliers, (X, A(D)),
from X to A(D); in this case we have (X, A(D)) = (X, H®) =: X* (see [2]). The

norm in X* is introduced as

lgllx- =sup|[f*gllec: feX, [Iflx <1},

and, if X is homogeneous and satisfies (6.2), it is equal to

lgllxr = sup{|(f,9)] : f € X, [[fllx <1}

There is another way to express (f,r), when f € X, X satisfies (6.2), and g € X’;
namely, in this case,the function f*g belongs to A(D), and we have (f, g) = (f*g)(1)
(see [13, 2]).

We fix a sequence A = {\,,}§° of positive real numbers such that

: )‘n+1 )\n+1
6.3 0 < inf , < 00.
(63) LS VL I

It is clear that the spaces H? (0 < p < 00), A(D), Bioge, bioge, and %lloga are
homogeneous. Among them only H> and B,z do not satisfy condition (6.2).
Consider the following three spaces of sequences {f,}5°, f» € H(D):
(2) €o(A X) = {1} limsoo [lfullx /An = O;
(b) 22X\, X) = {{/fn} : suPpz0 Anl| Vi * fllx < o0}
(c) 1N X) ={{fu}: nlo Ifullx/An < oo}
We also define the spaces vo(A, X), V°(\, X), and V(A X) (as subsets of
H(D)) by replacing f,, with V,, x f in (a), (b), and (c), respectively. The proof of
the following lemma is rather easy, and is therefore left to the reader.

LEMMA 6.1. If X is a homogeneous space, then so are v(A, X), V(A X), and
VX, X). The spaces vo(X\, X) and VY(\, X) satisfy (6.2). The space vo(\, X) is
equal to the closure in V°(X, X) of the sets of all polynomials.

Theorem 2.4 will be deduced from Theorem 3.1 and the following.

PROPOSITION 6.1. If X is a homogeneous space satisfying (6.2), then the dual
of vo(A, X), resp. VYN, X), is isomorphic to VI(\, X'), resp. V(XN X'), with
respect to (1.2).

In proving we use ideas from [13, 14, 7]. For the proof we need the following
lemma.

LEMMA 6.2. The operator T({fn}) = > p" Vo * fn acts as a bounded operator
fromY to Z, where Y is one of the spaces ¢o(X, X), £>°(\, X), and 1 (), X), while
Z is vo(\, X), V°(\, X), and V1(\, X), respectively.
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PrOOF. We have V,, « V; =0 for |j — n| = 2 and hence

n+1
Vax T{f;H) = Y. VaxVixf;, n=0,

j=n—1
where, by definition, w; = f; = 0 for j < 0. It follows that

n+1

Vo x TS} Ix <C Y Iilx,

j=n—1

where we have used (6.1). Now the proof is easily completed by using (6.3). O

LEMMA 6.3. Let g € (vo(\, X)), resp. g € (VY(\, X)), and define the operator
S on co(N, X), resp. (1(\, X), by

SUfD) =T{fa}) xg =D fr*Vixg.
k=0

Then S maps co(X, X), resp. €*(X, X), into H* and ||S|| < C|lgllwo(r,x))» resp.
IS < Cliglvionxy -

ProOOF. By the preceding lemma, we have
[SE ) llee < NTEFnblloor,x0 Il worx)x < Cl{FHIeo(n, )19l wo (2. x)) -

This proves the result in one case. In the other case the proof is the same. (I

PROOF OF PROPOSITION 6.1. Define the polynomials P, (n > 0) by

Pn == n71+vn+vn+1~

Hence
Vo= Vit Vo= Vo1 + Vot Vigr) x Vo = Py x Vi,
3=0
Let f € vo(\, X) and g € V(\, X'). Tt is easily verified that, when 0 < r < 1,
(f*9)2) =Y (f*Vaxg)(z) =D (Pux fxVuxg)(z), ze€D.
n=0 n=0

the series being absolutely convergent. Since
[ Pr# fr# Vi x glloo < | P fllx Vi x gl x,

we have

1F # glloo < D IPa* fllx [V # gllx < C D N1P fllx Vi * gl x-

n=0 n=0
00
=Y (I1Pw* fllx/An) (allVa % gllx+) < Clf loorx) lgllviaxe
n=0

This proves the inclusion V(X X’) C (vo(A, X))'.
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To prove the converse, let g € (vg(A, X))*. Let S denote the operator defined
in Lemma 6.3. By Lemma 6.3, S acts as a bounded operator from ¢o(A, X) into
H*> and we have ||S|| < C||g|lv,(r,x)+- Now it suffices to prove that

1SN = (1/2)[{gn}lera,x+y = (1/2)[lgllvr(x,x)-
For each n > 0 choose f, € X so that ||fn]|x = 1 and (fn,gn) is a real number

such that (f,, gn) = (1/2)||gnl||x+. If {an} is a finite sequence of nonnegative real
numbers, then

Sanfa}) = anlfusgn) = (1/2) Y aullgnllx- = (1/2) Y (an/An)rallgnllx--

Hence, by taking the supremum over all {a,} such that 0(a,)\,, we get S{\.fn} =
(1/2) 307 o Aullgnllx=. Since [{anfn}llco(r,x) < 1, where ap, = Ay for 0 <n < N
(N € N) and a, = 0 for n > N we see that |[S]| > (1/2)|g][vi(x,x+), as desired.
This completes the proof that vo(\, X)’ = V1()\, X’). In a similar way one proves
that V1(\, X) = V°°(\, X'), which is all what has to be proved. O

PROOF OF THEOREM 2.4. First we prove that (bjoge)’ = B, o. By Theorem
3.1, we have bjgge = v9(\, A(D)), where A\, = (n + 1)®. Hence, by Proposition 6.1,
the dual of bioga is isomorphic to V(X A(D)’). In order to estimate ||V, * g|.a(y
first observe that H' C A(D)’ and moreover ||V, * gl am) < ||[Vi*g|[1. On the other
hand, let ® be a bounded linear functional on A(D), let &y be the Hahn/Banach
extension of ® to hC(D), and choose g € A(D)* so that ®(f) = (f,g) for all
f € A(D). By the Riesz representation theorem, we have

1 2m . .
) _ —i6 d 0
o) =55 | S du(e?)
Lo 0 0 c- 2
= lim o~ ; flre™")g(re™)df = lim nEZOf (n)g(n)r=",
and [|u| = ||®]| = ||®o||. In particular, taking f(w) = (1 — zw)~ !, where z € D is

fixed, we get 5 fo%(l — e 02) " du(e) = g(2). Hence

1 27 ) )
Rl — 1— —i0 72d 0 ,

o2) = 5= [ (=) e
and hence, by integration, Mi(r,R'f) < |ul[(1 —r?)~' = |lgllapy (1 — %)L
Now we proceed as in the proof of Theorem 3.1 to conclude that ||V}, * g[1 <
C||Vyy % gllapy- It follows that g € (bioge)’ if and only if g € VI, H), i.e., by

Theorem 3.1, g € %lloga.

In proving that (Bj,..)" is isomorphic to Bioga, we use the inclusions H> C
(H') C B, and then proceed as above. O

!/

REMARK 6.1. The above proof of Theorem 2.4 certainly is not the simplest one.
However, it can be applied to prove some general duality and multipliers theorems
(see [13, 14, 7]. For instance, the dual of bjgg is isomorphic to %llogg, and the dual
of %llogg is isomorphic to Biogg.
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