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Abstract. In the last paper, we introduced a new curvaturlike tensor field
in an almost contact Riemannian manifold and we showed some geometrical
properties of this tensor field in a Kenmotsu and a Sasakian manifold. In
this paper, we define another new curvaturelike tensor field, named (CHR)3-
curvature tensor in an almost contact Riemannian manifold which is called a
contact holomorphic Riemannian curvature tensor of the second type. Then,
using this tensor, we mainly research (CHR)3-curvature tensor in a Sasakian
manifold. Then we define the notion of the flatness of a (CHR)3-curvature
tensor and we show that a Sasakian manifold with a flat (CHR)3-curvature
tensor is flat. Next, we introduce the notion of (CHR)3-𝜂-Einstein in an almost
contact Riemannian manifold. In particular, we show that Sasakian (CHR)3-
𝜂-Einstein manifold is 𝜂-Einstain. Moreover, we define the notion of (CHR)3-
space form and consider this in a Sasakian manifold. Finally, we consider a
conformal transformation of an almost contact Riemannian manifold and we
get new invariant tensor fields (not the conformal curvature tensor) under this
transformation. Finally, we prove that a conformally (CHR)3-flat Sasakian
manifold does not exist.

1. Almost contact Riemannian manifolds

A real (2𝑛 + 1)-dimensional differentiable Riemannian manifold (𝑀2𝑛+1, 𝑔) is
said to be an almost contact Riemannian manifold if it has a (1, 1)-tensor 𝜙 and a
1-form 𝜂 which satisfy

𝜙2 = −𝐼 + 𝜂 ⊗ 𝜉, 𝜂(𝜙𝑋) = 0, 𝜂(𝜉) = 1,(1.1)
𝑔(𝜙𝑋, 𝜙𝑌 ) = 𝑔(𝑋, 𝑌 ) − 𝜂(𝑋)𝜂(𝑌 )(1.2)

for any 𝑌, 𝑋 ∈ 𝑇𝑀2𝑛+1, where 𝜉 is defined by 𝑔(𝜉, 𝑋) = 𝜂(𝑋). From (1.1)3,
the vector field 𝜉 is unit and we say this vector field the structure vector field of
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the almost contact Riemannian manifold. Next, in an almost contact Riemannian
manifold 𝑀2𝑛+1, we define a 2-form 𝐹 as 𝐹 (𝑋, 𝑌 ) = 𝑔(𝜙𝑋, 𝑌 ) for any 𝑋, 𝑌 ∈
𝑇𝑀2𝑛+1, where 𝑇𝑀2𝑛+1 denotes the tangent bundle of 𝑀2𝑛+1. Then the 2-form
𝐹 is skew-symmetric and we say that this tensor field is the fundamental 2-form of
this almost contact Riemannian manifold.

In an almost contact Riemannian manifold, a section which is given by 𝑋 and
𝜙𝑋 for a unit vector field 𝑋 is called a 𝜙-section of 𝑋. The sectional curvature
𝑅(𝑋, 𝜙𝑋, 𝜙𝑋, 𝑋) is said to be the 𝜙-holomorphic sectional curvature of 𝑋, where
𝑅 denotes the Riemannian curvature tensor with respect to 𝑔.

In a (2𝑛 + 1)-dimensional almost contact Riemannian manifold 𝑀2𝑛+1, we
define

*
𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) which is called the second Riemannian curvature tensor as

*
𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑅(𝑋, 𝑌, 𝜙𝑍, 𝜙𝑊 ) for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀2𝑛+1.

An almost contact Riemannian manifold (𝑀2𝑛+1, 𝜙, 𝑔, 𝜉) is called a normal
contact Riemannian or a Sasakian manifold if the structure vector field 𝜉 and the
fundamental 2-form 𝐹 satisfies

∇𝑋𝜉 = 𝜙𝑋, (∇𝑋𝐹 )(𝑌, 𝑍) = 𝜂(𝑌 )𝑔(𝑋, 𝑍) − 𝜂(𝑍)𝑔(𝑋, 𝑌 )

for any 𝑋, 𝑌, 𝑍 ∈ 𝑇𝑀2𝑛+1.
In a Sasakian manifold, the Riemannian curvature tensor 𝑅 and the Ricci tensor

𝜌 with respect to 𝑔 satisfy

𝑅(𝑋, 𝑌, 𝑍, 𝜉) = 𝜂(𝑋)𝑔(𝑌, 𝑍) − 𝜂(𝑌 )𝑔(𝑋, 𝑍),
𝑅(𝑋, 𝑌, 𝜙𝑍, 𝜙𝑊 ) = 𝑅(𝜙𝑋, 𝜙𝑌, 𝑍, 𝑊 ) = 𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) + 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )

− 𝑔(𝑌, 𝑍)𝑔(𝑋, 𝑊 ) + 𝐹 (𝑋, 𝑊 )𝐹 (𝑌, 𝑍) − 𝐹 (𝑌, 𝑊 )𝐹 (𝑋, 𝑍),
𝑅(𝜙𝑋, 𝜙𝑌, 𝜙𝑍, 𝜙𝑊 ) = 𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) + 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)

+ 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍) − 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 ),(1.3)
𝜌(𝜙𝑋, 𝜙𝑌 ) = 𝜌(𝑋, 𝑌 ) − 2𝑛𝜂(𝑋)𝜂(𝑌 ),

𝜌(𝜙𝑋, 𝑌 ) + 𝜌(𝑋, 𝜙𝑌 ) = 0, 𝜌(𝑋, 𝜉) = 2𝑛𝜂(𝑋)

for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀2𝑛+1.
A Sasakian manifold is said to be a Sasakian space form if it has a constant

𝜙-holomorpic sectional curvature. Then the curvature tensor field 𝑅 satisfies [2]

𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑐 + 3
4 {𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )}(1.4)

+𝑐 − 1
4 {𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 )

+ 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍) − 𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)
− 𝐹 (𝑌, 𝑍)𝐹 (𝑋, 𝑊 ) + 𝐹 (𝑋, 𝑍)𝐹 (𝑌, 𝑊 )

− 2𝐹 (𝑋, 𝑌 )𝐹 (𝑍, 𝑊 )},

where 𝑐 is a constant holomorphic sectional curvature.
A Sasakian space form with 0 holomorphic sectional curvature is called to be

flat.
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An almost contact Riemannian manifold 𝑀2𝑛+1 is said to be 𝜂-Einstein if
the Ricci tensor 𝜌 with respect to 𝑔 satisfies 𝜌(𝑋, 𝑌 ) = 𝑎𝑔(𝑋, 𝑌 ) + 𝑏𝜂(𝑋)𝜂(𝑌 ) for
certain differentiable functions 𝑎 and 𝑏 on 𝑀2𝑛+1 which are called the associated
functions of 𝜌 and any 𝑋, 𝑌 ∈ 𝑇𝑀2𝑛+1. In particular, in an 𝜂-Einstein Sasakian
manifold, associated functions 𝑎 and 𝑏 satisfy the following relation
(1.5) 𝑎 + 𝑏 = 2𝑛, 𝜏 = 2𝑛(𝑎 + 1),
where 𝜏 is the scalar curvature with respect to 𝑔.

In a Sasakian manifold, the C-Bochner curvature tensor 𝐶𝐵(𝑋, 𝑌, 𝑍, 𝑊 ) is
defined by [3]

(1.6) 𝐶𝐵(𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) + 1
2(𝑛 + 2){𝜌(𝑋, 𝑍)𝑔(𝜙𝑌, 𝜙𝑊 )

−𝜌(𝑌, 𝑍)𝑔(𝜙𝑋, 𝜙𝑊 ) + 𝜌(𝑌, 𝑊 )𝑔(𝜙𝑋, 𝜙𝑍) − 𝜌(𝑋, 𝑊 )𝑔(𝜙𝑌, 𝜙𝑍)
−𝜌(𝑋, 𝑍)𝐹 (𝑌, 𝑊 ) + 𝜌(𝑌, 𝑍)𝐹 (𝑋, 𝑊 ) − 𝜌(𝑌, 𝑊 )𝐹 (𝑋, 𝑍)

+𝜌(𝑋, 𝑊 )𝐹 (𝑌, 𝑍) − 2𝜌(𝑋, 𝑌 )𝐹 (𝑍, 𝑊 ) − 2𝜌(𝑍, 𝑊 )𝐹 (𝑋, 𝑌 )}

− 𝜏 + 2𝑛(2𝑛 + 3)
4(𝑛 + 1)(𝑛 + 2){𝐹 (𝑋, 𝑊 )𝐹 (𝑌, 𝑍) − 𝐹 (𝑋, 𝑍)𝐹 (𝑌, 𝑊 ) − 2𝐹 (𝑋, 𝑌 )𝐹 (𝑍, 𝑊 )}

+ 𝜏 − 3(2𝑛 + 4)
4(𝑛 + 1)(𝑛 + 2){𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )}

+ 𝜏 + 2𝑛

4(𝑛 + 1)(𝑛 + 2){𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑌 )𝜂𝑍)𝑔(𝑋, 𝑊 ) − 𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)},

where we put 𝜌(𝑋, 𝑌 ) = 𝜌(𝑋, 𝜙𝑌 ).

2. A curvaturelike tensor field
in an almost contact Riemannian manifold

In this section, we define a new curvaturelike tensor field in an almost contact
Riemanian manifold.

In a differentiable manifold 𝑀 , a (0, 4)-type tensor field 𝑇 (𝑋, 𝑌, 𝑍, 𝑊 ) is called
curvaturelike if it satisfies

𝑇 (𝑋, 𝑌, 𝑍, 𝑊 ) = −𝑇 (𝑌, 𝑋, 𝑍, 𝑊 ), 𝑇 (𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑇 (𝑍, 𝑊, 𝑋, 𝑌 ),
𝑇 (𝑋, 𝑌, 𝑍, 𝑊 ) + 𝑇 (𝑋, 𝑍, 𝑊, 𝑌 ) + 𝑇 (𝑋, 𝑊, 𝑌, 𝑍) = 0

for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀 [4].
In an almost contact Riemannian manifold (𝑀2𝑛+1, 𝜙, 𝜉, 𝑔), we define a (0,4)-

type tensor field (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) as

(2.1) 16(CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) = 3{𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) + 𝑅(𝜙𝑋, 𝜙𝑌, 𝑍, 𝑊 )
+ 𝑅(𝜙𝑍, 𝜙𝑊, 𝑋, 𝑌 ) + 𝑅(𝜙𝑋, 𝜙𝑌, 𝜙𝑍, 𝜙𝑊 )} − 𝑅(𝜙𝑊, 𝜙𝑌, 𝑋, 𝑍)

− 𝑅(𝜙𝑋, 𝜙𝑍, 𝑊, 𝑌 ) − 𝑅(𝜙𝑌, 𝜙𝑍, 𝑋, 𝑊 ) − 𝑅(𝜙𝑋, 𝜙𝑊, 𝑌, 𝑍)
+ 𝑅(𝜙𝑋, 𝑍, 𝜙𝑊, 𝑌 ) + 𝑅(𝑋, 𝜙𝑍, 𝑊, 𝜙𝑌 ) + 𝑅(𝜙𝑋, 𝑊, 𝑌, 𝜙𝑍)

+ 𝑅(𝑋, 𝜙𝑊, 𝜙𝑌, 𝑍)
+ 𝜂(𝑋)𝑃 (𝑍, 𝑊, 𝑌 ) − 𝜂(𝑌 )𝑃 (𝑍, 𝑊, 𝑋)
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+ 𝜂(𝑍)𝑃 (𝑋, 𝑌, 𝑊 ) − 𝜂(𝑊 )𝑃 (𝑋, 𝑌, 𝑍)
+ 𝜂(𝑋)𝜂(𝑊 )𝑄(𝑌, 𝑍) − 𝜂(𝑋)𝜂(𝑍)𝑄(𝑌, 𝑊 )

+ 𝜂(𝑌 )𝜂(𝑍)𝑄(𝑊, 𝑋) − 𝜂(𝑌 )𝜂(𝑊 )𝑄(𝑍, 𝑋),
where we put

𝑃 (𝑋, 𝑌, 𝑍) = 3{𝑅(𝑋, 𝑌, 𝑍, 𝜉) + 𝑅(𝜙𝑋, 𝜙𝑌, 𝑍, 𝜉)} + 𝑅(𝜙𝑋, 𝜙𝑍, 𝑌, 𝜉)(2.2)
+ 𝑅(𝜙𝑍, 𝜙𝑌, 𝑋, 𝜉) − 𝑅(𝑋, 𝜙𝑍, 𝜙𝑌, 𝜉) − 𝑅(𝜙𝑍, 𝑌, 𝜙𝑋, 𝜉),

𝑄(𝑋, 𝑌 ) = 3𝑅(𝜉, 𝑋, 𝑌, 𝜉) − 𝑅(𝜉, 𝜙𝑋, 𝜙𝑌, 𝜉)(2.3)

for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀2𝑛+1. Then, we can easily check the above tensor field is
curvaturelike. We call this tensor field a (CHR)3-curvature tensor in an almost con-
tact Riemannian manifold or a contact holomorphic Riemannian curvature tensor
of the second type.

About the tensors 𝑃 (𝑋, 𝑌, 𝑍) and 𝑄(𝑋, 𝑌 ), we can easily see

(2.4)

𝑃 (𝜙𝑋, 𝜙𝑌, 𝑍) = 𝑃 (𝑋, 𝑌, 𝑍) − 𝜂(𝑋)𝑄(𝑌, 𝑍) + 𝜂(𝑌 )𝑄(𝑋, 𝑍),
𝑃 (𝑋, 𝜙𝑌, 𝜙𝑍) = 3{𝑅(𝑋, 𝜙𝑌, 𝜙𝑍, 𝜉) − 𝑅(𝜙𝑋, 𝑌, 𝜙𝑍, 𝜉)}

− 𝑅(𝜙𝑋, 𝑍, 𝜙𝑌, 𝜉) + 𝑅(𝑍, 𝑌, 𝑋, 𝜉) − 𝑅(𝑋, 𝑍, 𝑌, 𝜉)
+ 𝑅(𝑍, 𝜙𝑌, 𝜙𝑋, 𝜉) + 𝜂(𝑌 )𝑄(𝑍, 𝑋)
− 2{𝜂(𝑍)𝑆(𝑋, 𝑌 ) + 𝜂(𝑌 )𝑆(𝑋, 𝑍)},

𝑃 (𝜙𝑋, 𝑌, 𝜙𝑍) = 3{𝑅(𝜙𝑋, 𝑌, 𝜙𝑍, 𝜉) − 𝑅(𝑋, 𝜙𝑌, 𝜙𝑍, 𝜉)} + 𝑅(𝑋, 𝑍, 𝑌, 𝜉)
− 𝑅(𝑍, 𝜙𝑌, 𝜙𝑋, 𝜉) + 𝑅(𝜙𝑋, 𝑍, 𝜙𝑌, 𝜉) − 𝑅(𝑍, 𝑌, 𝑋, 𝜉)
− 𝜂(𝑋)𝑄(𝑌, 𝑍) + 2{𝜂(𝑋)𝑆(𝑌, 𝑍) + 𝜂(𝑍)𝑆(𝑋, 𝑌 )},

𝑃 (𝑋, 𝑌, 𝜉) = 0, 𝑃 (𝜉, 𝑋, 𝑌 ) = 𝑄(𝑋, 𝑌 ), 𝑃 (𝑋, 𝜉, 𝑌 ) = −𝑄(𝑋, 𝑌 ),

(2.5) 𝑄(𝜙𝑋, 𝜙𝑌 ) = −𝑄(𝑋, 𝑌 ) + 2𝑆(𝑋, 𝑌 ), 𝑄(𝜉, 𝑋) = 0,

where we put 𝑆(𝑋, 𝑌 ) = 𝑅(𝜉, 𝑋, 𝑌, 𝜉) + 𝑅(𝜉, 𝜙𝑋, 𝜙𝑌, 𝜉). In particular, by virtue of
(1.3), the tensor fields 𝑃 (𝑋, 𝑌, 𝑍) and 𝑄(𝑋, 𝑌 ) in a Sasakian manifold are respec-
tively satisfied

𝑃 (𝑋, 𝑌, 𝑍) = 2{𝜂(𝑋)𝑔(𝑌, 𝑍) − 𝜂(𝑌 )𝑔(𝑋, 𝑍)} = 2𝑅(𝑋, 𝑌, 𝑍, 𝜉),
𝑄(𝑋, 𝑌 ) = 2{𝑔(𝑋, 𝑌 ) − 𝜂(𝑋)𝜂(𝑌 )} = 2𝑔(𝜙𝑋, 𝜙𝑌 )

for any 𝑋, 𝑌, 𝑍 ∈ 𝑇𝑀2𝑛+1.
An almost contact Riemannian manifold is said to be (CHR)3-flat if the (CHR)3-

curvature tensor vanishes, identically.
In an almost contact Riemannian manifold, the (CHR)3-curvature tensor sat-

isfies the following equations
(CHR)3(𝑋, 𝑌, 𝑍, 𝜉) = 0,

(CHR)3(𝑋, 𝑌, 𝜙𝑍, 𝜙𝑊 ) = (CHR)3(𝜙𝑋, 𝜙𝑌, 𝑍, 𝑊 ) = (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ),
(CHR)3(𝑋, 𝜙𝑋, 𝜙𝑋, 𝑋) = 𝑅(𝑋, 𝜙𝑋, 𝜙𝑋, 𝑋) − 2𝜂(𝑋)𝑅(𝑋, 𝜙𝑋, 𝜙𝑋, 𝜉)

+ 𝜂(𝑋)2𝑅(𝜉, 𝜙𝑋𝜙𝑋, 𝜉)
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for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀2𝑛+1.

3. (CHR)3-curvature tensor in a Sasakian manifold

In this section, we consider a (CHR)3-flat Sasakian manifold and we prove this
manifold is flat Sasakian.

By virtue of (1.3) and Bianchi identity [6], in a Sasakian manifold, the (CHR)3-
curvature tensor satisfies

(3.1) (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑅(𝑋, 𝑌, 𝑍, 𝑊 )

+ 3
4{𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 ) − 𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍)}

+ 1
4{𝑔(𝜙𝑋, 𝑊 )𝑔(𝜙𝑌, 𝑍) − 𝑔(𝜙𝑋, 𝑍)𝑔(𝜙𝑌, 𝑊 ) − 2𝑔(𝜙𝑋, 𝑌 )𝑔(𝜙𝑍, 𝑊 )

+ 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)
+ 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍) − 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 )}.

Let us consider the (CHR)3-flat Sasakian manifold, then we have from (3.1), the
curvature tensor 𝑅 is written as

𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) = 3
4{𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )}

− 1
4{𝑔(𝜙𝑋, 𝑊 )𝑔(𝜙𝑌, 𝑍) − 𝑔(𝜙𝑋, 𝑍)𝑔(𝜙𝑌, 𝑊 ) − 2𝑔(𝜙𝑋, 𝑌 )𝑔(𝜙𝑍, 𝑊 )

+ 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)
+ 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍) − 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 )}.

Comparing the above equation and (1.4), we obtain

Theorem 3.1. A (CHR)3-flat Sasakian manifold is flat Sasakian.

4. The properties of the (CHR)3-curvature tensor.

We put 𝜌(CHR)3(𝑋, 𝑌 ) =
∑︀2𝑛+1

𝑖=1 (CHR)3(𝑒𝑖, 𝑋, 𝑌, 𝑒𝑖) for a local orthonormal
frame (𝑒1, 𝑒2, . . . , 𝑒2𝑛+1) of an almost contact Riemannian manifold 𝑀2𝑛+1. Then
we say 𝜌(CHR)3(𝑋, 𝑌 ) a (CHR)3-Ricci tensor.

By virtue of (2.1), (2.2) and (2.3), the local representations of (CHR)3-curva-
ture tensor, the tensor fields 𝑃 and 𝑄 are respectively written by

(4.1) 16(CHR)3𝑘𝑗𝑖ℎ = 3(𝑅𝑘𝑗𝑖ℎ +
*
𝑅𝑘𝑗𝑖ℎ +

*
𝑅𝑖ℎ𝑘𝑗 +

*
𝑅𝑘𝑗𝑚𝑙𝜙𝑖

𝑚𝜙ℎ
𝑙)

−
*
𝑅ℎ𝑗𝑘𝑖 −

*
𝑅𝑘𝑖ℎ𝑗 −

*
𝑅𝑗𝑖𝑘ℎ −

*
𝑅𝑘ℎ𝑗𝑖

+ 𝑅𝑡𝑖𝑠𝑗𝜙𝑘
𝑡𝜙ℎ

𝑠 + 𝑅𝑘𝑡ℎ𝑠𝜙𝑖
𝑡𝜙𝑗

𝑠 + 𝑅𝑡ℎ𝑗𝑠𝜙𝑘
𝑡𝜙𝑖

𝑠 + 𝑅𝑘𝑡𝑠𝑖𝜙ℎ
𝑡𝜙𝑗

𝑠

+ 𝜂𝑘𝑃𝑖ℎ𝑗 − 𝜂𝑗𝑃𝑘𝑗𝑖 + 𝜂𝑖𝑃𝑘𝑗ℎ − 𝜂ℎ𝑃𝑘𝑗𝑖

+ 𝜂𝑘𝜂ℎ𝑄𝑗𝑖 − 𝜂𝑘𝜂𝑖𝑄𝑗ℎ + 𝜂𝑗𝜂𝑖𝑄ℎ𝑘 − 𝜂𝑗𝜂ℎ𝑄𝑖𝑘,

𝑃𝑗𝑖ℎ = 3(𝑅𝑗𝑖ℎ𝑙 +
*
𝑅𝑗𝑖ℎ𝑙)𝜉𝑙 + (

*
𝑅𝑗ℎ𝑖𝑙 +

*
𝑅ℎ𝑖𝑗𝑙)𝜉𝑙(4.2)
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− (𝑅𝑗𝑡𝑠𝑙𝜙ℎ
𝑡𝜙𝑖

𝑠 + 𝑅𝑡𝑖𝑠𝑙𝜙ℎ
𝑡𝜙𝑗

𝑠)𝜉𝑙,

𝑄𝑖ℎ = (3𝑅𝑚𝑖ℎ𝑙 − 𝑅𝑚𝑡𝑠𝑙𝜙𝑖
𝑡𝜙ℎ

𝑠)𝜉𝑚𝜉𝑙,(4.3)

where we put
*
𝑅𝑘𝑗𝑖ℎ = 𝑅𝑡𝑠𝑖ℎ𝜙𝑘

𝑡𝜙𝑗
𝑠 and the indices {k,j,...,h} run over the range

{1,2,...,2𝑛 + 1}.
Moreover, equations (2.4) and (2.5) are respectively written as

(4.4)

𝑃𝑡𝑠ℎ𝜙𝑗
𝑡𝜙𝑖

𝑠 = 𝑃𝑗𝑖ℎ − 𝜂𝑗𝑄𝑖ℎ + 𝜂𝑖𝑄𝑗ℎ,

𝑃𝑗𝑡𝑠𝜙𝑖
𝑡𝜙ℎ

𝑠 = 3(𝑅𝑗𝑡𝑠𝑙𝜙𝑖
𝑡𝜙ℎ

𝑠𝜉𝑙 − 𝑅𝑡𝑖𝑠𝑙𝜙𝑗
𝑡𝜙ℎ

𝑠)𝜉𝑙

− 𝑅𝑡ℎ𝑠𝑙𝜙𝑗
𝑡𝜙𝑖

𝑠𝜉𝑙 + 𝑅ℎ𝑖𝑗𝑙𝜉
𝑙 − 𝑅𝑗ℎ𝑖𝑙𝜉

𝑙

+ 𝑅ℎ𝑡𝑠𝑙𝜙𝑖
𝑡𝜙𝑗

𝑠𝜉𝑙 + 𝜂𝑖𝑄ℎ𝑗 − 2(𝜂𝑖𝑆ℎ𝑗 + 𝜂ℎ𝑆𝑖𝑗),
𝑃𝑡𝑖𝑠𝜙𝑗

𝑡𝜙ℎ
𝑠 = 3(𝑅𝑡𝑖𝑠𝑙𝜙𝑗

𝑡𝜙ℎ
𝑠 − 𝑅𝑗𝑡𝑠𝑙𝜙𝑖

𝑡𝜙ℎ
𝑠)𝜉𝑙 + 𝑅𝑗ℎ𝑖𝑙𝜉

𝑙

− 𝑅ℎ𝑡𝑠𝑙𝜙𝑖
𝑡𝜙𝑗

𝑠𝜉𝑙 + 𝑅𝑡ℎ𝑠𝑙𝜙𝑗
𝑡𝜙𝑖

𝑠𝜉𝑙 − 𝑅ℎ𝑖𝑗𝑙𝜉
𝑙

− 𝜂𝑗𝑄𝑖ℎ + 2(𝜂𝑗𝑆𝑖ℎ + 𝜂ℎ𝑆𝑗𝑖),
𝑃𝑖ℎ𝑙𝜉

𝑙 = 0, 𝑃𝑙𝑖ℎ𝜉𝑙 = 𝑄𝑖ℎ, 𝑃𝑖𝑙ℎ𝜉𝑙 = −𝑄𝑖ℎ,

𝑄𝑡𝑠𝜙𝑖
𝑡𝜙ℎ

𝑠 = −𝑄𝑖ℎ + 2𝑆𝑖ℎ, 𝑄𝑙ℎ𝜉𝑙 = 0,(4.5)
𝑆𝑖ℎ = {𝑅𝑚𝑖ℎ𝑙 + 𝑅𝑚𝑡𝑠𝑙𝜙𝑖

𝑡𝜙ℎ
𝑠}𝜉𝑚𝜉𝑙.(4.6)

Since, we know 𝜌(CHR)3𝑗𝑖 = (CHR)3𝑘𝑗𝑖ℎ𝑔𝑘ℎ, we have from (4.1), (4.2), (4.3) and
(4.4), we obtain

(4.7) 8𝜌(CHR)3(𝑋, 𝑌 ) = 𝜌(𝑋, 𝑌 ) + 𝜌(𝜙𝑋, 𝜙𝑌 )

− 3{*
𝜌(𝑋, 𝑌 ) + *

𝜌(𝑌, 𝑋)} − {𝜌(𝑋, 𝜉)𝜂(𝑌 ) + 𝜌(𝑌, 𝜉)𝜂(𝑋)}

+ 3{*
𝜌(𝑋, 𝜉)𝜂(𝑌 ) + *

𝜌(𝑌, 𝜉)𝜂(𝑋)} + 𝜌(𝜉, 𝜉)𝜂(𝑋)𝜂(𝑌 )
− {𝑅(𝜉, 𝑋, 𝑌, 𝜉) + 𝑅(𝜉, 𝜙𝑋, 𝜙𝑌, 𝜉)},

where we put

𝜌(𝑋, 𝑌 ) =
2𝑛+1∑︁
𝑖=1

𝑅(𝑒𝑖, 𝑋, 𝑌, 𝑒𝑖),
*
𝜌(𝑋, 𝑌 ) =

2𝑛+1∑︁
𝑖=1

*
𝑅(𝑒𝑖, 𝑋, 𝑌, 𝑒𝑖).

In particular, the (CHR)3-Ricci tensor in a Sasakian manifold is written by

(4.8) 𝜌(CHR)3(𝑋, 𝑌 ) = 𝜌(𝑋, 𝑌 ) − 1
2{(3𝑛 − 1)𝑔(𝑋, 𝑌 ) + (𝑛 + 1)𝜂(𝑋)𝜂(𝑌 )}.

From the above equation, we can easily have 𝜌(CHR)3(𝑋, 𝜉) = 0.
Next, we put 𝜏(CHR)3 =

∑︀2𝑛+1
𝑖=1 𝜌(CHR)3(𝑒𝑖, 𝑒𝑖) = 𝜌(CHR)3𝑗𝑖𝑔

𝑗𝑖 which is
called the (CHR)3-scalar curvature of (CHR)3-curvature tensor. Then from (4.7),
we have 4𝜏(CHR)3 = 𝜏 − 2𝜌(𝜉, 𝜉) + 3*

𝜏 , where we put *
𝜏 =

∑︀2𝑛+1
𝑖=1

*
𝜌(𝑒𝑖, 𝑒𝑖). Then,

in a Sasakian manifold, we have from (4.8)

(4.9) 𝜏(CHR)3 = 𝜏 − 𝑛(3𝑛 + 1).
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Now, an almost contact Riemannian manifold 𝑀2𝑛+1 is called (CHR)3-𝜂-
Einstein if its (CHR)3-Ricci tensor 𝜌(CHR)3(𝑋, 𝑌 ) has the form
(4.10) 𝜌(CHR)3(𝑋, 𝑌 ) = 𝛼𝑔(𝑋, 𝑌 ) + 𝛽𝜂(𝑋)𝜂(𝑌 )
for certain functions 𝛼 and 𝛽 which are called associated functions of 𝜌(CHR)3. In
particular, if our manifold is Sasakian, then we have from (4.8) and (4.10) the Ricci
tensors is written as

𝜌(𝑋, 𝑌 ) =
(︁

𝛼 + 3𝑛 − 1
2

)︁
𝑔(𝑋, 𝑌 ) +

(︁
𝛽 + 𝑛 + 1

2

)︁
𝜂(𝑋)𝜂(𝑌 ),

that is, our manifold is 𝜂-Einstein.
Conversely, if our manifold 𝑀2𝑛+1 is 𝜂-Einstein, then we can easily see that

Sasakian manifolds are (CHR)3-𝜂-Einstein. Moreover, by virtue of (1.5), we obtain
𝛼 + 𝛽 = 0 in a (CHR)3-𝜂-Einstein Sasakian manifold and the scalar curvature 𝜏
and the (CHR)3-scalar curvature 𝜏(CHR)3 are written as
(4.11) 𝜏 = 𝑛(2𝛼 + 3𝑛 + 1), 𝜏(CHR)3 = 2𝑛𝛼.

Thus we have

Theorem 4.1. A (2𝑛 + 1)-dimensional Sasakian manifold 𝑀2𝑛+1 is (CHR)3-
𝜂-Einstein if and only if 𝑀2𝑛+1 is 𝜂-Einstein and the scalar curvatures 𝜏 and
𝜏(CHR)3 are respectively written by (4.11) which includes only the associated func-
tion 𝛼.

Corollary 4.1. In an 𝜂-(CHR)3-Einstein Sasakian manifold 𝑀2𝑛+1, the
scalar curvatures 𝜏 and 𝜏(CHR)3 are constant if and only if one of its associated
functions is constant.

5. (CHR)3-space form

In this section, we define a notion of a (CHR)3-space form in an almost contact
Riemannian manifold. Then we consider a Sasakian (CHR)3-space form. And in
this manifold, we determine the (CHR)3-curvature tensor by the structure tensors.

Definition 5.1. An almost contact Riemannian manifold is called a (CHR)3-
space form if its (CHR)3-curvature tensor satisfies

(CHR)3(𝑋, 𝜙𝑋, 𝜙𝑋, 𝑋) = 𝑐‖𝑋‖4

for a certain constant 𝑐 and any 𝑋 ∈ 𝑇𝑀2𝑛+1 − {𝜉}.

By virtue of (2.1), in an almost contact Riemannian manifold, we have
(CHR)3(𝑋, 𝜙𝑋, 𝜙𝑋, 𝑋) = 𝑅(𝑋, 𝜙𝑋, 𝜙𝑋, 𝑋)

for any 𝑋 ∈ 𝑇𝑀2𝑛+1 − {𝜉}. This means that a Sasakian (CHR)3-space form is a
Sasakian space form. Thus we have from (1.4) and (3.1)

Theorem 5.1. In a (2𝑛 + 1)-dimensional Sasakian (CHR)3-space form, the
(CHR)3-curvatuee tensor, (CHR)3-Ricci tensor and the (CHR)3-scalar curvature
are respectively given by
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(CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑐

4{𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )

− 𝐹 (𝑋, 𝑊 )𝐹 (𝑌, 𝑍) + 𝐹 (𝑋, 𝑍)𝐹 (𝑌, 𝑊 ) − 2𝐹 (𝑋, 𝑌 )𝐹 (𝑍, 𝑊 )
+ 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)

+ 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍) − 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 )},

𝜌(CHR)3(𝑋, 𝑌 ) = 𝑐𝑛

2 {𝑔(𝑋, 𝑌 ) − 𝜂(𝑋)𝜂(𝑌 )}, 𝜏(CHR)3 = 𝑐𝑛2.

for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀2𝑛+1.

6. Conformal transformations of
almost contact Riemannian manifolds

In an almost contact Riemannian manifold 𝑀2𝑛+1, we consider a following
conformal transformation;
(6.1) 𝑔 = 𝑒2𝑓 𝑔, 𝑔−1 = 𝑒−2𝑓 𝑔−1

for a certain positive differentiable function 𝑓 on 𝑀2𝑛+1. Then it is well known [6]
that
(6.2) ∇̄𝑋𝑌 = ∇𝑋𝑌 + 𝜃(𝑋)𝑌 + 𝜃(𝑌 )𝑋 − 𝑔(𝑋, 𝑌 )𝑈,

where ∇̄ (resp. ∇) means the covariant derivation with respect to 𝑔 (resp. 𝑔),
𝜃 = 𝑑𝑓 and 𝑔(𝑈, 𝑋) def= 𝜃(𝑋). Moreover, between the Riemannian curvature tensors
𝑅̄(𝑋, 𝑌, 𝑍, 𝑊 ) with respect to 𝑔 and 𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) with respect to 𝑔, we have the
following relation [6]

𝑒−2𝑓 𝑅̄(𝑋, 𝑌, 𝑍, 𝑊 ) = 𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) + 𝑔(𝑋, 𝑊 )𝜎(𝑌, 𝑍) + 𝑔(𝑌, 𝑍)𝜎(𝑋, 𝑊 )(6.3)
− 𝑔(𝑋, 𝑍)𝜎(𝑌, 𝑊 ) − 𝑔(𝑌, 𝑊 )𝜎(𝑋, 𝑍),

where we put

(6.4) 𝜎(𝑋, 𝑌 ) = (∇𝑋𝜃)(𝑌 ) − 𝜃(𝑋)𝜃(𝑌 ) + 1
2𝑔(𝑋, 𝑌 )𝜃(𝑈).

From (6.3) and (6.4), we obtain 𝜌(𝑋, 𝑌 ) = 𝜌(𝑋, 𝑌 ) + (2𝑛 − 1)𝜎(𝑋, 𝑌 ) + 𝜎𝑔(𝑋, 𝑌 ),
where 𝜌 denotes the Ricci tensor with respect to 𝑔 and

(6.5) 𝜎 =
2𝑛+1∑︁
𝑖=1

𝜎(𝑒𝑖, 𝑒𝑖) = 𝜎𝑗𝑖𝑔
𝑗𝑖.

From the above two equations, we easily get 𝑒2𝑓 𝜏 = 𝜏 + 4𝑛𝜎.
Similarly with (2.1), (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) with respect to 𝑔 is given by

16(CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) = 3{𝑅̄(𝑋, 𝑌, 𝑍, 𝑊 ) + 𝑅̄(𝜙𝑋, 𝜙𝑌, 𝑍, 𝑊 )
+ 𝑅̄(𝑋, 𝑌, 𝜙𝑍, 𝜙𝑊 ) + 𝑅̄(𝜙𝑋, 𝜙𝑌, 𝜙𝑍, 𝜙𝑊 )} − 𝑅̄(𝑋, 𝑍, 𝜙𝑊, 𝜙𝑌 )

− 𝑅̄(𝜙𝑋, 𝜙𝑍, 𝑊, 𝑌 ) − 𝑅̄(𝑋, 𝑊, 𝜙𝑌, 𝜙𝑍) − 𝑅̄(𝜙𝑋, 𝜙𝑊, 𝑌, 𝑍)
+ 𝑅̄(𝜙𝑋, 𝑍, 𝜙𝑊, 𝑌 ) + 𝑅̄(𝑋, 𝜙𝑍, 𝑊, 𝜙𝑌 )
+ 𝑅̄(𝜙𝑋, 𝑊, 𝑌, 𝜙𝑍) + 𝑅̄(𝑋, 𝜙𝑊, 𝜙𝑌, 𝑍)
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+ 𝜂(𝑋)𝑃 (𝑍, 𝑊, 𝑌 ) − 𝜂(𝑌 )𝑃 (𝑍, 𝑊, 𝑋)
+ 𝜂(𝑍)𝑃 (𝑋, 𝑌, 𝑊 ) − 𝜂(𝑊 )𝑃 (𝑋, 𝑌, 𝑍)

+ 𝜂(𝑋)𝜂(𝑊 )𝑄̄(𝑌, 𝑍) − 𝜂(𝑋)𝜂(𝑍)𝑄̄(𝑌, 𝑊 )
+ 𝜂(𝑌 )𝜂(𝑍)𝑄̄(𝑊, 𝑋) − 𝜂(𝑌 )𝜂(𝑊 )𝑄̄(𝑍, 𝑋),

where we put
𝑃 (𝑋, 𝑌, 𝑍) = 3{𝑅̄(𝑋, 𝑌, 𝑍, 𝜉) + 𝑅̄(𝜙𝑋, 𝜙𝑌, 𝑍, 𝜉)} + 𝑅̄(𝜙𝑋, 𝜙𝑍, 𝑌, 𝜉)(6.6)

+ 𝑅̄(𝜙𝑍, 𝜙𝑌, 𝑋, 𝜉) − 𝑅̄(𝑋, 𝜙𝑍, 𝜙𝑌, 𝜉) − 𝑅̄(𝜙𝑍, 𝑌, 𝜙𝑋, 𝜉),
𝑄̄(𝑋, 𝑌 ) = 3𝑅̄(𝜉, 𝑋, 𝑌, 𝜉) − 𝑅̄(𝜉, 𝜙𝑋, 𝜙𝑌, 𝜉).(6.7)

for any 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑀2𝑛+1.
Let us consider the relation between the tensor fields (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) and

(CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ).
By virtue of (6.3), (6.6) and (6.7) are respectively written as

(6.8) 𝑒−2𝑓 𝑃 (𝑋, 𝑌, 𝑍) = 𝑃 (𝑋, 𝑌, 𝑍) + 𝜂(𝑋){3𝜎(𝑌, 𝑍) − 𝜎(𝜙𝑌, 𝜙𝑍)}
− 𝜂(𝑌 ){3𝜎(𝑋, 𝑍) − 𝜎(𝜙𝑋, 𝜙𝑍)} + 2{𝑔(𝑌, 𝑍)𝜎(𝑋, 𝜉) − 𝑔(𝑋, 𝑍)𝜎(𝑌, 𝜉)

+ 𝑔(𝜙𝑌, 𝑍)𝜎(𝜙𝑋, 𝜉) − 𝑔(𝜙𝑋, 𝑍)𝜎(𝜙𝑌, 𝜉) − 2𝑔(𝜙𝑋, 𝑌 )𝜎(𝜙𝑍, 𝜉)}
+ 𝜂(𝑍){𝜂(𝑌 )𝜎(𝑋, 𝜉) − 𝜂(𝑋)𝜎(𝑌, 𝜉)},

𝑒−2𝑓 𝑄̄(𝑋, 𝑌 ) = 𝑄(𝑋, 𝑌 ) + 3𝜎(𝑋, 𝑌 ) − 𝜎(𝜙𝑋, 𝜙𝑌 ) + 2𝑔(𝑋, 𝑌 )𝜎(𝜉, 𝜉)(6.9)
+ 𝜂(𝑋)𝜂(𝑌 )𝜎(𝜉, 𝜉) − 3{𝜂(𝑋)𝜎(𝑌, 𝜉) + 𝜂(𝑌 )𝜎(𝑋, 𝜉)}.

To calculate 𝑒−2𝑓 (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ), we separate the following three parts;
Part 1:

(̄I) put= 3{𝑅̄(𝑋, 𝑌, 𝑍, 𝑊 ) + 𝑅̄(𝜙𝑋, 𝜙𝑌, 𝑍, 𝑊 ) + 𝑅̄(𝑋, 𝑌, 𝜙𝑍, 𝜙𝑊 )(6.10)
+ 𝑅̄(𝜙𝑋, 𝜙𝑌, 𝜙𝑍, 𝜙𝑊 )} − 𝑅̄(𝑋, 𝑍, 𝜙𝑊, 𝜙𝑌 ) − 𝑅̄(𝜙𝑋, 𝜙𝑍, 𝑊, 𝑌 )
− 𝑅̄(𝑋, 𝑊, 𝜙𝑌, 𝜙𝑍) − 𝑅̄(𝜙𝑋, 𝜙𝑊, 𝑌, 𝑍) + 𝑅̄(𝜙𝑋, 𝑍, 𝜙𝑊, 𝑌 )
+ 𝑅̄(𝑋, 𝜙𝑍, 𝑊, 𝜙𝑌 ) + 𝑅̄(𝜙𝑋, 𝑊, 𝑌, 𝜙𝑍) + 𝑅̄(𝑋, 𝜙𝑊, 𝜙𝑌, 𝑍).

Part 2:
(II) put= 𝜂(𝑋)𝑃 (𝑍, 𝑊, 𝑌 ) − 𝜂(𝑌 )𝑃 (𝑍, 𝑊, 𝑋)(6.11)

+ 𝜂(𝑍)𝑃 (𝑋, 𝑌, 𝑊 ) − 𝜂(𝑊 )𝑃 (𝑋, 𝑌, 𝑍).
Part 3:

(III) put= 𝜂(𝑋)𝜂(𝑊 )𝑄̄(𝑌, 𝑍) − 𝜂(𝑋)𝜂(𝑍)𝑄̄(𝑌, 𝑊 )𝑥(6.12)
+ 𝜂(𝑌 )𝜂(𝑍)𝑄̄(𝑊, 𝑋) − 𝜂(𝑌 )𝜂(𝑊 )𝑄̄(𝑍, 𝑋).

By virtue of (6.3), (6.8) and (6.9), we obtain

𝑒−2𝑓 (̄I) = (I) + 2𝑔(𝑋, 𝑊 ){𝜎(𝑌, 𝑍) + 𝜎(𝜙𝑌, 𝜙𝑍)}
+ 2𝑔(𝑌, 𝑍){𝜎(𝑋, 𝑊 ) + 𝜎(𝜙𝑋, 𝜙𝑊 )} − 2𝑔(𝑋, 𝑍){𝜎(𝑌, 𝑊 ) + 𝜎(𝜙𝑌, 𝜙𝑊 )}
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− 2𝑔(𝑌, 𝑊 ){𝜎(𝑋, 𝑍) + 𝜎(𝜙𝑋, 𝜙𝑍)} + 2𝑔(𝜙𝑋, 𝑊 ){𝜎(𝜙𝑌, 𝑍) − 𝜎(𝑌, 𝜙𝑍)}
+ 2𝑔(𝜙𝑌, 𝑍){𝜎(𝜙𝑋, 𝑊 ) − 𝜎(𝑋, 𝜙𝑊 )} − 2𝑔(𝜙𝑋, 𝑍){𝜎(𝜙𝑌, 𝑊 ) − 𝜎(𝑌, 𝜙𝑊 )}
− 2𝑔(𝜙𝑌, 𝑊 ){𝜎(𝜙𝑋, 𝑍) − 𝜎(𝑋, 𝜙𝑍)} − 4𝑔(𝜙𝑋, 𝑌 ){𝜎(𝜙𝑍, 𝑊 ) − 𝜎(𝑍, 𝜙𝑊 )}
− 4𝑔(𝜙𝑍, 𝑊 ){𝜎(𝜙𝑋, 𝑌 ) − 𝜎(𝑋, 𝜙𝑌 )} + 𝜂(𝑋)𝜂(𝑊 ){𝜎(𝑌, 𝑍) − 3𝜎(𝜙𝑌, 𝜙𝑍)}

− 𝜂(𝑌 )𝜂(𝑊 ){𝜎(𝑋, 𝑍) − 3𝜎(𝜙𝑋, 𝜙𝑍)} − 𝜂(𝑋)𝜂(𝑍){𝜎(𝑌, 𝑊 ) − 3𝜎(𝜙𝑌, 𝜙𝑊 )}
+ 𝜂(𝑌 )𝜂(𝑍){𝜎(𝑋, 𝑊 ) − 3𝜎(𝜙𝑋, 𝜙𝑊 )}.

𝑒−2𝑓 (II) = (II) + 2𝜂(𝑋)𝜂(𝑍){3𝜎(𝑌, 𝑊 ) − 𝜎(𝜙𝑌, 𝜙𝑊 )}
− 2𝜂(𝑋)𝜂(𝑊 ){3𝜎(𝑌, 𝑍) − 𝜎(𝜙𝑌, 𝜙𝑍)} − 2𝜂(𝑌 )𝜂(𝑍){3𝜎(𝑋, 𝑊 ) − 𝜎(𝜙𝑋, 𝜙𝑊 )}

+ 2𝜂(𝑌 )𝜂(𝑊 ){3𝜎(𝑋, 𝑍) − 𝜎(𝜙𝑋, 𝜙𝑍)} − 2𝑔(𝜙𝑌, 𝑊 ){𝜂(𝑋)𝜎(𝜙𝑍, 𝜉)
− 𝜂(𝑍)𝜎(𝜙𝑋, 𝜉)} + 2𝑔(𝜙𝑌, 𝑍){𝜂(𝑋)𝜎(𝜙𝑊, 𝜉) − 𝜂(𝑊 )𝜎(𝜙𝑋, 𝜉)}

+ 2𝑔(𝜙𝑋, 𝑊 ){𝜂(𝑌 )𝜎(𝜙𝑍, 𝜉) − 𝜂(𝑍)𝜎(𝜙𝑌, 𝜉)} − 2𝑔(𝜙𝑋, 𝑍){𝜂(𝑌 )𝜎(𝜙𝑊, 𝜉)
− 𝜂(𝑊 )𝜎(𝜙𝑌, 𝜉)} − 4𝑔(𝜙𝑍, 𝑊 ){𝜂(𝑋)𝜎(𝜙𝑌, 𝜉) − 𝜂(𝑌 )𝜎(𝜙𝑋, 𝜉)}

− 4𝑔(𝜙𝑋, 𝑌 ){𝜂(𝑍)𝜎(𝜙𝑊, 𝜉) − 𝜂(𝑊 )𝜎(𝜙𝑋, 𝜉)} + 2𝑔(𝑌, 𝑊 ){𝜂(𝑋)𝜎(𝑍, 𝜉)
+ 𝜂(𝑍)𝜎(𝑋, 𝜉)} − 2𝑔(𝑌, 𝑍){𝜂(𝑋)𝜎(𝑊, 𝜉) + 𝜂(𝑊 )𝜎(𝑋, 𝜉)}

−2𝑔(𝑋, 𝑊 ){𝜂(𝑌 )𝜎(𝑍, 𝜉)+𝜂(𝑍)𝜎(𝑌, 𝜉)}+2𝑔(𝑋, 𝑍){𝜂(𝑌 )𝜎(𝑊, 𝜉)+𝜂(𝑊 )𝜎(𝑌, 𝜉)},

𝑒−2𝑓 (III) = (III) + 𝜂(𝑋)𝜂(𝑊 ){3𝜎(𝑌, 𝑍) − 𝜎(𝜙𝑌, 𝜙𝑍)}
− 𝜂(𝑋)𝜂(𝑍){3𝜎(𝑌, 𝑊 ) − 𝜎(𝜙𝑌, 𝜙𝑊 )} + 𝜂(𝑌 )𝜂(𝑍){3𝜎(𝑋, 𝑊 ) − 𝜎(𝜙𝑋, 𝜙𝑊 )}

− 𝜂(𝑌 )𝜂(𝑊 ){3𝜎(𝑋, 𝑍) − 𝜎(𝜙𝑋, 𝜙𝑍)} + 2𝜎(𝜉, 𝜉){𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)
− 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) + 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 ) − 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍)},

where (̄I) denotes the geometric equation with respect to 𝑔 of (I) with respect to 𝑔
and etc.. By virtue of the above three equations, we have

(6.13) 8𝑒−2𝑓 (CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) = 8(CHR)3(𝑋, 𝑌, 𝑍, 𝑊 )
+ 𝑔(𝜙𝑋, 𝜙𝑊 )𝐷(𝑌, 𝑍) − 𝑔(𝜙𝑋, 𝜙𝑍)𝐷(𝑌, 𝑊 ) + 𝑔(𝜙𝑌, 𝜙𝑍)𝐷(𝑋, 𝑊 )

− 𝑔(𝜙𝑌, 𝜙𝑊 )𝐷(𝑋, 𝑍) + 𝑔(𝜙𝑋, 𝑊 ){𝐴(𝑌, 𝑍) + 𝐵(𝑌, 𝑍)}
+ 𝑔(𝜙𝑌, 𝑍){𝐴(𝑋, 𝑊 ) + 𝐵(𝑋, 𝑊 )} − 𝑔(𝜙𝑋, 𝑍){𝐴(𝑌, 𝑊 ) + 𝐵(𝑌, 𝑊 )}
− 𝑔(𝜙𝑌, 𝑊 ){𝐴(𝑋, 𝑍) + 𝐵(𝑋, 𝑍)} − 2𝑔(𝜙𝑋, 𝑌 ){𝐴(𝑍, 𝑊 ) + 𝐵(𝑍, 𝑊 )}

− 2𝑔(𝜙𝑍, 𝑊 ){𝐴(𝑋, 𝑌 ) + 𝐵(𝑋, 𝑌 )} + 𝑔(𝑌, 𝑊 )𝐶(𝑋, 𝑍) − 𝑔(𝑌, 𝑍)𝐶(𝑋, 𝑊 )
+ 𝑔(𝑋, 𝑍)𝐶(𝑌, 𝑊 ) − 𝑔(𝑋, 𝑊 )𝐶(𝑌, 𝑍) + 𝜎(𝜉, 𝜉){𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍)

− 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) + 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 ) − 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍)},

where we put
𝐴(𝑋, 𝑌 ) = 𝜎(𝜙𝑋, 𝑌 ) − 𝜎(𝑋, 𝜙𝑌 ),
𝐵(𝑋, 𝑌 ) = 𝜂(𝑋)𝜎(𝜙𝑌, 𝜉) − 𝜂(𝑌 )𝜎(𝜙𝑋, 𝜉),
𝐶(𝑋, 𝑌 ) = 𝜂(𝑋)𝜎(𝑌, 𝜉) + 𝜂(𝑌 )𝜎(𝑋, 𝜉),
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𝐷(𝑋, 𝑌 ) = 𝜎(𝑋, 𝑌 ) + 𝜎(𝜙𝑋, 𝜙𝑌 ).

7. An invariant tensor field under a conformal transformation

The equation (6.13) is written locally by

(7.1) 8𝑒−2𝑓 (CHR)3𝑘𝑗𝑖ℎ = 8(CHR)3𝑘𝑗𝑖ℎ + (𝑔𝑘ℎ − 𝜂𝑘𝜂ℎ)𝐷𝑗𝑖

+ (𝑔𝑗𝑖 − 𝜂𝑗𝜂𝑖)𝐷𝑘ℎ − (𝑔𝑘𝑖 − 𝜂𝑘𝜂𝑖)𝐷𝑗ℎ − (𝑔𝑗ℎ − 𝜂𝑗𝜂ℎ)𝐷𝑘𝑖

+ 𝜙𝑘ℎ(𝐴𝑗𝑖 + 𝐵𝑗𝑖) + 𝜙𝑗𝑖(𝐴𝑘ℎ + 𝐵𝑘ℎ)
− 𝜙𝑘𝑖(𝐴𝑗ℎ + 𝐵𝑗ℎ) − 𝜙𝑗ℎ(𝐴𝑘𝑖 + 𝐵𝑘𝑖) − 2𝜙𝑘𝑗(𝐴𝑖ℎ + 𝐵𝑖ℎ)

− 2𝜙𝑖ℎ(𝐴𝑘𝑗 + 𝐵𝑘𝑗) + 𝑔𝑗ℎ𝐶𝑘𝑖 − 𝑔𝑗𝑖𝐶𝑘ℎ + 𝑔𝑘𝑖𝐶𝑗ℎ − 𝑔𝑘ℎ𝐶𝑗𝑖

+ 𝜎𝑚𝑙𝜉
𝑚𝜉𝑙(𝜂𝑘𝜂ℎ𝑔𝑗𝑖 − 𝜂𝑘𝜂𝑖𝑔𝑗ℎ + 𝜂𝑗𝜂𝑖𝑔𝑘ℎ − 𝜂𝑗𝜂ℎ𝑔𝑘𝑖).

Using (7.1), we get
4𝜌(CHR)3(𝑋, 𝑌 ) = 4𝜌(CHR)3(𝑋, 𝑌 ) + (𝑛 + 2)𝐷(𝑋, 𝑌 ),(7.2)

−(𝑛 + 2)𝐶(𝑋, 𝑌 ) + {𝜎 − 𝜎(𝜉, 𝜉)}𝑔(𝑋, 𝑌 ) − {𝜎 − (𝑛 + 3)𝜎(𝜉, 𝜉)}𝜂(𝑋)𝜂(𝑌 ),
𝑒2𝑓 𝜏(CHR)3 = 𝜏(CHR)3 + (𝑛 + 1){𝜎 − 𝜎(𝜉, 𝜉)}.(7.3)

Since, we have from (7.2) and (7.3)

𝐷(𝑋, 𝑌 ) = 1
𝑛 + 2

{︁
4𝜌(CHR)3(𝑋, 𝑌 ) − 𝜏(CHR)3

𝑛 + 1 𝑔(𝑋, 𝑌 )
}︁

(7.4)

− 1
𝑛 + 2

{︁
4𝜌(CHR)3(𝑋, 𝑌 ) − 𝜏(CHR)3

𝑛 + 1 𝑔(𝑋, 𝑌 )
}︁

+ 𝐶(𝑋, 𝑌 ) + 𝜎 − (𝑛 + 3)𝜎(𝜉, 𝜉)
𝑛 + 2 𝜂(𝑋)𝜂(𝑌 ).

The above equation and (7.1) give us

(7.5) 𝑔(𝜙𝑋, 𝜙𝑌 )𝐷(𝑍, 𝑊 )

= 𝑒−2𝑓

𝑛 + 2

{︁
4𝜌(CHR)3(𝑍, 𝑊 ) − 𝜏(CHR)3

𝑛 + 1 𝑔(𝑍, 𝑊 )
}︁

𝑔(𝜙𝑋, 𝜙𝑌 )

− 1
𝑛 + 2

{︁
4𝜌(CHR)3(𝑍, 𝑊 ) − 𝜏(CHR)3

𝑛 + 1 𝑔(𝑍, 𝑊 )
}︁

𝑔(𝜙𝑋, 𝜙𝑌 )

+ 𝑔(𝜙𝑋, 𝜙𝑌 )𝐶(𝑍, 𝑊 ) + 𝜎 − (𝑛 + 3)𝜎(𝜉, 𝜉)
𝑛 + 2 𝑔(𝜙𝑋, 𝜙𝑌 )𝜂(𝑍)𝜂(𝑊 ).

By virtue of (7.5) and (6.13), we have

(7.6) 𝑒−2𝑓 𝑇 (𝑋, 𝑌, 𝑍, 𝑊 ) − 𝑇 (𝑋, 𝑌, 𝑍, 𝑊 )
= 𝑔(𝜙𝑋, 𝑊 ){𝐴(𝑌, 𝑍) + 𝐵(𝑌, 𝑍)} + 𝑔(𝜙𝑌, 𝑍){𝐴(𝑋, 𝑊 ) + 𝐵(𝑋, 𝑊 )}
− 𝑔(𝜙𝑋, 𝑍){𝐴(𝑌, 𝑊 ) + 𝐵(𝑌, 𝑊 )} − 𝑔(𝜙𝑌, 𝑊 ){𝐴(𝑋, 𝑍) + 𝐵(𝑋, 𝑍)}

− 2𝑔(𝜙𝑋, 𝑌 ){𝐴(𝑍, 𝑊 ) + 𝐵(𝑍, 𝑊 )} − 2𝑔(𝜙𝑍, 𝑊 ){𝐴(𝑋, 𝑌 ) + 𝐵(𝑋, 𝑌 )}

+ 𝜎 − 𝜎(𝜉, 𝜉)
𝑛 + 2 {𝑔(𝑋, 𝑊 )𝜂(𝑌 )𝜂(𝑍) + 𝑔(𝑌, 𝑍)𝜂(𝑋)𝜂(𝑊 )
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− 𝑔(𝑋, 𝑍)𝜂(𝑌 )𝜂(𝑊 ) − 𝑔(𝑌, 𝑊 )𝜂(𝑋)𝜂(𝑍)},

where we put

𝑇 (𝑋, 𝑌, 𝑍, 𝑊 ) = 8(CHR)3(𝑋, 𝑌, 𝑍, 𝑊 ) − 1
𝑛 + 2{𝐸(𝑌, 𝑍)𝑔(𝜙𝑋, 𝜙𝑊 )(7.7)

+𝐸(𝑋, 𝑊 )𝑔(𝜙𝑌, 𝜙𝑍) − 𝐸(𝑌, 𝑊 )𝑔(𝜙𝑋, 𝜙𝑍) − 𝐸(𝑋, 𝑍)𝑔(𝜙𝑌, 𝜙𝑊 )},

𝐸(𝑋, 𝑌 ) = 4𝜌(CHR)3(𝑋, 𝑌 ) − 𝜏(CHR)3

𝑛 + 1 𝑔(𝑋, 𝑌 ).(7.8)

Equation (7.6) is locally written by

(7.6′) 𝑒−2𝑓 𝑇𝑘𝑗𝑖ℎ − 𝑇𝑘𝑗𝑖ℎ = 𝜙𝑘ℎ(𝐴𝑗𝑖 + 𝐵𝑗𝑖) + 𝜙𝑗𝑖(𝐴𝑘ℎ + 𝐵𝑘ℎ)
− 𝜙𝑘𝑖(𝐴𝑗ℎ + 𝐵𝑗ℎ) − 𝜙𝑗ℎ(𝐴𝑘𝑖 + 𝐵𝑘𝑖) − 2𝜙𝑘𝑗(𝐴𝑖ℎ + 𝐵𝑖ℎ)

− 2𝜙𝑖ℎ(𝐴𝑘𝑗 + 𝐵𝑘𝑗) + 𝜎 − 𝜎(𝜉, 𝜉)
𝑛 + 2 (𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ

− 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖).

Contracting (7.6′) with 𝜙𝑘ℎ, we obtain

(7.9) 𝐴𝑗𝑖 + 𝐵𝑗𝑖 = 𝜙𝑡𝑠

2(𝑛 + 1)(𝑒−2𝑓 𝑇𝑡𝑗𝑖𝑠 − 𝑇𝑡𝑗𝑖𝑠) − 𝜎 − 𝜎(𝜉, 𝜉)
𝑛 + 1 𝜙𝑗𝑖.

Substituting (7.9) into (7.6′), we have

(7.10) 𝑒−2𝑓
{︁

𝑇𝑘𝑗𝑖ℎ − 𝜙𝑡𝑠

2(𝑛 + 1)(𝑇𝑡𝑗𝑖𝑠𝜙𝑘ℎ + 𝑇𝑡𝑘ℎ𝑠𝜙𝑗𝑖 − 𝑇𝑡𝑗ℎ𝑠𝜙𝑘𝑖 − 𝑇𝑡𝑘𝑖𝑠𝜙𝑗ℎ

− 2𝑇𝑡𝑘𝑗𝑠𝜙𝑖ℎ − 2𝑇𝑡𝑖ℎ𝑠𝜙𝑘𝑗) + 2𝜏(CHR)3

(𝑛 + 1)2 (𝜙𝑘ℎ𝜙𝑗𝑖 − 𝜙𝑘𝑖𝜙𝑗ℎ − 2𝜙𝑘𝑗𝜙𝑖ℎ)
}︁

−
{︁

𝑇𝑘𝑗𝑖ℎ − 𝜙𝑡𝑠

2(𝑛 + 1)(𝑇𝑡𝑗𝑖𝑠𝜙𝑘ℎ + 𝑇𝑡𝑘ℎ𝑠𝜙𝑗𝑖 − 𝑇𝑡𝑗ℎ𝑠𝜙𝑘𝑖 − 𝑇𝑡𝑘𝑖𝑠𝜙𝑗ℎ

− 2𝑇𝑡𝑘𝑗𝑠𝜙𝑖ℎ − 2𝑇𝑡𝑖ℎ𝑠𝜙𝑘𝑗) + 2𝜏(CHR)3

(𝑛 + 1)2 (𝜙𝑘ℎ𝜙𝑗𝑖 − 𝜙𝑘𝑖𝜙𝑗ℎ − 2𝜙𝑘𝑗𝜙𝑖ℎ)
}︁

= 𝜎 − 𝜎(𝜉, 𝜉)
𝑛 + 2 (𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖),

where we put 𝜙𝑗𝑖 = 𝜙𝑗
𝑙𝑔𝑙𝑖 and 𝜙𝑗𝑖 = 𝜙𝑙

𝑖𝑔𝑙𝑗 . The right hand side of (7.10) is written
by

𝑒−2𝑓 𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖)(7.11)

− 𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖),

where we put 𝜂𝑖 = 𝜉𝑙𝑔𝑙𝑖. Thus we have
Theorem 7.1. In an almost contact Riemannian manifold, the tensor field

𝑆(𝑋, 𝑌 )𝑍 is invariant under the conformal transformation (6.1), where the tensor
field 𝑆𝑘𝑗𝑖

ℎ is defined by
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(7.12) 𝑆𝑘𝑗𝑖
𝑙𝑔𝑙ℎ = 𝑇𝑘𝑗𝑖ℎ − 𝜙𝑡𝑠

2(𝑛 + 1)(𝑇𝑡𝑗𝑖𝑠𝜙𝑘ℎ + 𝑇𝑡𝑘ℎ𝑠𝜙𝑗𝑖 − 𝑇𝑡𝑗ℎ𝑠𝜙𝑘𝑖 − 𝑇𝑡𝑘𝑖𝑠𝜙𝑗ℎ

− 2𝑇𝑡𝑘𝑗𝑠𝜙𝑖ℎ − 2𝑇𝑡𝑖ℎ𝑠𝜙𝑘𝑗) + 2𝜏(CHR)3

(𝑛 + 1)2 (𝜙𝑘ℎ𝜙𝑗𝑖 − 𝜙𝑘𝑖𝜙𝑗ℎ − 2𝜙𝑘𝑗𝜙𝑖ℎ)

− 𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖).

In particular, in a Sasakian manifold, we have from (4.8) and (4.9)

(7.13) 𝐸𝑗𝑖 = 4𝜌𝑗𝑖 − 1
𝑛 + 1(𝜏 + 3𝑛2 + 3𝑛 − 2)𝑔𝑗𝑖 − 2(𝑛 + 1)𝜂𝑗𝜂𝑖.

By virtue of (3.1) and (7.13), equation (7.7) is given by

(7.14) 𝑇𝑘𝑗𝑖ℎ = 8{𝑅𝑘𝑗𝑖ℎ + 1
4(𝜙𝑘ℎ𝜙𝑗𝑖 − 𝜙𝑘𝑖𝜙𝑗ℎ − 2𝜙𝑘𝑗𝜙𝑖ℎ)}

− 4
𝑛 + 2{𝜌𝑗𝑖(𝑔𝑘ℎ − 𝜂𝑗𝜂ℎ) + 𝜌𝑘ℎ(𝑔𝑗𝑖 − 𝜂𝑗𝜂𝑖) − 𝜌𝑗ℎ(𝑔𝑘𝑖𝜂𝑘𝜂𝑖)

− 𝜌𝑘𝑖(𝑔𝑗ℎ − 𝜂𝑗𝜂ℎ)} + 2{𝜏 − 2(3𝑛 + 4)}
(𝑛 + 1)(𝑛 + 2) (𝑔𝑘ℎ𝑔𝑗𝑖 − 𝑔𝑘𝑖𝑔𝑗ℎ)

− 𝜏 + 𝑛(3𝑛 + 5)
(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖).

Moreover, in a Sasakian manifold, using the Bianchi identity, we obtain
(7.15) 𝑅𝑡𝑗𝑖𝑠𝜙𝑡𝑠 = −(2𝑛 − 1)𝜙𝑗𝑖 − 𝜌𝑗𝑖,

where we put 𝜌𝑗𝑖 = 𝜌𝑗𝑙𝜙𝑖
𝑙. Using this, we get

(7.16) 𝜙𝑡𝑠𝑇𝑡𝑗𝑖𝑠 = 2{𝜏 − (6𝑛3 + 13𝑛2 + 3𝑛 − 2)}
(𝑛 + 1)(𝑛 + 2) 𝜙𝑗𝑖 − 8(𝑛 + 1)

𝑛 + 2 𝜌𝑗𝑖.

By virtue of (4.9), (7.14), (7.15) and (7.16), the tensor field 𝑆(𝑋, 𝑌, 𝑍, 𝑊 ) in a
Sasakian manifold satisfies

(7.17) 1
2𝑆(𝑋, 𝑌, 𝑍, 𝑊 ) = 4𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) − 2

𝑛 + 2{𝜌(𝑌, 𝑍)𝑔(𝜙𝑋, 𝜙𝑊 )

+ 𝜌(𝑋, 𝑊 )𝑔(𝜙𝑍, 𝜙𝑍) − 𝜌(𝑌, 𝑊 )𝑔(𝜙𝑋, 𝜙𝑍) − 𝜌(𝑋, 𝑍)𝑔(𝜙𝑌, 𝜙𝑊 )}

+ 2
𝑛 + 2{𝜌(𝑌, 𝑍)𝜙(𝑋, 𝑊 ) + 𝜌(𝑋, 𝑊 )𝜙(𝑌, 𝑍) − 𝜌(𝑌, 𝑊 )𝜙(𝑋, 𝑍)

− 𝜌(𝑋, 𝑍)𝜙(𝑌, 𝑊 ) − 2𝜌(𝑋, 𝑌 )𝜙(𝑍, 𝑊 ) − 2𝜌(𝑍, 𝑊 )𝜙(𝑋, 𝑊 )}

+ 𝜏 − 2(3𝑛 + 4)
(𝑛 + 1)(𝑛 + 2){𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )}

+ {𝜏 + 2𝑛(2𝑛 + 3)}
(𝑛 + 1)(𝑛 + 2) {𝜙(𝑋, 𝑊 )𝜙(𝑌, 𝑍) − 𝜙(𝑋, 𝑍)𝜙(𝑌, 𝑊 )

− 2𝜙(𝑋, 𝑌 )𝜙(𝑍, 𝑊 )} − 𝜏 + 2𝑛

(𝑛 + 1)(𝑛 + 2){(𝑔(𝑋, 𝑊 )𝜂(𝑌 )𝜂(𝑍)

+ 𝑔(𝑌, 𝑍)𝜂(𝑋)𝜂(𝑊 ) − 𝑔(𝑋, 𝑍)𝜂(𝑌 )𝜂(𝑊 ) − 𝑔(𝑌, 𝑊 )𝜂(𝑋)𝜂(𝑍)}.
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Thus comparing the above equation and (1.6), we have

Theorem 7.2. In a Sasakian manifold, the tensor field 1
8 𝑆(𝑋, 𝑌, 𝑍, 𝑊 ) is a

C-Bochner curvature tensor.

We call the tensor field 1
8 𝑆(𝑋, 𝑌, 𝑍, 𝑊 ) the conformal (CHR)3-curvature tensor

or the C-Bochner curvature tensor in an almost contact Riemannian manifold. And
an almost contact Riemannian manifold 𝑀2𝑛+1 is called conformally (CHR)3-flat
if the tensor field 𝑆(𝑋, 𝑌 )𝑍 vanishes for any 𝑋, 𝑌, 𝑍 ∈ 𝑇𝑀2𝑛+1, identically.

8. A conformally (CHR)3-flat almost contact Riemannian manifold

Let an almost contact Riemannian manifold 𝑀2𝑛+1 be conformally (CHR)3-
flat. Then we have from (7.12)

(8.1) 𝑇𝑘𝑗𝑖ℎ = 𝜙𝑡𝑠

2(𝑛 + 1)(𝑇𝑡𝑗𝑖𝑠𝜙𝑘ℎ + 𝑇𝑡𝑘ℎ𝑠𝜙𝑗𝑖 − 𝑇𝑡𝑗ℎ𝑠𝜙𝑘𝑖 − 𝑇𝑡𝑘𝑖𝑠𝜙𝑗ℎ

− 2𝑇𝑡𝑘𝑗𝑠𝜙𝑖ℎ − 2𝑇𝑡𝑖ℎ𝑠𝜙𝑘𝑗) − 2𝜏(CHR)3

(𝑛 + 1)2 (𝜙𝑘ℎ𝜙𝑗𝑖 − 𝜙𝑘𝑖𝜙𝑗ℎ − 2𝜙𝑘𝑗𝜙𝑖ℎ)

+ 𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝜂𝑗𝜂𝑖 + 𝑔𝑗𝑖𝜂𝑘𝜂ℎ − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖).

By virtue of (7.7) and (7.8), we have

(8.2) 𝑇𝑘𝑗𝑖ℎ = 8(CHR)3𝑘𝑗𝑖ℎ − 4
𝑛 + 2{(𝑔𝑘ℎ − 𝜂𝑘𝜂ℎ)𝜌(CHR)3𝑗𝑖

+ (𝑔𝑗𝑖 − 𝜂𝑗𝜂𝑖)𝜌(CHR)3𝑘ℎ − (𝑔𝑘𝑖 − 𝜂𝑘𝜂𝑖)𝜌(CHR)3𝑗ℎ

− (𝑔𝑗ℎ − 𝜂𝑗𝜂ℎ)𝜌(CHR)3𝑘𝑖} + 2𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝑔𝑗𝑖 − 𝑔𝑘𝑖𝑔𝑗ℎ)

− 𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑗𝑖𝜂𝑘𝜂ℎ + 𝑔𝑘ℎ𝜂𝑗𝜂𝑖 − 𝑔𝑗ℎ𝜂𝑘𝜂𝑖 − 𝑔𝑘𝑖𝜂𝑗𝜂ℎ).

Contracting (8.2) with 𝜙𝑘ℎ, we have

𝑇𝑡𝑗𝑖𝑠𝜙𝑡𝑠 = 8(CHR)3𝑡𝑗𝑖𝑠𝜙𝑡𝑠 + 4
𝑛 + 2{𝜌(CHR)3𝑗𝑙𝜙𝑖

𝑙 − 𝜌(CHR)3𝑖𝑙𝜙𝑗
𝑙}(8.3)

+ 2𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)𝜙𝑗𝑖.

Substituting (8.3) into (8.1), we obtain

(8.4) 4(CHR)3𝑘𝑗𝑖ℎ = 2
𝑛 + 2{(𝑔𝑘ℎ − 𝜂𝑘𝜂ℎ)𝜌(CHR)3𝑗𝑖 + (𝑔𝑗𝑖 − 𝜂𝑗𝜂𝑖)𝜌(CHR)3𝑘ℎ

− (𝑔𝑘𝑖 − 𝜂𝑘𝜂𝑖)𝜌(CHR)3𝑗ℎ − (𝑔𝑗ℎ − 𝜂𝑗𝜂ℎ)𝜌(CHR)3𝑘𝑖}

+ 2𝜙𝑡𝑠

𝑛 + 1{(CHR)3𝑡𝑗𝑖𝑠𝜙𝑘ℎ + (CHR)3𝑡𝑘ℎ𝑠𝜙𝑗𝑖 − (CHR)3𝑡𝑗ℎ𝑠𝜙𝑘𝑖

− (CHR)3𝑡𝑘𝑖𝑠𝜙𝑗ℎ − 2(CHR)3𝑡𝑘𝑗𝑠𝜙𝑖ℎ − 2(CHR)3𝑡𝑖ℎ𝑠𝜙𝑘𝑗}
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+ 1
(𝑛 + 1)(𝑛 + 2){(𝜌(CHR)3𝑗𝑙𝜙𝑖

𝑙 − 𝜌(CHR)3𝑖𝑙𝜙𝑗
𝑙)𝜙𝑘ℎ

+ (𝜌(CHR)3𝑘𝑙𝜙ℎ
𝑙 − 𝜌(CHR)3ℎ𝑙𝜙𝑘

𝑙)𝜙𝑗𝑖 − (𝜌(CHR)3𝑗𝑙𝜙ℎ
𝑙 − 𝜌(CHR)3ℎ𝑙𝜙𝑗

𝑙)𝜙𝑘𝑖

− (𝜌(CHR)3𝑘𝑙𝜙𝑖
𝑙 − 𝜌(CHR)3𝑖𝑙𝜙𝑘

𝑙)𝜙𝑗ℎ − 2(𝜌(CHR)3𝑘𝑙𝜙𝑗
𝑙 − 𝜌(CHR)3𝑗𝑙𝜙𝑘

𝑙)𝜙𝑖ℎ

− 2(𝜌(CHR)3𝑖𝑙𝜙ℎ
𝑙 − 𝜌(CHR)3ℎ𝑙𝜙𝑖

𝑙)𝜙𝑘𝑗} − 𝜏(CHR)3

(𝑛 + 1)(𝑛 + 2)(𝑔𝑘ℎ𝑔𝑗𝑖 − 𝑔𝑘𝑖𝑔𝑗ℎ

− 𝜂𝑘𝜂ℎ𝑔𝑗𝑖 − 𝜂𝑗𝜂𝑖𝑔𝑘ℎ + 𝜂𝑘𝜂𝑖𝑔𝑗ℎ + 𝜂𝑗𝜂ℎ𝑔𝑘𝑖 + 𝜙𝑘ℎ𝜙𝑗𝑖 − 𝜙𝑘𝑖𝜙𝑗ℎ − 2𝜙𝑘𝑗𝜙𝑖ℎ).

Next, contraction of (8.4) with 𝑔𝑘ℎ gives us

(8.5) 6(2𝑛 + 3)𝜌(CHR)3𝑗𝑖 = (2𝑛 + 5){𝜌(CHR)3𝑗𝑙𝜉
𝑙𝜂𝑖 + 𝜌(CHR)3𝑖𝑙𝜉

𝑙𝜂𝑗}

+ 6(𝑛 + 2)𝜙𝑡𝑠{(CHR)3𝑡𝑗𝑙𝑠𝜙𝑖
𝑙 + (CHR)3𝑡𝑖𝑙𝑠𝜙𝑗

𝑙} − 6𝜌(CHR)3𝑚𝑙𝜙𝑗
𝑚𝜙𝑖

𝑙.

Contracting the above equation with 𝜙𝑏
𝑗𝜙𝑎

𝑖 and changing the indices, we have

(8.6) (𝑛 + 2)𝜙𝑡𝑠{(CHR)3𝑡𝑖𝑙𝑠𝜙𝑗
𝑙 + (CHR)3𝑡𝑗𝑙𝑠𝜙𝑖

𝑙}

= (2𝑛 + 3)𝜌(CHR)3𝑚𝑙𝜙𝑗
𝑚𝜙𝑖

𝑙 + 𝜌(CHR)3𝑗𝑖 + 𝜌(CHR)3(𝜉, 𝜉)𝜂𝑗𝜂𝑖

− (𝑛 + 2)𝜙𝑡𝑠𝜉𝑚{𝜙𝑗
𝑙𝜂𝑖 + 𝜙𝑖

𝑙𝜂𝑗} − {𝜌(CHR)3𝑗𝑙𝜉
𝑙𝜂𝑖 + 𝜌(CHR)3𝑖𝑙𝜉

𝑙𝜂𝑗}.

Substituting (8.6) into (8.5), we get

12(𝑛 + 1){𝜌(CHR)3𝑗𝑖 − 𝜌(CHR)3𝑚𝑙𝜙𝑗
𝑚𝜙𝑖

𝑙}

= (2𝑛 − 1){𝜌(CHR)3𝑗𝑙𝜉
𝑙𝜂𝑖 + 𝜌(CHR)3𝑖𝑙𝜉

𝑙𝜂𝑗}

+ 6𝜌(CHR)3(𝜉, 𝜉)𝜂𝑗𝜂𝑖 − 6(𝑛 + 2)𝜙𝑡𝑠(CHR)3𝑡𝑙𝑚𝑠𝜉𝑚(𝜙𝑗
𝑙𝜂𝑖 + 𝜙𝑖

𝑙𝜂𝑗).

From the above equation, we can easily get

𝜌(CHR)3(𝑋, 𝑌 ) − 𝜌(CHR)3(𝜙𝑋, 𝜙𝑌 ) + 𝜌(CHR)3(𝜉, 𝜉)𝜂(𝑋)𝜂(𝑌 )(8.7)
− {𝜌(CHR)3(𝜉, 𝑋)𝜂(𝑌 ) + 𝜌(CHR)3(𝜉, 𝑌 )𝜂(𝑋)} = 0.

Next, we have from (8.7)

(8.8) 𝜏(CHR)3 = 𝑛 + 4
3(𝑛 + 2)𝜌(CHR)3(𝜉, 𝜉) + (CHR)3𝑡𝑚𝑙𝑠𝜙𝑡𝑠𝜙𝑚𝑙.

Thus we have

Theorem 8.1. Let 𝑀2𝑛+1 be a conformally (CHR)3-flat almost contact Rie-
mannian manifold. Then the (CHR)3-curvature tensor, the (CHR)3-Ricci tensor
𝜌(CHR)3 and the (CHR)3-scalar curvature 𝜏(CHR)3 satisfy (8.4), (8.7) and (8.8),
respectively.

By virtue of (7.17), in a conformally (CHR)3-flat Sasakian manifold, the Rie-
mannian curvature tensor satisfies

(8.9) 𝑅(𝑋, 𝑌, 𝑍, 𝑊 ) = 1
2(𝑛 + 2){𝜌(𝑌, 𝑍)𝑔(𝜙𝑋, 𝜙𝑊 ) + 𝜌(𝑋, 𝑊 )𝑔(𝜙𝑌, 𝜙𝑍)

− 𝜌(𝑌, 𝑊 )𝑔(𝜙𝑋, 𝜙𝑍) − 𝜌(𝑋, 𝑍)𝑔(𝜙𝑌, 𝜙𝑊 )}
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− 1
2(𝑛 + 2){𝜌(𝑌, 𝑍)𝐹 (𝑋, 𝑊 ) + 𝜌(𝑋, 𝑊 )𝐹 (𝑌, 𝑍) − 𝜌(𝑌, 𝑊 )𝐹 (𝑋, 𝑍)

− 𝜌(𝑌, 𝑊 )𝐹 (𝑋, 𝑍) − 𝜌(𝑋, 𝑍)𝐹 (𝑋, 𝑌 ) − 2𝜌(𝑋, 𝑌 )𝐹 (𝑍, 𝑊 ) − 2𝜌(𝑍, 𝑊 )𝐹 (𝑋, 𝑌 )}

− 𝜏 − 2(3𝑛 + 4)
4(𝑛 + 1)(𝑛 + 2){𝑔(𝑋, 𝑊 )𝑔(𝑌, 𝑍) − 𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑊 )}

+ 𝜏 + 2𝑛(2𝑛 + 3)
4(𝑛 + 1)(𝑛 + 2){𝐹 (𝑋, 𝑊 )𝐹 (𝑌, 𝑍) − 𝐹 (𝑋, 𝑍)𝐹 (𝑌, 𝑊 ) − 2𝐹 (𝑋, 𝑌 )𝐹 (𝑍, 𝑊 )}

+ 𝜏 + 2𝑛

4(𝑛 + 1)(𝑛 + 2){𝜂(𝑋)𝜂(𝑊 )𝑔(𝑌, 𝑍) + 𝜂(𝑌 )𝜂(𝑍)𝑔(𝑋, 𝑊 )

− 𝜂(𝑋)𝜂(𝑍)𝑔(𝑌, 𝑊 ) − 𝜂(𝑌 )𝜂(𝑊 )𝑔(𝑋, 𝑍)}.

Contracting (8.9) with 𝑔𝑘ℎ, we get 𝑔𝑗𝑖 = (2𝑛 + 1)𝜂𝑗𝜂𝑖. Thus we have

Theorem 8.2. There does not exist any conformally (CHR)3-flat Sasakian
manifold.

From the above theorem, we can easily know

Remark 8.1. There does not exist any 𝐶-Bochner flat Sasakian manifold.
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