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INFINITELY MANY WEAK SOLUTIONS
FOR SOME ELLIPTIC PROBLEMS IN RV

Mehdi Khodabakhshi, Abdolmohammad Aminpour,
and Mohamad Reza Heidari Tavani

ABSTRACT. We investigate the existence of infinitely many weak solutions to
some elliptic problems involving the p-Laplacian in RV by using variational
method and critical point theory.

1. Introduction

We are going to establish infinitely many weak solutions to the following elliptic
problem:

—Apu+ |[uP"2u = Af(x,u), in RV,

(1) u € WHP(RY)

where N > 1, Apu := div(|Vu|P~2Vu) denotes the p-Laplace operator with p > N,
and f : RV xR — R be an L'-Carathéodory function, X is a positive real parameter.
Problems on unbounded domains have been intensively studied. For instance, we
mention the works [IH3I[9H12]. In [8] Condito and Molica Bisci considered problem
(TI) by taking f(z,u) := a(x)f(u), where f: R — R is a continuous function,
a € LYRY) N L>=(RY) is a nonnegative (not identically zero) map. It should
be mentioned the different cases of problem (1)) and even in general have been
considered on the variety of bounded domains. We just refer in the large literature
on the subject, the papers [5,[6][13H15]. For instance, in [14] the authors have
studied the following elliptic problem of Kirchhoff type:

f(a + b/ Vu|pd:c> Apu+ o(2)|ulP~2u = Mr(x) f(x) inQ,
Q
U;|BQ = 0)
where a and b are two non-negative constant, o € L*°() with essinf,cq a(z) >

0,
A is a positive parameter, f: R — R is a continuous function and finally, h € L>(Q
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with essinf z € Qh(z) > 0. Recall that a function f: RY x R — R is said to be an
L'-Carathéodory function, if (C) the function z + f(x,t) is measurable for every
t € R (Cy) the function t + f(z,t) is continuous for almost every x € RY (C3) for
every o > 0 there exists a function l,(z) € L*(RY) such that

sup |f(z,1)] < lo(),
[tI<e

for a.e. z € RN.

2. Preliminaries

Let N > 1, denote by X the space WP (RN) endowed with the norm

foll= ([ 1wutepare [ |u<x>|pd:v>1/p.

Let p > N, we recall continuous embedding W1P(RN) — L°°(RY), and one has
2p
< —
lelloe < 251l

for every u € WIP(RY) (see [7, Morrey’s theorem]). Let us define F(x,&) =
fog f(z,t)dt, for every (z,€) € RN x R, and introduce the functional Iy: X — R
associated with (1),

I(u) := ®(u) — AV (u), (Vu € X)
where

B) = el W) = [ Floa@) da

for every u € X. Now, in [8], it is shown that ® is a Gateaux differentiable
and sequentially weakly lower semicontinuous and coercive in X whose Gateaux
derivative is given by

' (u)(v) = . |Vu(z) P2 Vu(z).Vo(z) de + /]RN |u(x) [P~ 2u(z)v(z) dr,

In this section, we summarize the for every v € X. On the other hand, standard
arguments show that W is a well defined, Gateaux differentiable and sequentially
weakly upper semicontinuous functional whose Gateaux derivative is given by

V() (v) = | fx,u(z))dz,
RN
for every v € X. Fixing the real parameter), a function u: RN — R is said to be a
weak solution of (1)) if u € X and
/ |Vu(z)|P2Vu(z)Vo(z) de+ [ |u(z)|P 2u(z)v(z)dz-X | f(z,u(z))v(r) de=0,
RN RN RN

for every v € X. Hence, the critical points of I are exactly the weak solutions of
(Td). Our main tool to investigate the existence of infinitely many weak solutions
to the problem (T is the following critical points theorem.
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THEOREM 2.1. [4] Theorem 2.1] Let X be a reflexive real Banach space, and let
® U: X — R be two Gateaux differentiable functionals such that ® is strongly con-
tinuous, sequentially weakly lower semicontinuous, coercive and ¥ is sequentially
weakly upper semicontinuous. For every r > infx ®, put

g BWPew<r Y(w) — V()
elr) = o(v)<r r— ®(v)

and

~v:=liminf o(r), 0:= liminf (7).

r——+00 r—(infx @)+
then, one has

(a) For every r > infx ® and A € ]0,1/®(r)[, the restriction of the functional
Iy =®—\V to ®!]—o0,r| admits a global minimum, which is a critical
point (local minimum) of I in X.

(b) Ifv < 400, then for each X € 10, %[, the following alternative holds: either
(b1) I possesses a global minimum, or
(ba) there is a sequence {u,} of critical points (local minima) of I such

that lim,,—yco @ (uyn) = +00.

(c) If6 < +oo, then for each X € )0, 5[, the following alternative holds: either
(c1) there is a global minimum of ® which is a local minimum of Iy, or
(ca) there is a sequence {u,} of pairwise distinct critical points (local min-

ima) of I which weakly converges to a global minimum of ®, with
lim,, 00 P(uy,) = infx .

3. Main results

Fix D > 0 such that
1
(3.1) K= N ,
m(D)(52%)" (52 + 9(p, N))

where o(N,p) := 2P~ N (2N — 1), as well as

142NN [LN=1(1 — t)pdt
g(p,N) := 22N )

N
We also note that m(D) := DV r(%’ﬂ)’ where I' is the Gamma function defined by
2

+oo
I(t) ::/ 2ledz, (Yt >0).
0

THEOREM 3.1. Let f: RN x R — R be an L'-Carathéodory function, and
assume that
i) F(z,t) =0 for every (z,t) € RN x R;
i) A:=liminf,, o lelt < xB,

o1
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where B := limsup,_, , ., g_lpr(o py F(z,0)dz and I, € LY(RY) that satisfies (c3)

)
condition on f(x,t) for every o > 0 and k is given by BI). Then for every

D N N 1
/\G]mé )<J(ﬁpp) L 9 ))7 2 {

p o/ p(R)A
the problem (L) admits a sequence of many weak solutions which is unbounded
in X.

PRrROOF. Fix A as in our conclusion. Our aim is to apply Theorem 21l part
(b) with X = WLP(RY), and ®, ¥ are the functionals introduced in Section @l As
seen before, the functionals ® and ¥ satisfy all regularity assumptions requested in
Theorem [2.I1 Now, we look on the existence of critical points of the functional Iy
in X. To this end, we take {g,} to be a real sequence such that lim,_, 0, = +0
and
lim leon I = A.

n— 0o ggfl

Set 7y, = Qﬁ/p(pi—p]v)pa for every n € N. By relation (II]), one has [|v|oc < 0n for
all v € X such that ||v||? < pry, we have the following inequalities:
SUD [y 7 < pr, S F (@, 0(2)) dar — [ F(2,u(x)) do

_ luf?

o(rn) =
Hu||1’<p'r" Tn

kS|

_ SWpcpry Jon Fl@v(@)de o 2p \P |y, |
= T = p(p ) p—17
n On
for every n € N. Hence, it follows that
2p

p—N
since condition ii) shows A < 4o0o. Now, we prove that the functional Ty is
unbounded from below. For our goal, let {d,} be a real sequence such that
lim,, oo d, = +00 and

~v < liminf ®(r,,) < p(

n—oo

)pA < 400,

(3.2) ngrfoo %/B(Oy%)F(:c,dn)dx = B.
Let {v,} be a sequence in X which is defined by
0 z € RN < B(0, D)
vp(x) =< dy z € B(0,%)

*5-(D —|z]) = € B(0,D) ~ B(0, %),
One can compute that

U(g}p) + g(p, N))7

see for instance, the paper [8]. At this point, by using condition i), we infer

/RN F(z,v,(z))dx > / F(z,dy,)dx,

B(0,%

Jonll? = dzm(D)(
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for every n € N. Then, we have
drm(D) (a(N, p)
I(on) < 5= (25
A(vn) P Dr
for every n € N. If B < 400, let
e m(D)(O(N,p) Jrg(p,N))’l
\B pDP P
By 2) there exists N, such that

+g(p,N)) )\/B(O i F(z,d,)dx,

/ F(z,d,)dx > eBdl, (Vn > N,).
B(0,%
Consequently, one has

In(vy) < =2
— & (m(D)(U%pp) + g(p]’)N)) ~eB),

for every n > N.. Thus, it follows that

+ 9(p, N)) — AeBdy,

nlirrgo I (v,) = —o0.

If B = 400, let us consider

5 D) (7o)

w \Dr Jrg(p,N))-
By 2) there exists N(M) such that

/ F(z,d,)dx > MdP, (Vn > N(M)).
B(0,%

Hence, we have

d?m(D) /o(N,p) »
o a(N,p) g(p,N))f )
7dn(m(D)( P T AM),
for every n > N(M). Taking into account the choice of M, also in this case, one has
lim Iy (v,) = —o0.
n—oo

Thanks to Theorem[Z], the functional I, admits an unbounded sequence {u,} C X
of critical points. In conclusion, problem (L)) admits a sequence of many weak
solutions which is unbounded in W1?(RN). O

The following result is a consequence of Theorem Bl

COROLLARY 3.1. Let f : RN xR — R be an L'-Carathéodory function. Assume
that condition i) of Theorem Bl holds. Further, require that

if1) Wmsupy, e g7 f5(0,2) F (@, 0) dz > "B (HTE 4 g(p, N));
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N e ! 2 \ 7P
iip) liminf, , ”gi,”ll <p (—ppr) .

Then, the problem

—Apu+ [ulP2u = f(z,u), in RY,
u € WHP(RY)
possesses a sequence of many weak solutions which is unbounded in WP(RY).
Finally, We point out the following result.
COROLLARY 3.2. Let f: R¥N xR — R be an L'-Carathéodory function. Assume

that condition i) of Theorem Bl holds. Further, require that

1 l
lim sup — F(z,0)dx =00, liminf w =0,
o—+o0 0 )0, 2 e—Foo oPT

Then, for every X\ > 0, the problem
—Apu+ |[uP~2u = Af(x,u), inRY,
u € WHP(RY)
possesses a sequence of many weak solutions which is unbounded in W1P(RY).

REMARK 3.1. We note that assumption ii) in Theorem Bl could be replaced
by the following more general hypotheses:

ii’) There exists two sequences {a,} and {b,} such that
(p — N)bn

2p(Z58 + g(p. N))” (m(D)

for every n € N and lim,, ., b,, = +00 such that

0<a, <

X 1
A < klimsup — F(z,0)dz,
o—+oo OF Jp(0,2)

where k is given by [B.J) and

A . (bnlllbn”l _fB(o,g)F(Iaan) dx)p(,ﬁ—’}v)p

= l1im .
"= b —m(D)ah ()" (252 + 9, N))

For instance, in this setting by choosing

m(D)(U(Nm) g(p,N)) 1
B\ pDr p ’p(2_p>”4

AE

)

p—N

problem () admits a sequence of many weak solutions which is unbounded in
WLP(RY). Indeed, if

m(D) (U(N,p) N g(p,N)

PNS B pDP p )’p(2—>p14
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and r, 1= 27% for every n € N, then one has
p(32%)?P
_ SUP|y1p <pr, Jar F(@,0(2)) de — [on F(z,u(x)) dx
ora) = inf lolir<pra Jr Jar— Je
luliP<prn -
_ SUPJujle <pr. Jen Fz,0(2)) do — [on F(z, vn(2)) da
= T — anHP
P
_ (bn||lbn 11— fB(O’%) F(:L',an)dx)p(li_PN)P

o — (-2) ahm(D) (252 + g(p, N))

by choosing

0 z € RY < B(0, D)
vn(T) =< ay z € B(0,2)
2%”(D—|Jc|) wEB(O,D)\B(O,g),

for each n € N. Hence, by assumption ii’) one has A< 400, we obtain

2 P,
v < liminf ¢(ry,) <p( P ) A < +oo0.
n—oo pr

From now on, arguing as in the proof of Theorem [BI] the conclusion follows.
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