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ABSTRACT. In the last paper, we introduced a new curvaturlike tensor field
in an almost contact Riemannian manifold and we showed some geometrical
properties of this tensor field in a Kenmotsu and a Sasakian manifold. In
this paper, we define another new curvaturelike tensor field, named (CHR)3-
curvature tensor in an almost contact Riemannian manifold which is called a
contact holomorphic Riemannian curvature tensor of the second type. Then,
using this tensor, we mainly research (CHR)s3-curvature tensor in a Sasakian
manifold. Then we define the notion of the flatness of a (CHR)s-curvature
tensor and we show that a Sasakian manifold with a flat (CHR)3-curvature
tensor is flat. Next, we introduce the notion of (CHR)3-n-Einstein in an almost
contact Riemannian manifold. In particular, we show that Sasakian (CHR)3-
n-Einstein manifold is n-Einstain. Moreover, we define the notion of (CHR)3-
space form and consider this in a Sasakian manifold. Finally, we consider a
conformal transformation of an almost contact Riemannian manifold and we
get new invariant tensor fields (not the conformal curvature tensor) under this
transformation. Finally, we prove that a conformally (CHR)s-flat Sasakian
manifold does not exist.

1. Almost contact Riemannian manifolds

A real (2n + 1)-dimensional differentiable Riemannian manifold (M?"+1, g) is
said to be an almost contact Riemannian manifold if it has a (1, 1)-tensor ¢ and a
1-form n which satisfy

(1.1) P =-T+n®¢ nleX)=0, n¢) =1,
(1.2) 9(pX,9Y) = g(X,Y) = n(X)n(Y)

for any Y, X € TM?**! where ¢ is defined by g(¢,X) = n(X). From (1.1)3,
the vector field £ is unit and we say this vector field the structure vector field of
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the almost contact Riemannian manifold. Next, in an almost contact Riemannian
manifold M?" 1 we define a 2-form F as F(X,Y) = g(pX,Y) for any XY €
TM?*+1 where TM?"*! denotes the tangent bundle of M?"+!. Then the 2-form
F is skew-symmetric and we say that this tensor field is the fundamental 2-form of
this almost contact Riemannian manifold.

In an almost contact Riemannian manifold, a section which is given by X and
pX for a unit vector field X is called a ¢-section of X. The sectional curvature
R(X,pX,¢X, X) is said to be the ¢-holomorphic sectional curvature of X, where
R denotes the Riemannian curvature tensor with respect to g.

In a (2n + 1)-dimensional almost contact Riemannian manifold M?2" 1 we

*
define R(X,Y,Z, W) which is called the second Riemannian curvature tensor as
R(X,Y, Z,W) = R(X,Y, 07, oW) for any X, Y, Z,W € TM2n+1.

An almost contact Riemannian manifold (M?"+1 ¢ g &) is called a normal
contact Riemannian or a Sasakian manifold if the structure vector field ¢ and the
fundamental 2-form F' satisfies

VxE=pX, (VxF)(Y,2)=n)g(X,Z) —n(Z)g9(X,Y)

for any X,Y,Z € TM?*"+1,
In a Sasakian manifold, the Riemannian curvature tensor R and the Ricci tensor
p with respect to g satisfy

R(X,Y,Z,8) =n(X)g(Y, Z) —n(Y)g(X, Z),
R(X,Y,0Z,oW) = R(pX,¢Y, Z,W) = R(X,Y, Z,W) + g(X, Z)g(Y, W)
—9(Y, 2)g(X, W)+ F(X, W)F(Y,Z) - F(Y,W)F(X, Z),
R(pX, oY, pZ, W) = R(X,Y, Z, W) + n(X)n(Z)g(Y, W) — n(X)n(W)g(Y, Z)
(1.3) +n(Y)n(W)g(X, Z) —n(Y)n(Z)g(X, W),
p(eX, 9Y) = p(X,Y) = 2nn(X)n(Y),
peX,Y) +p(X,0Y) =0,  p(X,&) =2nn(X)

for any X,Y, Z, W € TM?*"+1,

A Sasakian manifold is said to be a Sasakian space form if it has a constant
-holomorpic sectional curvature. Then the curvature tensor field R satisfies [2]

R0 W)g(Y, 2) — g(X, Z2)g(V, W)}

c—1
4

(14)  R(X,Y,Z,W) =

+

nX)m(Z2)g(Y, W) —n(Y)n(Z)g(X, W)
+n(Y)n(W)g(X, Z) = n(X)n(W)g(Y, Z)
— F(Y,Z)F(X,W) + F(X,Z)F(Y,W)

—2F(X,Y)F(Z,W)},

where c is a constant holomorphic sectional curvature.
A Sasakian space form with 0 holomorphic sectional curvature is called to be

flat.
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An almost contact Riemannian manifold M?"*! is said to be n-FEinstein if
the Ricci tensor p with respect to g satisfies p(X,Y) = ag(X,Y) + n(X)n(Y) for
certain differentiable functions @ and b on M?"+! which are called the associated
functions of p and any X,Y € TM?"*!. In particular, in an n-Einstein Sasakian
manifold, associated functions a and b satisfy the following relation
(1.5) a+b=2n, 7=2n(a+1),

where 7 is the scalar curvature with respect to g.

In a Sasakian manifold, the C-Bochner curvature tensor CB(X,Y,Z, W) is
defined by [3]

(1.6) CB(X,Y,Z, W) :R(X,Y,Z,W)—&-m{p()(, 2)g(pY, W)

—p(Y, Z)g(p X, W) + p(Y,W)g(0X,pZ) — p(X,W)g(¢Y, pZ)
(X, Z)F(Y, W)+ p(Y,Z)F(X, W) — p(Y,W)F(X, Z)

+A(X, W)F(Y,Z) — 2p(X,Y)F(Z,W) — 2p(Z, W)F(X,Y)}
T+ 2n(2n + 3)
An+1)(n+2)

T—302n+4)
4n+1)(n+2)
g () 2)a(Y W) = (Y I Z)g (X, W) = n(X)n(W)a(Y. 2)},

where we put p(X,Y) = p(X, ¢Y).

{(F(X,W)F(Y,Z) — F(X,Z)F(Y,W) — 2F(X,Y)F(Z, W)}

{g(X, W)g(Y, Z) - g(X, Z)g(Y, W)}

2. A curvaturelike tensor field
in an almost contact Riemannian manifold

In this section, we define a new curvaturelike tensor field in an almost contact
Riemanian manifold.

In a differentiable manifold M, a (0, 4)-type tensor field T'(X,Y, Z, W) is called
curvaturelike if it satisfies

T(X,Y,Z,W) = -T(Y,X,Z,W), T(X.Y,Z,W)=T(Z,W,X,Y),
T(X,Y,Z, W)+ T(X,Z,W,Y) + T(X,W,Y, Z) = 0
for any X, Y, Z, W € TM [4].
In an almost contact Riemannian manifold (M2, £ g), we define a (0,4)-
type tensor field (CHR)3(X,Y, Z, W) as
(2.1) 16(CHR)3(X,Y,Z, W) =3{R(X,Y,Z, W)+ R(pX, oY, Z,W)
+ R(pZ, oW, X, Y) + R(p X, 9Y, 0 Z,oW)} — R(¢W, ¢Y, X, Z)
— R(eX,0Z,W,Y) = R(¢Y,0Z, X, W) — R(¢X, oW, Y, Z)
+ R(pX, Z, oW, Y) + R(X, 02, W,Y) + R(p X, W, Y, pZ)
+ R(X, oW, ©Y, Z)
+0(X)P(Z,W,Y) = n(Y)P(Z,W, X)
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+n(2)P(X,Y,W) —n(W)P(X,Y, Z)
+n(X)nW)Q(Y, Z) — n(X)n(Z2)Q(Y, W)
+n(Y)n(Z)QW, X) —n(Y)n(W)Q(Z, X),
where we put
(22)  P(X,Y.Z)=3{R(X,Y,Z,§) + R(vX,0Y, Z,&)} + R(pX,¢Z,Y.§)
+ R(pZ, oY, X,§) — R(X,pZ, pY. &) — R(pZ,Y, 0X,§),
(2.3) Q(X,Y) =3R(§, X,Y,§) — R(§, X, Y, §)

for any X,Y,Z,W € TM?"*+1. Then, we can easily check the above tensor field is
curvaturelike. We call this tensor field a (CHR)3-curvature tensor in an almost con-
tact Riemannian manifold or a contact holomorphic Riemannian curvature tensor

of the second type.
About the tensors P(X,Y, Z) and Q(X,Y), we can easily see

P(pX, Y, Z) = P(X,Y,Z) —n(X)Q(Y, Z) + n(Y)Q(X, Z),
P(X,¢Y,0Z) = 3{R(X, Y, pZ,§) — R(pX,Y,¢Z,§)}
— R(pX,Z,9Y, &) + R(Z,Y, X,€) - R(X, Z,Y,{)
+ R(Z, Y, X, &) +n(Y)Q(Z, X)
(2.4) —2{n(2)S(X,Y) +n(Y)S(X, 2)},
P(eX,Y,0Z) = 3{R(pX,Y,pZ,§) — R(X,0Y,¢Z,§)} + R(X, Z,Y,€)
— R(Z,9Y, 90X, &) + R(pX, Z, Y, &) — R(Z,Y, X, §)
—n(X)Q(Y, Z) +2{n(X)S(Y, Z) + n(Z2)S(X,Y)},
P(X,Y,{) =0, P X)Y)=Q(X,Y), PXL(Y)=-QX)Y),

where we put S(X,Y) = R(§, X,Y, &) + R(&, o X, Y, €). In particular, by virtue of
(1.3)), the tensor fields P(X,Y, Z) and Q(X,Y) in a Sasakian manifold are respec-
tively satisfied

QX,Y) =2{g(X,Y) —n(X)n(Y)} = 29(pX, ¢Y)

for any X,Y,Z € TM?*"+1,

An almost contact Riemannian manifold is said to be (CHR)3-flat if the (CHR)3-
curvature tensor vanishes, identically.

In an almost contact Riemannian manifold, the (CHR)3-curvature tensor sat-
isfies the following equations

(CHR)3(X,Y, Z, &) =0,
(CHR)3(X,Y,9Z, W) = (CHR)3(¢X, pY, Z,W) = (CHR)3(X, Y, Z, W),
(CHR)3(X, X, X, X) = R(X, X, X, X) — 2n(X)R(X, pX, pX,§)
+n(X)?R(E, o X0 X, €)
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for any X,Y, Z,W € TM?"+1,

3. (CHR)s-curvature tensor in a Sasakian manifold

In this section, we consider a (CHR)3-flat Sasakian manifold and we prove this
manifold is flat Sasakian.
By virtue of (1.3) and Bianchi identity [6], in a Sasakian manifold, the (CHR)3-

curvature tensor satisfies
3

1
+ 1 {9(eX, W)g(eY. Z) — g(0X, Z)g(0Y. W) = 29(0 X, Y)g (02, W)
+n(X)n(2)g(Y, W) = n(X)n(W)g(Y, Z)
+n(Y)n(W)g(X, Z) = n(Y)n(Z)g(X, W)},
Let us consider the (CHR)s-flat Sasakian manifold, then we have from (3.1)), the

curvature tensor R is written as

R(X,Y, 2,W) = S {g(X, W)g(¥, 2) - g(X, Z)g(Y, W)}

— 96X, W)g(pY. 2) — g(oX, Z)g oY, W) ~ 29(oX, ¥ )g(Z, W)
+0(X)n(Z)g(Y, W) = n(X)n(W)g(Y, Z)
+0(Y)n(W)g(X, Z) = n(Y)n(Z2)g(X, W)}
Comparing the above equation and , we obtain
THEOREM 3.1. A (CHR)3-flat Sasakian manifold is flat Sasakian.

4. The properties of the (CHR)3-curvature tensor.

We put p(CHR)3(X,Y) = Z?ZTl(CHR)g(ei,X, Y, e;) for a local orthonormal
frame (eq, e, ..., e2,11) of an almost contact Riemannian manifold M?"*!. Then
we say p(CHR)3(X,Y) a (CHR)3-Ricci tensor.

By virtue of , and , the local representations of (CHR)3-curva-

ture tensor, the tensor fields P and () are respectively written by

(4.1)  16(CHR)akjin = 3(Rujin + Rujin + Rinkj + Rijmipi™on')

— ]*%hjki — }*%kihj — Rjikn — }*%khji
+ Riisj ok on® + Ritnspi'0;® + Ringspr'@i® + Riasion'o;®
+ M Pinj — 10 Prji + 1 Prjn — M0 Prji
+ mennQji — MeniQin + nniQnk — Njnn Qi

(4.2) Pjin = 3(Rjint + Rjin) & + (Rjnit + Ruiji) €
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— (Rjtsion@i® + Rusion'o;®)€l,
(4.3) Qin = (3Rmint — Rintsipi’on®)EmE,
where we put Rpjin = Rtsihapktgojs and the indices {k,j,...,h} run over the range

{1,2,...2n + 1}.
Moreover, equations (2.4]) and (2.5)) are respectively written as

Pisnpi'0i® = Pjin — 1jQin + 1:Qjn,
Pjispi'on® = 3(Rjtapi' on°E — Russripson®)E!
— Rinsipj 0i°€" + Rpiji€t — Rjnaé
+ Rpssitpi’ 0;°€" + 0iQnj — 2(niShj + mnSij),

4 Pris0i'on® = 3(Rusip;'on® — Rjtsipi'on®)E' + Rjna’
— Rusi0i'0;°¢" + Rensitpj'0i°¢" — Ruiji€!
=1 Qin + 2(n; Sin + nn.Sji),

P&t =0, P& =Qin,  Pun€ = —Qin,

(4.5) Quspi'on® = —Qin +2Sin, Quné =0,

(4.6) Sin = {Rmint + Rmts10i 0 * Y™E

Since, we know p(CHR)3;; = (CHR)sy5ing"", we have from (£.1)), (42), {#-3) and
(4.4), we obtain

(4.7) 8p(CHR)3(X,Y) = p(X,Y) + p(¢X, 9Y)
= 3{p(X,Y) + p(Y, X)} — {p(X, E)n(Y) + p(Y,)n(X)}

+3{p(X, )n(Y) + (Y, )n(X)} + p(&, (X )n(Y)
—{R(& X,Y,6) + R(E 90X, 0V, )},

where we put

2n+1 2n+1 "
p(Xv Y) = Z R(ei7X7Kei>7 ;(X7Y) = Z R(eiaXaKei)'
i=1 =1

In particular, the (CHR)s-Ricci tensor in a Sasakian manifold is written by
1
(48)  p(CHR)3(X,Y) = p(X,Y) = 5{(3n — 1)g(X,Y) + (n+ )n(X)n(¥)}.

From the above equation, we can easily have p(CHR)3(X, &) = 0.

Next, we put 7(CHR)3 = Y21 p(CHR)3(es,e;) = p(CHR)35,97° which is
called the (CHR)3-scalar curvature of (CHR)z-curvature tensor. Then from (4.7)),
we have 47(CHR)3 = 7 — 2p(&, €) + 37, where we put 7 = Z?Z# plei, ;). Then,
in a Sasakian manifold, we have from

(4.9) 7(CHR)3 = 7 — n(3n + 1).
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Now, an almost contact Riemannian manifold M?"*! is called (CHR)3-n-
FEinstein if its (CHR)3-Ricci tensor p(CHR)5(X,Y") has the form

(4.10) p(CHR)3(X,Y) = ag(X,Y) + Sn(X)n(Y)

for certain functions o and 8 which are called associated functions of p(CHR)s. In
particular, if our manifold is Sasakian, then we have from (4.8) and (4.10) the Ricci
tensors is written as

3n—1
p(X,Y) = (a+ 2

n+1
2

)9(X, )+ (8+ "= )n(X (),

that is, our manifold is n-Einstein.

Conversely, if our manifold M?"*+! is n-Einstein, then we can easily see that
Sasakian manifolds are (CHR)3-n-Einstein. Moreover, by virtue of (L.F]), we obtain
a+ 8 =0 in a (CHR)s-n-Einstein Sasakian manifold and the scalar curvature 7
and the (CHR)g-scalar curvature 7(CHR)3 are written as

(4.11) T=n(2a+3n+1), 7(CHR)3 = 2na.
Thus we have

THEOREM 4.1. A (2n + 1)-dimensional Sasakian manifold M?"+1 is (CHR)3-
n-Einstein if and only if M?"t1 is n-Einstein and the scalar curvatures T and
7(CHR)3 are respectively written by (4.11)) which includes only the associated func-
tion .

COROLLARY 4.1. In an n-(CHR)3-Einstein Sasakian manifold M?*"Tt, the
scalar curvatures 7 and T(CHR)3 are constant if and only if one of its associated
functions is constant.

5. (CHR)s-space form

In this section, we define a notion of a (CHR)3-space form in an almost contact
Riemannian manifold. Then we consider a Sasakian (CHR)sz-space form. And in
this manifold, we determine the (CHR)s-curvature tensor by the structure tensors.

DEFINITION 5.1. An almost contact Riemannian manifold is called a (CHR)3-
space form if its (CHR)s-curvature tensor satisfies

(CHR)3(X, pX, X, X) = | X||*
for a certain constant ¢ and any X € TM?" 1 — {¢}.
By virtue of , in an almost contact Riemannian manifold, we have
(CHR)3(X, X, 90X, X) = R(X, pX, X, X)

for any X € TM?"+! — {¢}. This means that a Sasakian (CHR)3-space form is a
Sasakian space form. Thus we have from (1.4]) and (3.1

THEOREM 5.1. In a (2n + 1)-dimensional Sasakian (CHR)s3-space form, the
(CHR)3-curvatuee tensor, (CHR)3-Ricci tensor and the (CHR)3-scalar curvature
are respectively given by
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(CHR)s3(X,Y,Z, W) = f{g(X W)g(Y, Z) — g(X, Z)g(Y, W)
- F(X,W)F (Y,Z)—!—F(X,Z) Y, W) -2F(X,Y)F(Z,W)
+n(X)n(2)g(Y, W) —n(X)n(W)g(Y, Z)
+0(Y)n(W)g(X, Z) —n(Y)n(Z2)g(X, W)},
p(CHR)(X,Y) = TH{g(X,¥) = (X )n(
for any X,Y,Z, W € TM?n+1,

Y)}, 7(CHR)z = cn?.

6. Conformal transformations of
almost contact Riemannian manifolds

In an almost contact Riemannian manifold M2t we consider a following
conformal transformation;

(6.1) g=elg, gl=eg
for a certain positive differentiable function f on M?"*1. Then it is well known [6]
that

(6.2) VxY =VxY +0(X)Y +0(Y)X — g(X,Y)U,
where V (resp. V) means the covariant derivation with respect to g (resp. g),

6 = df and ¢g(U, X) def 0(X). Moreover, between the Riemannian curvature tensors

R(X,Y, Z, W) with respect to g and R(X,Y, Z, W) with respect to g, we have the

following relation [6]

(6.3) e/ R(X,Y,Z,W) =R(X,Y,Z W)+ g(X,W)a(Y,2Z) + g(Y, Z)o (X, W)
—9(X,2)o(Y,W) — g(Y,W)o (X, Z),

where we put
(6.4) o(X,)Y)=(Vx0)(Y) - 6(X)0(Y) + %g(X, Y)o(U).

From and (6.4, we obtain p(X,Y) = p(X,Y) + (2n — 1)o(X,Y) + 0g(X,Y),
where p denotes the Ricci tensor with respect to g and
2n+1
(6.5) o= Z olei,e;) = ajig’.
i=1
From the above two equations, we easily get /7 = 7 + 4no.
Similarly with (2.1), (CHR),(X,Y, Z, W) with respect to g is given by

16(CHR),(X,Y, Z,W) = 3{R(X,Y, Z,W) + R(pX,pY, Z,W)
+ R(X,Y,0Z, oW) + R(pX, Y, 0Z, W)} — R(X, Z, oW, oY)
— R(eX,0Z,W,Y) = R(X,W,0Y,0Z) — R(pX,pW,Y, Z)
+ R(pX, Z,oW,Y) + R(X,0Z, W, pY)
+ R(pX, WY, 0Z) + R(X, oW, Y, Z)
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+0(X)P(Z,W,Y) = n(Y)P(Z,W, X)
n(Z)P(X,Y,W) —n(W)P(X,Y, Z)
+0(X)In(W)Q(Y, Z) = n(X)n(Z2)Q(Y, W)
+n(Y)n(Z2)QW, X) = n(Y)n(W)Q(Z, X),

where we put
(6.6)  P(X,Y,Z)=3{R(X,Y, Z,&) + R(pX,pY, Z,€)} + R(pX, pZ,Y,€)
+R(pZ, Y, X, €) = R(X,9Z,9Y.€) — R(¢Z,Y, X, £),
(6.7)  QX,Y)=3R(§X,Y.§) - R(§ X, 9V ).
for any X,Y, Z, W € TM?*"+1,
_ Let us consider the relation between the tensor fields (CHR)3(X,Y, Z, W) and
(CHR)3(X,Y, Z,W).
By virtue of , and are respectively written as
(68) e P(X,Y,2) = P(X,Y,Z) + n(X){30(Y, 2) — oY, 02)}
—n(Y){30(X, 2) —o(eX,02Z)} + 2{g(Y, Z)o (X, &) — 9(X, Z)o(Y,§)
+9(pY, Z2)o(0X, ) — g(0X, Z)a (Y, &) — 29(¢X,Y)o(pZ,£)}
+0(Z2){n(Y)o(X,§) —n(X)o(Y,£)},
(6.9) e HQX,Y)=Q(X,Y)+30(X,Y) — o(pX,pY) +29(X,Y)o(&,€)
+n(X)n(Y)o(§,€) = 3{n(X)o (Y, &) +n(Y)o (X, )}

To calculate e~ 2/ (CHR)3(X,Y, Z, W), we separate the following three parts;
Part 1:

(6.10) (1) ™2 3{R(X,Y,Z,W) + R(0X, oY, Z,W) + R(X,Y, 0Z,oW)
+ R(pX, Y, 0Z, W)} = R(X, Z, oW, Y) — R(pX,0Z, WY
— R(X, W, 0Y,0Z) = R(pX,oW,Y, Z) + R(pX, Z,pW,Y)
+ R(X,0Z,W,0Y) + R(0X, WY, 0Z) + R(X, oW, ¢Y, Z).

Part 2:
(6.11) () = n(X)P(Z,W,Y) = n(Y)P(Z,W,X)
+n(Z)P(X,Y, W) - n(W)P(X.Y, Z).
Part 3:
(6.12) (D) ™= (X )n(W)Q(Y, Z) — n(X)n(Z2)Q(Y, W)z
+n(V)n(Z2)QW, X) — n(Y)n(W)Q(Z, X).

By virtue of (6.3] E . ) and ., we obtain
e 21(D) = (1) +29(X, W){0(Y, 2) + o(¢Y, 92)}
+29(Y, Z){o(X, W) + o (0 X, W)} = 29(X, Z){o (Y, W) + o (Y, W)}
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=29(Y,W){o(X,2) + o(pX,02)} +29(p X, W){o (Y, Z) —o(Y,pZ)}
+29(Y, 2){o (X, W) — o(X, W)} — 29(p X, Z){a(pY, W) — a(Y, pW)}
—29(eY, W){o(pX,Z) — 0(X,pZ)} — 49(pX,Y){o(pZ, W)

—4g9(pZ, W){o(pX,Y) — a(X,pY)} + n(X)n(
—n(Y)n(W){o(X, Z)

—o(Z, W)}
W){o(Y,2) = 30(pY,0Z)}
—30(0X, pZ)} = (X)N(Z){o(Y, W) = 30(pY, W)}

+n(Y)In(Z2){o(X, W) = 30(pX, pW)}.

e 2/ (I) = (1) + 2n(X)n(2) {30 (Y, W) — o(pY, W)}
= 2(X)n(W){30(Y, Z) — o(eY,9Z)} — 29(Y)n(

Z2){30(X, W) — a(pX, pW)}
+ 2n(Y)n(W

H30(X, Z) — o(pX,0Z)} — 29(0Y, W){n(X)o(pZ,€)
—n(Z)o(eX, )} +29(0Y, Z){n(X)o (W, &) — n(W)a(pX, &)}
+29( X, W){n(Y)o(pZ, &) —n(Z)o(eY, &)} — 29(pX, Z){n(Y)o (oW, )
—n(W)o(eY, &)} — 4g(0Z, W){n(X)o(¢Y, &) —n(Y)o(eX, )}
—4g(eX, Y){n(Z)o (W, &) = n(W)a (X, &)} + 29(Y, W){n(X)a(Z,¢€)
+n0(Z2)o(X,8)} — 29(Y, Z){n(X)o(W, &) + n(W)o(X,£)}
=29(X, W){n(Y)o(Z,§)+n(Z)o(Y, &)} +29(X, Z){n(Y)o (W, &) +n(W)a(Y, )},

e/ (M) = (I10) + n(X)n(W){30(Y, Z) — o(pY,Z)}
—n(X)N(Z2){30(Y,W) — o (Y, oW)} +n(Y)n(Z){30(X, W) — o (pX, W)}
—n(Y)n(W){30(X,Z) — o(0X,pZ)} + 20 (&, H{n(X)n(W)g(Y, Z)
—n(Xn(2)g(Y, W) +n(Y)n(2)g(X, W) —n(Y)n(W)g(X, Z)},

where (I) denotes the geometric equation with respect to g of (I) with respect to g
and etc.. By virtue of the above three equations, we have

(6.13) 8¢ 2/(CHR)3(X,Y,Z, W) = 8(CHR)3(X,Y, Z, W)
+9(p X, pW)D(Y, Z) — g(p X, 0Z)D(Y, W) + g(¢Y, pZ)D(X, W)
—9(pY, oW)D(X, Z) + g(oX, WH{A(Y, Z) + B(Y, Z)}
+ 9(eY, Z){AX, W) + B(X, W)} — g(oX, Z){A(Y, W) + B(Y, W)}
—9(eY, WH{A(X, Z) + B(X, Z)} — 29(p X, Y){A(Z, W) + B(Z, W)}
=29(pZ, W{A(X,Y) + B(X,Y)} + g(Y,W)C(X, Z) — g(Y, Z)C(X, W)
+9(X, 2)C(Y, W) — g(X,W)C(Y, Z) + o (& E){n(X)n(W)g(Y, Z)
—n(X)n(Z)g(Y, W) +n(Y)n(Z)g(X, W) = n(Y)n(W)g(X, Z)},
where we put
X,Y) - o(X,pY),
Jo (Y. &) —n(Y)o(eX,§),
Jo(Y, ) n(Y)o(X,§),
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D(X,Y)=0(X,Y) 4+ o(pX,¢Y).

7. An invariant tensor field under a conformal transformation
The equation is written locally by
(7.1) 8¢ 2/ (CHR )1 in = S(CHR)3xjin + (gkn — menn) Dy
+ (950 — nm:) Dien = (gri — i) Djn — (gjn — 037n) Dri
+ orn(Aji + Bji) + ¢ji(Akn + Bin)
— ¢ri(Ajn + Bjn) — ©jn(Aki + Bri) — 2k (Ain, + Bin)
—20in(Akj + Bij) + 9inCri — 95iCrn + 91iCjin — 9k Cji
+ 0™ (Mnngji — Mkigin + i MiGkn — T Gki)-

Using ([7.1)), we get

(7.2) 4p(CHR)3(X,Y) = 4p(CHR)3(X,Y) + (n + 2)D(X,Y),
—(n+2)0(X,Y) + {0 —0(§ (X, Y) — {o — (n+3)a (&, In(X)n(Y),
(7.3) ¢*/7(CHR)3 = 7(CHR)3 + (n 4+ 1){o — (&, €)}.
Since, we have from and
(a) DY) = Lap @R (x,v) - T v )
rey)+ T EITEE ey,
The above equation and give us
(7.5) g(pX,Y)D(Z,W)
e 2 = 7(CHR
= < {a@mmRyz w) - 5 ) g(ox, o)
- s {amtemryszw) - TR 2 by o, o)

o —(n+3)a(&¢§)
n—+2

+9(pX,Y)CO(Z, W) +

By virtue of and , we have
(7.6) e ¥T(X,Y,Z,W)-T(X,Y,Z,W)
= g(@X, WHA(Y, Z) + B(Y, Z)} + g(¢Y, Z){A(X, W) + B(X, W)}
— 9(eX, Z){AY, W) + B(Y,W)} — g(oY, W){A(X, Z) + B(X, Z)}
—29(eX, Y)Y{A(Z,W) 4+ B(Z, W)} —29(pZ, W){A(X,Y) + B(X,Y)}

+ %ﬁ’g){g(x, Win(Y)n(Z) + g(Y, Z)n(X)n(W)

9 X, Y )n(Z)n(W).
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—9(X, Z)n(Y)n(W) — g(Y, W)n(X)n(2)},
where we put
(17)  T(X.Y,2,) = S(CHR), (X, Y, Z,W) = ——{B(Y, Z)g(¢ X, ¢V)

+E(X, W)g(eY,¢Z) — E(Y,W)g(¢X,0Z) — E(X, Z)g(¢Y, W)},
_ T(CHR)g

(7.8) B(X,Y) = 4p(CHR)5(X.Y) — — ==

9(X,Y).
Equation (|7.6) is locally written by
(7.6") e Thjin — Tujin = ern(Aji + Bji) + @ji(Agn + Bia)

— ¢ri(Ajn + Bjn) — 0jn(Ari + Bri) — 2015 (Ain + Bin)

g—0 fa 5
—20in(Ag; + Bij) + ﬁ(gkhﬁjm + 95NN
n-+ 2
= Gk — GinNMkNi)-
Contracting ([7.6') with ¢*", we obtain
ts . o—o(§,
(7.9) Aj; + Bj; = 7 (e Tyjis — Thjis) — &@ji-

2(n+1) n+1

Substituting (7.9) into (7.6'), we have
(710) 6_2f{Tkjih — W(Ttﬁs@kh + Ttkhs@ji - thhs@ki - Ttkis@jh

- _ - 27(CHR); , . _ o _
— 2T0jsPin — 2TinsPrj) + W(@kh%’i — PkiPjn — 2<ij901'h)}
ts
®
- {Tkjih - W(Tmswkh + Tikhs@is — TijhsPri — TikisPin
27(CHR
— 2TkjsPin — 2T4insprj) + W(@kh%i — PkiPjh — 2<ij<ﬁih)}
0 — J(év f)

- W(gkhnﬂ'm + G5k — 9eiNiNMh — GiRMEN),

where we put @;; = ¢;'g;; and @7 = ¢,'g". The right hand side of (7.10) is written
by

_ T CHR 3 _ _ _ _ _ _
(7.11) 2f(n+(1)(n)+2)(gkh77j77i + Gk — Grillih — GinTikns)
7(CHR)3
_m(gkhnﬂ?i + 95iMkNn — ki Mh — gjhnkni)a

where we put 7; = £'g;;. Thus we have

THEOREM 7.1. In an almost contact Riemannian manifold, the tensor field
S(X,Y)Z is invariant under the conformal transformation (6.1), where the tensor
field Sy;;" is defined by
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ts

¥

(7.12)  Skji'gin = Trjin — W(Ttﬁss@kh + TiknsPii — TijhsPri — TikisPin

QT(CHR)g
(n+1)2

T(CHR)g

— 2Tjspin — 2T4insrs) + (Pkh®ji — Prijn — 20kjPin)

] (kMM + G5aM6NMn — Gkl — GinMkNi)-

C(n+1D(n+2
In particular, in a Sasakian manifold, we have from (4.8]) and (4.9))
1

By virtue of (3.1) and (7.13), equation (7.7) is given by

1
(7.14)  Tijin = 8{Rijin + Z(Qth(Pji — PriPjn — 20kjPin) }

{p5i(grn = njmn) + prn(g5i = 151i) = pin(gritini)
2{7 — 2(3n +4)}
(n+1)(n+2)
T+n(3n—|—5)( e g . ‘ )
(n + 1) (n + 2) \JRrME T G5600kT = GhillyTih = GinTkT):

Moreover, in a Sasakian manifold, using the Bianchi identity, we obtain

n+2

— pri(gjn — Mjnn) } + (9kngji — rigin)

(7.15) Ryjisg™™ = —(2n — D)pji — pji,
where we put pj; = pjip;'. Using this, we get
. 2{7 — (6n3 + 13n? + 3n — 2)} 8(n+1) _
7.16 BT i = ji = o Pji-
( ) ¥ L (n+1)(n+2) Pj n+2 Pj

By virtue of (4.9), (7.14), (7.15) and (7.16), the tensor field S(X,Y,Z, W) in a

Sasakian manifold satisfies
(117) SS(X,Y,2,W) = 4R(X,Y, 2,) =~ {p(¥, Z)g(oX, W)
+p(X, W)g(pZ, pZ) — p(Y,W)g(¢pX,0Z) — p(X, Z)g(Y, W)}
+ DY 20X W) + B W)Y, 2) — Y, W)p(X. 2)

- ﬁ(Xa Z)(P(Yv W) - Qﬁ(Xv Y)@(Za W) - 2ﬁ(Zv W)@(Xv W)}
T—23n+4)
(n+1)(n+2)

{T 4+ 2n(2n + 3)
(n+1)(n+2)

- 290(X7 Y)@(Za W)} -

{g(X, W)g(Y, Z) - g(X7 Z)g(Y, W)}

Lo (X W) (Y, 2) — o(X, Z) (V. W)

T (W)

+9(Y, Z)n(X)n(W) — g(X, Z)n(Y)n(W) — g(Y,W)n(X)n(Z)}.
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Thus comparing the above equation and (|1.6]), we have

THEOREM 7.2. In a Sasakian manifold, the tensor field %S(X7 Y, Z, W) is a
C-Bochner curvature tensor.

We call the tensor field £ S(X,Y, Z, W) the conformal (CHR)3-curvature tensor
or the C-Bochner curvature tensor in an almost contact Riemannian manifold. And
an almost contact Riemannian manifold M?"*+! is called conformally (CHR)3-flat
if the tensor field S(X,Y)Z vanishes for any X,Y, Z € TM?"*+1  identically.

8. A conformally (CHR);-flat almost contact Riemannian manifold

Let an almost contact Riemannian manifold M?"*! be conformally (CHR)s-
flat. Then we have from (7.12))

ts

(8.1) Tyjin = At (Tjisprn + Tenns@si — Tejnsri — TikisPjn
2T(CHR)3
— 2Tkjspin — 2T4insPrj) — W(‘th‘ﬂji — PkiPjh — 2PkjPin)
T(CHR)g
m(gkhnjm + G5k — GriNjNh — GinMKN:)-
By virtue of (7.7) and (7.8]), we have
4

(8.2) Tkjin = 8(CHR)3pjin — m{(gkh — nknn)p(CHR )35

+ (950 — n;m:)p(CHR)3n, — (9rs — i) p(CHR) 355,

= (9jn = mnn)p(CHR)spi } + m
7(CHR)3

- m(ﬂjmknh + GknNMi — GinMKNs — GriiTh)-

Contracting (8.2) with ", we have

(gkhgji - gmgjh)

4
(8.3) Tijise"™ = 8(CHR)34jis0"® + m{P(CHR)3jl<Pil — p(CHR)3:60;'}

27(CHR)3

+(n—i— 1)(n+2)%i'

Substituting (8.3)) into (8.1), we obtain
(8.4) 4(CHR)3kjin = m{(gkh — nknn)P(CHR) 355 + (956 — 1;m:) p(CHR) 3,
— (gki — meni)p(CHR) 351, — (gjn — njnn)p(CHR )35

2 ts
+ nLH{(CHR)gtjiswkh + (CHR)atknspji — (CHR)3tjhs 0k
— (CHR)stkispjn — 2(CHR)stkjspin — 2(CHR)stins¢r; }



A NEW CURVATURELIKE TENSOR FIELD... 127

" m{(p(CHR)?’ﬂ%l — p(CHR)z:;") orn

+ (p(CHR a0 — p(CHR) 3101 )i — (p(CHR)s500n" — p(CHR) 300" ) ki
— (p(CHR)3mi' — p(CHR) 301 )jn — 2(p(CHR ) 30" — p(CHR)35008") i

— 2(p(CHR)su¢n' — p(CHR)sp0i')orj } — m

= MeNnGji — NiMiGkn + MENiGin + MNnGki + PehPji — PkiPih — 20PkjPin)-
Next, contraction of (8.4) with ¢g*" gives us

(gkhgji — 9kigjh

(8:5) 6(2n +3)p(CHR)35 = (2n + 5){p(CHR)3;u¢'mi + p(CHR )36, }
+6(n + 2)p" {(CHR)31150:" + (CHR) 3411505’} — 6p(CHR)3,m190; ™04

Contracting the above equation with 37 p,* and changing the indices, we have

(8.6) (n+2)p" {(CHR)3150; + (CHR)31j150i'
= (2n 4 3)p(CHR) 3105 pi' + p(CHR)35i + p(CHR)3(&, §)mymi
— (n+2)9"¢™{@;'ni + ¢i'n;} — {p(CHR)3;uE"n; + p(CHR)3€ n; }-
Substituting into , we get
12(n +1){p(CHR)3;i — p(CHR)3mi0; "'}
= (2n — 1){p(CHR)3;"n; + p(CHR)3:€'1;}
+6p(CHR)3(&,€)nymi — 6(n + 2)¢"* (CHR)31ms&™ (' mi + i ).
From the above equation, we can easily get
(8.7)  p(CHR)3(X,Y) — p(CHR)3(¢ X, ¢Y) + p(CHR)3(&, E)n(X)n(Y)
—{p(CHR)s(¢, X)n(Y) + p(CHR)3(£, Y)n(X)} = 0.
Next, we have from

n+4

p(CHR)3(€,€) + (CHR)34mis™ ™.
Thus we have

THEOREM 8.1. Let M?"*! be a conformally (CHR)3-flat almost contact Rie-
mannian manifold. Then the (CHR)s3-curvature tensor, the (CHR)3-Ricci tensor

p(CHR)3 and the (CHR)3-scalar curvature 7(CHR)3 satisfy (8.4), (8.7) and (8.8)),

respectively.

By virtue of (7.17), in a conformally (CHR)s-flat Sasakian manifold, the Rie-
mannian curvature tensor satisfies

= p(Y,W)g(pX,0Z) — p(X, Z)g(pY, W)}
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- m{ﬁ(y’ ZVF(X, W) + p(X,W)F(Y, Z) — p(Y,W)F(X, Z)
~ MY, W)F(X, Z) — 5(X, Z)F(X,Y) — 25(X, Y)F(Z,W) — 25(Z, W)F(X,Y)}
T—2(3n+4)

~ It D 12 WY, 2) = g(X, Z)g(Y, W)}

L T2+ 3)
A+ 1)(n+2)

g (Y. 2) + (¥ n(Z)g(X. W)
—n(Xn(Z2)g(Y, W) —n(Y)n(W)g(X, Z)}.

Contracting with g*", we get g;i = (2n + 1)n;n;. Thus we have

{FI(X,W)F(Y,Z) - F(X,Z)F(Y,W) - 2F(X,Y)F(Z, W)}

THEOREM 8.2. There does not exist any conformally (CHR)s-flat Sasakian
manifold.

From the above theorem, we can easily know
REMARK 8.1. There does not exist any C-Bochner flat Sasakian manifold.
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