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PROPERTIES OF THE NEARLY KAHLER S3 x S°

Marilena Moruz and Luc Vrancken

ABSTRACT. We show how the metric, the almost complex structure and the
almost product structure of the homogeneous nearly Kahler S3 x S3 can be
recovered from a submersion 7w : S% x §3 x §3 — §3 x S3. On S% x §% x §3
we have the maps obtained either by changing two coordinates, or by cyclic
permutations. We show that these maps project to maps from S3 x S3 to
S3 x S3 and we investigate their behavior.

1. Introduction

Nearly Kéahler manifolds are almost Hermitian manifolds with almost complex
structure J for which the tensor field V.J is skew-symmetric, where V is the Levi
Civita connection of the metric. The systematic study of these manifolds and their
relation with 3-symmetric spaces has been initiated by Gray [7, [8]. Recently it
has been shown by Butruille [4] that the only homogeneous 6-dimensional nearly
Kéhler manifolds are the nearly Kahler 6-sphere S8, S3 x S3, the projective space
CP3 and the flag manifold SU(3)/U(1) x U(1). One should remark that only
very recently, the first complete non homogeneous nearly Kéhler structures were
discovered on S® and S? x S? in [6]. As far as their submanifolds are concerned,
strict 6-dimensional nearly Kéhler manifolds have the surprising property that their
Lagrangian submanifolds are always minimal (see [10}, [13]).

In this paper we show how the nearly Kahler metric g and the almost complex
structure J of S x S? can be recovered in a natural way by looking at a submersion
m:S? xS3xS? = S? x S3. Note that this is also more or less implicitly present
in [8, 9, 12, 11]. We also show how the almost product structure P defined in
[3] can be introduced using the submersion 7 from S? x S* x §3. In this way we
actually obtain three different almost product structures

P = cos(%’rl)P - sin(%’rl)JP, forl =1,2,3.

We show in the final section that these are precisely the three possible almost
product structures which preserve the basic equations for S* x S derived in [3].
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We also show how the maps which interchange the components of S3 x §3 x §3
give rise to isometries of S* x S3. We call F; (resp. F2) the isometry correspond-
ing to interchanging the first two coordinates (resp. interchanging the first and
third coordinate). We show that both these isometries preserve up to sign the
almost complex structure. And even though they do not preserve the almost prod-
uct structures individually, they do preserve the set of almost product structures
{P1, Py, Ps}. This is of course the reason why in several classification theorems
for Lagrangian submanifolds, see for example [1l, 2}, [14], one often has 3 isomet-
ric examples with slightly different properties of the almost product structure P.
These examples are precisely obtained one from another by applying the isometries
F1 and F>. The only exception so far to this is the classification of non totally
geodesic Lagrangian submanifolds with constant sectional curvature in [5]. This is
due to the special property of the angle functions (which determine P) of these last
examples.

2. Preliminaries

2.1. The nearly Kihler S? x S3. In this section, we recall the homogeneous
nearly Kéhler structure of S* x S* and mention some known results from [5, [14].
First, we can identify the 3-sphere S? with the set of all the unit quaternions in H,
ie., S*={peH]| (p,p) =1}, where the metric (-, -) is induced from the Euclidean
metric on R, Let 4, j, k denote the standard imaginary unit quaternions. Then the
vector fields X1, X2, X3 given by

Xl(p) = pl - (_$2,.T1,.T4, _:L'3))
X?(p) = pj = (71"37 —Iy4, 1"17:62)7
X3(p> = pk = (7':645 Z3, —T2, 1'1),
where p = 21 + 224 + 23§ + x4k € S3, form a basis of the tangent bundle T'S3.
Hence, the tangent space of S? is defined by 7,S* = {par | o € ImH}.
Let Z, 4 be a tangent vector of S* x §* at (p,q). From the known natural
identification T{, 4)(S* x §%) = T,S* & T,S?, we write Z,.9) = 0Up.q)» @Vip,q)) OF

simply Z = (pU,qV), where U and V are imaginary quaternions. Now, we define
the vector fields on S x S? as

El(p,q):(p'L,O), 1(p7Q):(07qZ)7
Ex(p,q) = (p4,0),  Fa(p,q) = (0,47),
E3(Pa‘]):(17k’a0)a FB(paQ) :(ank)a
which are mutually orthogonal with respect to the usual Euclidean product met-
ric on S x S®. The Lie brackets are [E;, Ej] = 2¢;j1Ex, [Fi, Fj] = 2¢;jF) and
[Ei; F]] = 0, where
1
gijk = § —1, if (ijk) is an odd permutation of (123),

, if (ijk) is an even permutation of (123),

0, if otherwise.
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The almost complex structure J on S? x S? is defined by

tnpaqvxn@::$%<p@v>—vxqeavr%vn,

for U,V imaginary quaternions and therefore (pU, qV) € T(p ) (S* x S?) (see [4]).
The nearly Kéhler metric on S? x S? with which we choose to work is the Hermitian
metric associated to the usual Euclidean product metric on S? x S3:

9(Z,2"y==(2,2"y+(JZ,JZ"))

Wk N =

(.0 +{(V,V) = 2 (U, V) + (0", V)),

where Z = (pU, ¢V') and Z' = (pU’,qV"). In the first line (-, -) stands for the usual
Euclidean product metric on S* x S* and in the second line (-,-) stands for the
usual Euclidean metric on S3. From the definition, it can be seen that the almost
complex structure J is compatible with the metric g.

Let G := V.J. Then G is skew-symmetric and it satisfies

for any vector fields X, Y, Z tangent to S* x S3. Therefore, S? x S? equipped with ¢

and the almost complex structure J, becomes a nearly Kéhler manifold. Moreover,
we introduce the almost product structure P, defined in [3] as

P(pU,qV)p,q = (pV,qU)

for U,V imaginary quaternions and therefore (pU, qV') € T(; 4)(S* x S*). Tt satisfies
the following properties:

(2.1) P? = Id, i.e.,P is involutive,

(2.2) PJ=—JP, ie. P and J anti-commute,
(2.3) g(PZ,PZ"y = g(Z,Z"), i.e.,P is compatible with g,
(2.4) g(PZ, 7"y = g(Z,PZ"), i.e.P is symmetric.

Furthermore, the almost product structure P and its covariant derivative VP
admit the following properties.

LEMMA 2.1. [3] For tangent vector fields X, Y on (S® x S3,g,J) the following
equations hold:

(2.5) PG(X,Y)+ G(PX,PY) =0,
(2.6) (VxP)Y = J(G(X,PY) + PG(X,Y)),
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The Riemannian curvature tensor R on (S? x S, ¢,.J) is given by

R(U, V)W = 15—2 (g(V, W)U — g(U,W)V)

1
an + 25 (9UIV.W)IU = g(JUW)IV = 29(JU,V)IW)
' 1
+ < (9(PV.W)PU — g(PU,W)PV
+ g(JPV,W)JPU — g(JPU,W)JPV).
2.2. The space S? xS x S3. We consider S? x S x S? with its usual structure
induced from H?. For tangent vectors (g1 V1, g2Va, g3V3) and (g1 W1, gaWa, g3W3) at

the point (g1, g2, g3), we have that V4, Va, V3, W1, Wy, W3 are imaginary quaternions
and that the induced metric is given by

Re(g,ViWig;)

NE

((91V1,92V2,93V3), (1 W1, g2Wa, gsW3)) =

N
Il
N

3
- Z Re(g:ViWig1)
=1

[
NE

Re(gi((Vi, Wi) — Vi x Wi)ai)

N
Il
N

(Vi, W1).

I
NE

N
Il
-

Notice that here we have identified the imaginary quaternions with the Euclidean
3-space for defining the inner and the cross products, that is (, ) and x. Next, we
define the following vector fields on S? x §? x S? as
E1(91,92,93) = (9193193, 0,0),  Fi(91,92,93) = (0, g293igs, 0),
Es(91,92,93) = (9193793,0,0),  F2(g1, 92, 93) = (0, 92935 93,0),
Es(g1, 92, 93) = (9193k93,0,0),  F3(g1, 92, 93) = (0, 92g3kgs, 0),
G1(91,92,93) = (0,0,4g3),
G2(91,92,93) = (0,0, jg3),
Gs(91,92,93) = (0,0, kgs).

Note that using the induced metric, it immediately follows that Ey, Es, E3, Fy, Fy,
F3, G1, G2, G3 form an orthonormal basis of the tangent space. We also have that
for any (g1, 92, 93), 11 given by v1(t) = (g193¢" g3, g2, g3) is a curve in §* x §% x §?
with initial conditions 7, (0) = (g1, 92, 93) and v1(0) = F1(g1, g2, g3). Similarly we
have that the curves v2(t) = (g1, 9293e* g3, g3) and v3(t) = (91, g2, €''g3) are curves
in S3 x S? x S with initial conditions respectively

72(0) = (glaQQagl’))’ Vé(o) = Fl(glaQQag?))a
73(0) = (91392393)’ Vé(o) = 01(91392593)'
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By replacing ¢ with j and k in the expressions of the curves v, 72 and 3, we define
similarly the corresponding curves for the other vectors in the basis.
We also have on each tangent space the natural linear applications:

(1 V1, 92V2, g3V3) = (91V2, 92V3, 93V1),
Pi(g1Vi, g2Va, 93Vs) = (91Va, g2V1, 93V5),
Po(g1V1, g2Va, g3V3) = (91Va, 92Va, g3VA),
P3(g1Vh, g2Va, g3V3) = (91 V4, 92V3, g3 Va).

Note that these applications all preserve the induced metric. Moreover we have
that 72 = [ = P? = P§ = P}, P3P, = 7. In terms of the previously induced vector
fields, we have that

TE, =G, 7TF =F, 7G; = I,
bE =F, PFR=E, PG =G,
PE =G, PF=F, PG =E,
PE = E, PsFi =G, PG =F,.

3. The nearly Kiihler S? x S® as a Riemannian submersion
We look at the map
TSP x§ xS = 8§ xS, (91,92,93) = (9173, 9293)-
It follows immediately that
(91,92, 93) = (91, 95.95) < (91,95, 95) = (910, 920, g3a),
where a € S? is a unit quaternion. We have that
dn(E1(g1,92,93)) = %m(9193€" g3, 92, 93) [1=0 = % (9173€", 9293) |10
= (91931,0) = E1 (9183, 9293) = E1 (7 (g1, 92, 93))-
By similar computations we obtain that
dr(Ei(g1,92,93)) = El(”(glagm%))a
drw(Fi(g1, 92, 93)) = Fi(7(g1, 92, 93));
dm(Gi(g1. 92, 93)) = —Ei(n(g1, 92, 93)) — Fi(m(g1, 92, 93))-

This implies that dr is surjective (and hence 7 is a submersion). We also see that
the space of vertical vectors V is given by

V =span{E; + F1 + G1,E2 + F5 + G2, Es + F5 + Gs}.
Therefore, we have the space of horizontal vector fields H spanned by
(3Q2E - Fi = G1), 5(—Ei +2F — G)},
for I =1,2,3. It also follows that
dr(3(2E, — F, — G1))(91, 92, 93) = Ei(n(g1, 92, 93)),
dr (3 (—E + 2F — G1)) (91, 92, 93) = Fi(7(91, 92, 93))-
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Note that
(32E — F, = Gi), 5(2B) — F/ = G))) = 30w
(32E — F, — G), 5(—E[ + 2F] — G))) = — o
<%(—El +2F — Gy), %(—Ell + 2Fl/ — G;)) = %(511/

Moreover, as the right-hand sides are independent of the point (g1, g2, g3) for which
(91,92, 93) = (p, q), we see from the above formulas that we can define the canon-
ical metric, g; on S? x S3, of the submersion 7 by

gS(ElaEl> = gS(EvE) = 72gS(E~1laF~Wl> = %5

and such that all other components vanish. Note that g = 2g5 and therefore the
nearly Kéahler metric is twice the metric induced by the submersion.

THEOREM 3.1. The map
T8 xS x 8 8% x §%: (91,92, 93) > (9103, 9293)

is o submersion. Moreover there exists a canonical metric gs on S® x S? such that
the submersion becomes a Riemannian submersion. This metric is related to the
nearly Kdhler metric by g = 29s.

Next we look at what happens with the applications 7, Py, P, and Ps. In order
to do so we will use the following lemma.

LEMMA 3.1. Let A be a linear application on the tangent space of S® x S x S3.
Suppose that

(1) A maps vertical vector fields to vertical vector fields

(2) A preserves the metric

(3) Ifv,w are horizontal tangent vectors at resp. (g1, 92, 93) and (g1, g2a, g3a)
such that dm(v) = dr(w), then we also have that dn(Av) = dn(Aw), i.e.,
A preserves the fibers of .

Then there exists a linear isometry A of the tangent space of S® x S3, such that

AZ(p,q) = dn(AZ(g1,92,93)),

where (g1, g2, 93) is any point such that 7(g1,g2,93) = (p,q) and Z(g1, g2, gs) is the
unique horizontal tangent vector such that dw(Z (g1, 92,93)) = Z(p,q).

PROOF. As A maps vertical vector fields to vertical vector fields and preserves
the metric, A also maps horizontal vector fields to horizontal vector fields. The
third condition then implies that the map AZ(p,q) = dr(AZ(g1,92,93)), is well
defined and is an isometry. O

Note that the maps 7, P, Py, P satisfy the conditions of the above lemma.
Therefore we get the corresponding maps at the tangent space of a point (p,q) €
S3 x S given by 7, P, P, and Ps. In terms of the vector fields E; and F}, the map
7 can be described by

7(E)) = dn(#(3(2E, — Fi — G))) = dn(3(2G1 — B — F))

1
3
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=—dr(32E, - F - G)) —dr(3(-E,+ F, — G))) = —E; — F,
T(F) = dn(F(3 (B + 2F — @) = dn(L (2B — F, — G))) = Ex.
2

It now follows, by straightforward computations, that (—3 (t+ % I))? = —I and that

the almost complex structure is given by
J= \%(T +11).

In particular

JB = Z(-1B - B) = L(-E - 2F,
I = 2(B + 1) = 226, + ).

Using similar computations, for the maps Py, P> and P;, we obtain the following
lemma.

LEMMA 3.2. We have that

P=P, P=-1P-8jp p=-1lp4LJp

4. The role of the almost product structure P

The tensor P appears in the basic equations of S? x §? in (1) (2.

We call a tensor P* satisfying the above conditions a nearly productlike struc-
ture on S® x S3. In order to determine all nearly productlike structures on S3 x S3,
we have the following lemmas.

LEMMA 4.1. Let P* be a structure which satisfies (21), 22), (Z3), @4), and
@0). Then there exists an angle 6 such that P* = cosOP +sin@JP. The converse
is also true.

PROOF. We use [27) and we take an arbitrary vector U = X. We take V =Y
orthogonal to X, JX, P*PX and JP*PX. We take W = P*Y. Then we have
that

(9(P*Y, PY)P*X — g(P*X, P*Y)P*V
+g(JPYY, P*Y)JP*X — g(JP*X, P*Y)JP*V)

= (¢(PY, P*Y)PX — g(PX, P*Y)PY
+g(JPY,P*Y)JPX — g(JPX, P*Y)JPY).

Using the properties of P and P*, we see that the left hand side of (&I]) re-
duces to ¢g(Y,Y)P*X, whereas the right hand side reduces to g(PY, P*Y)PX +
g(JPY,P*Y)JPX. Hence for any X there exists an angle 6(X) such that

P*X =cos(6(X))PX +sin(6(X))JPX.
Using the properties of P and P* we deduce that
P*JX =—JP*X = cos(0(X))PJX +sin(6(X))JPJIX.

Hence 0(JX) = 6(X). By linearity the same is now true for any linear combination
of X and JX. Take now a vector field Y, orthogonal to X and JX, such that

(4.1)
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||lY]] = || X]|. For any angle «, we can now compute 1, = 6(cosaX + sinaY’). On
the one hand we have that

P*(cosaX +sinaY) = cosa(cos(8(X))PX +sin(6(X))JPX)
+ sin a(cos(0(Y))PY + sin(6(Y))JPY),
while on the other hand
P*(cosaX + sinaY) = costhy(cosaPX + sinaPY)
+ sintq(cos aJ PX + sinaJPY)).

As the above formula is valid for any angle o and the vector fields X, JX, Y and
JY are mutually orthogonal (and therefore independent) we deduce that 6(Y) =

0(X) = to. Hence 6(X) = 0 is constant. The converse can be verified by a
straightforward computation. (|

LEMMA 4.2. Let P* be as in Lemma Il Then P* satisfies 2.30) if and only
if 0 is a multiple of , i.e., if and only if P* is either Py, P> or P3. Moreover, in
that case [2.0) is tmmally satisfied.

PROOF. We write P*(X) = cosOPX + sin0JPX. It then follows that
G(P*X,P*Y) = cos® 0G(PX, PY) + sin® 0G(JPX, JPY)
+cosfsinf(G(PX,JPY)+ G(JPX, PY))
= cos20G(PX, PY) —sin20JG(PX, PY)
= —c0s20PG(X,Y) +sin20JPG(X,Y).
On the other hand, we have that
—P*G(X,Y) = —cosPG(X,Y) —sinJPG(X,Y).

As PG(X,Y) and JPG(X,Y) are mutually orthogonal, we see that equality holds
if and only if cos20 = cosf = cos(—0) and sin20 = —sinf = sin(—60). Hence, if
and only if, 30 is a multiple of 2.

In order to show that P* now satisfies also (Z4)), it is sufficient to consider the

case that P* = 1P + ‘/_EJP where ¢ = £1. On the one hand we get that
(VxP*)Y = VxP*Y — P*VxY
= —L(VxP)Y +eBVxJPY -2 JPVxY

= —L(VxP)Y +e(G(X,PY) + JVx PY — JPVxY)
= —L(VxP)Y +e¥(G(X, PY) + J(VxP)Y)
= —1J(G(X,PY) + PG(X,Y))

+e¥3(2G(X, PY) — G(X, PY) — PG(X,Y))
—LJ(G(X, PY) 4+ PG(X,Y)) + e X3 (G(X, PY) — PG(X,Y)).
On the other hand we get that
J(G(X,P*Y) 4+ P*G(X,Y)) = —1(JG(X,PY) + JPG(X,Y))
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+e¥3(JG(X, JPY) — PG(X,Y))
= —1(JG(X,PY)+ JPG(X,Y))
+e¥3(G(X, PY) — PG(X,Y)).

Comparing now both right-hand sides completes the proof of the lemma. O

Combining the previous lemmas, we deduce that the only nearly productlike
structures on S® x S? are P, = P, P, and Ps.

5. Some isometries of S? x S? and their properties

We look at the maps f;b/c, ./7-:; and ./7-:; of S x §? x S3 defined respectively by

‘Fabc(917927g3) = (aglvb925093)5
‘/_'.1(91792793) = (927glvg3>a
Fa(g1,92,93) = (93,92, 91),

where a, b, ¢ are unitary quaternions. We could, of course, consider

ﬁ3(91,92,93) = ]?1 © ]?2 © ]?1(91,92,93),

as well the cyclic permutations F1 o Fp and (.7?1 o .7?2)2. Their properties follow
immediately from those of ]?1 and ]?2.

An elementary computation shows that f;b/c, ./7-:; and .,7}; are isometries of S® x
S2xS3. Note that these isometries all have the property that for any unit quaternion
d we have that

ﬂ.]':;b/c(gldv dea g3d) = ﬂ.(agldv ngdv ngd) = (aglgl’)éa ngg?)E)v
ﬂ.fl(gldv dea g3d) = ﬂ.(dev glda g3d) = (92g3a glgl’))a
7 Fa(g1d, g2d, gsd) = m(gsd, god, g1d) = (9331, 9271)

are independent of the unit quaternion d. Therefore we can define the applications
Fave, F1 and Fo of S x S? such that

TOo Fape = Fapeom, mwoFi=Fiom, moFy=JFs0m.

As f;b/c, F1 and F» are isometries of S x S® x S3 and the nearly Kéhler metric
is a constant multiple of the metric of the Riemannian submersion, it follows that
Fabe, F1 and Fy are isometries of the nearly Kahler S® x S3. The same remains of
course valid for all compositions of these applications. Note that these applications
are given by

]:abc(pv Q) = (apéa qu), fl(paq) = (qap)7 ]:2(]7,(]) = (ﬁa qﬁ)

As indicated in [3], the isometries Fup. also preserve both the almost complex
structure J and the almost product structure P. As we will see in the next theorems,
this is no longer true for the isometries /7 and Fo.

In order to investigate the behavior of J, P, P, and P; under the maps F; and
Fa, we write an arbitrary tangent vector at a point (p,q) by X(p,q) = (pa, ¢B),
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where a and ( are imaginary quaternions. This is a tangent vector to a curve
§(t) = (01(t),62(¢)) in S® x S? with initial conditions

01(0)=p, 02(0)=¢q, 61(0)=pa, (0)=qp.

It now follows that

dFi(po, qB) = dF1(X (p,q)) = L F1(6(t))e=0

= £ (62(t),01(t))|i=0 = (a8, pev),
dFs(pe, qB) = dF2(X (p, q)) = 5 F2(5(t))|i=0

= G (01(1),82(t)01 (1)) |i=0 = (ap, q(8 + @)p)

= (p(p(—)p), gp(p(B — a)p)).
On the other hand, we recall that
J(par,af) = = (p(26 — a), a(—2a + §)),
Py (pa, qf) = (pa,qﬂ) = (pB,q),

wherefrom we deduce that

Py(pa, qB) = —LP(pa, qB) — 2T P((pa, 4B))
= —3((pB,q)) — %( (2 — B),q(—26 + @)
= (—pa, q(B — )

Ps(pa, qB) = — 3 P(par, qB) + L JP((pa, gB))

+
= —3((B,40)) + 3(p(20 = B), a(=28 + o))
(p(a = B),q(=B))-

Using the above formulas, if necessary at different points and for different tangent
vectors, we now can prove the following two theorems. Notice first that Py, P», Ps,
given by Lemma [32] are precisely the three possible almost product structures
on S? x S? which preserve the basic equations. We will see that even though the
maps F; and F, are isometries of S3 x S?, which do not necessarily preserve the
almost product structure P, they do preserve the triple of almost product structures
{P1, P», P5}.

THEOREM 5.1. The differential of the isometry F1 anticommutes with J, i.e.,
dFioJ = —JodFy. For the almost product structures Py, Py and P3 we have

dfloplzplod]:l,
df10P2:P3Od.F1,
dfl OP3 :PQOd.Fl.

PrROOF. We have
dF1(JX) = J=(a(—2a + B), p(28 — a)),
JAdF(X) = Jiqp) (a8, p) = %( (20 = B), (=28 + ),
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from which the first claim follows. The other claims follow from comparing

dfl(PlX):(qaap/8>a Pldfl(X>:(qaap/8>a
dF1(PX) = (q(8 — ), p(—a)), PydFi(X) = (q(=5), pla — B)),
dF1(P3X) = (q(—=8),p(a — B)), PydF(X) = (q(B — a),p(—a)). O

THEOREM 5.2. The differential of the isometry Fo anticommutes with J, i.e.,

dFyoJ = —JodF,. For the almost product structures Py, Py and Ps we have

dfgoplngod]:g,
d‘FQOPQZPQOd.FQ,
dngPg, :P1 Od]:g.

We omit the proof of this theorem as it is similar to the one of Theorem B.11

From the above two results we see that J is preserved up to sign by F; and F»
(and therefore preserved by the composition of the two). On the other hand, by a
suitable composition of F; and F3, we see that we can switch between P = P, P>
and Pg.

Of course, by applying the isometries F; and F» allows us to switch between

these structures and therefore from an isometrical point of view these can not be
distinguished. As a consequence, in many classification theorems of submanifolds,
there will appear 3 isometrical examples with slightly different tensors P (see [1},

2,

10.

11.

14]).
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