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A UNIFIED APPROACH TO MIN-MAX
CRITICAL POINT THEOREMS

M. RaMos and C. REBELO

Abstract: We present in a unified way some abstract theorems on critical point the-
ory in Banach spaces. The approach is elementary and concentrates on the deformation
theorems and on the general min-max principle.

1 — Introduction

In the last two decades variational methods have proved to be fruitful and
flexible in attacking nonlinear problems. This method consists on trying to find
solutions of a given equation by searching for stationary points of a real functional
defined in the function space in which the solution is to lie; the given equation
is the Euler-Lagrange equation satisfied by a stationary point. This functional is
often unbounded so one cannot look for (global) maxima and minima. Instead
one seeks saddle-points by a min-max argument.

This paper is intended to give a unified presentation of some results of critical
point theory which appeared or have been used under a number of variants in
the literature in recent years. We have tried to make it as self-contained as
possible. We believe it will prove to be useful both for the user of critical point
theorems and for further development of the theory, namely for quick proofs (and
in some cases improvement) of the available general multiplicity results (as those
in [Li, LL, MMP, Si]), the extensions to equivariant theory or the applications in
nonlinear problems.

One of the useful techniques in obtaining critical points is based on deforma-
tion arguments. The first part of the paper is devoted to them. It consists of
known theorems. However, we think it is worthwhile to present them in a rather
general and unified way, so that in applications some technical computations be-
come avoidable. Concerning Theorem 4.5 below for instance, this is a quite useful
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known theorem but we don’t know of any complete published proof of the full
statement.

On the other hand, in spite of being quite elementary, those theorems have
been successively improved in some of its details ; in general this research is
motivated by some specific feature on differential equations, let us quote [Ma,
RT, BN, Se].

The second part of the paper concerns the general min-max theorem as for-
mulated in [BN, Gh]. Here we slightly modify the new argument introduced by
Brézis and Nirenberg [BN] on the deformation lemma (cf. Theorem 5.1 below)
in order to unify the main abstract results quoted above. In fact — and this was
suggested to us by an interesting paper of Silva [Si] — we formulate the min-max
principle under an “homotopical linking” setting and this enables us to recover in
the same theorem the recent examples of general critical point theorems, namely
those in [Fe, MMP].

As a consequence of this point of view those examples are improved in what
concerns the use of inequalities (rather than strict inequalities) in the statements,
or in the weak version of the Palais-Smale condition that is assumed. More
important than this, it is desirable to have min-max characterizations of the
critical points, for example in order to evaluate their Morse indexes (this subject
was developed in [RS]).

We prefer to leave further comments to the last section. Let us however remark
that some important topics are not focused here, namely the use of Ekeland’s
principle for Gateaux differentiable mappings [CG, Sz|; the use of the (PS)*
condition in Galerkin schemes [Li, LL]; dual classes and relative category [FLRW,
Sol; the structure of the critical set [FG]; critical manifolds and problems with
symmetry [MW]...

2 — The Cauchy problem

Let us settle some notation that will be used throughout. Let X be an open
subset of a real Banach space E and f € C'(X;IR). We denote by f’(u) the
differential of f at the point u, f'(u) = df(u) € E* and by (-,-) the duality
mapping between E* and E. Both norms in F and E* are denoted by || -||. Also,
d(u,v) :=||lu — vl is the distance in E.

A critical point of f is a point u € X such that f’(u) = 0; the image f(u) is
a critical value. We denote by K the critical set of f, K :={u: f’'(u) = 0}. For
each ¢ € IR, define

for={u: fluy<e} and K. .:={ueK: f(u)=c}.
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The proofs of our first two lemmas are quite elementary.

Lemma 2.1. Let V: X — FE be a locally Lipschitz continuous map and
A, B C X be two disjoint closed nonempty subsets. Then

(i) the map X E — [0,1] given by X(u) = d(u, A)/(d(u, A) + d(u, B)) is
locally Lipschitz continuous;

(ii) if A is compact then V is Lipschitz continuous and bounded in a neigh-
bourhood of A.

Lemma 2.2. Let G be a locally Lipschitz continuous map G: X\K — E
and A, B C X be closed disjoint subsets with K C A.
Then, for each closed subset A such that A C int(A) C A C X\B, there exist
two locally Lipschitz continuous maps X X — [0,1] and F': X — E such that

(i) X [3=0, X|p=1;
. | X(w)G(u) if ue X\A
CECE e )

Remark. It is clear that such a set A exists: take A:={u: d(u, A) < d(u, B)}
for example.

We turn now to the construction of a pseudo gradient vector field.

Lemma 2.3. Given positive constants 0 < « < [ there exists a locally
Lipschitz continuous map V: X\K — E such that for every u € X\ K

a < (f'(u), V(w) < [If @ V()] <8.

Proof: For each x € X\K, since 2a/(a + ) < 1 and ||f'(z)| # 0, the
definition of the norm in E* allows us to choose a vector w, € E with unit norm

such that
2a ,
—= @I

(f'(2), we) >

The vector Vz::# | /()] w, satisfies a< (f'(x), Vi) and ||Vo|| < B f'(z)|| L.
The usual argument based on the continuity of f’ and paracompactness of X
yields the result. n

Remark. If X is an Hilbert space and V is of class C?> we can take
V(u):= atB Vf(u)

2 [IVF@IP?
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Next we shall recall the following version of the Cauchy theorem on ordinary
differential equations. Let F': X — E be continuous and (tg,up) € Rx X, r >0
be such that B, (ug):={u € E: ||u — ug|| < r} € X. Denote

F —F
M:= sup ||F(U)|| and K:= sup M .
w€ By (ug) u,vEBr(up) HU - UH

It is well-known that whenever M ¢ < r and K < 400 then the Cauchy problem
o(t) = F(o(t)), o(tg) = up has a unique solution o(-) defined on I :=[tg—¥,to+/]
and taking values in B;(ug). From this we derive the following.

Proposition 2.4. If F: X — F is locally Lipschitz continuous then for each
u € X the problem
o(t) = F(o(t), o(0)=u
has a unique solution defined on a maximal interval Jw_(u),w+ (u)] containing 0.
The set Q:={(t,u): v € X, t €|w_(u),ws(u)[} is open and the map o = o(t,u):
Q) — X is locally Lipschitz continuous.
Moreover, if for some u € X the set o(-,u) lies on a complete subset of X, then

w(u)
wi(u) < +00 = /0 |F(o(s))||ds = o0 .

Proof: From the previous remark, and for each u € X, we have existence
and uniqueness of a solution for the problem ¢ = F(0), 0(0) = u, defined in a
closed neighbourhood of 0, [—¢(u), {(u)] with £(u) > 0. Defining

wy(u):= sup{t: the problem admits solution in [0, t]},
w_(u):=inf {t: the problem admits solution in [¢, O]} ,

we easily obtain the first assertion of the proposition.

Let us fix now (tg,up) € Q with tg > 0 and ¢1 € |tg, wy(ug)[. We will show
that if w is sufficiently close to ug then ¢t; < wy(u). A similar argument applies
to the interval Jw_(up), to[ and this proves in particular that € is open.

Let us consider the compact set C:=0([0,%1] x {up}). According to Lemma
2.1.(ii) we can fix positive constants r, K with r < 1 such that

u,v €U :={u: d(u,C) < 2r} =
= [[F| <K and [|[F(u) = F(v)| < Kfju—wv] .

Let us fix ¢ < r/(2K) such that ¢;/¢ € N. From the remark above it follows that
if we have ||u — o(a, ug)|| < r for some o < ¢; then the problem

i(t) = F(n(t), nla)=u
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admits a unique solution, defined in the interval [a — ¢, a + ¢] and with image in
U (notice that B,(u) C Bay(o(a,up)) CU).
Let k:=t1/¢ € N and let us suppose that ||u — ug| < r/2¥. According to
what we just said, o(¢,u) is defined in [0, ], has image in ¢/ and for every t € [0, ¢
¢
lo(t,u) = ot uo) | = u— uo + /O (F(o(s,u) = F(o(s,u0))) ds|

< Jlu = uoll + CK sup [l (s, u) — (s, u0)]| -
S

Therefore, since we have (K < 1/2,

(€)= o (€, uo)| < sup o (s,u) — o(s, uo)|| < 2llu— o) < 20/2F <.
S

We can thus construct a solution of the problem 7 = F'(n), n(¢) = o(¢,u), defined
in [0,2¢] and with image in #. By uniqueness we have n(t) = o(t,u), so that
20 < w4 (u). By iterating the argument it is then possible to construct o(-,u) in
[(p — 1)¢, pf] with image in U and satisfying

lo(pt,u) — o (pl, uo)l| < 2°||u — uol| <2077 < v

When p = k we conclude that t; = k¢ < wi(u), and this shows that 2 is open.
The previous argument has shown in particular that for u,v € B.(ug) with
£:=7r/2" we have

[F(o(s,u))| <K and  [|[F(o(s,u)) — F(o(s,v))|| < K|u—v]|
for every s € [0,t1]. Therefore we have for every ¢,¢' € [0, 4],
¢/ t/
ot/ v) = ot < | [ oG, 0)llds| = | [ 1P (s )l ds] < Kl =]
on the other hand,
t
lo(t,u) —o(t,v)]| < llu—2v +/O [F(o(s,u)) = F(o(s,v))| ds
t
< flu—vll + K [ flo(s.u) - (s o) ds
0
and Gronwall inequality implies that
lo(t,u) = o(t, )| < flu—v]| " < flu—ov] i,
Consequently,

lo(t,u) — o', v)]| < llo(t,u) = ot )l + [lo(t,v) — o(t', )]
< e lu—o| + K|t 1],
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and this proves that o is locally Lipschitz continuous.
Finally, suppose that o(t) = o(t,u) varies in a complete set and,

arguing by contradiction, that wy(u) < +oo and ) Bo(s))|ds =
\ + 0
limy g, () Jo IF(a(s))]| ds < 4+00. As

ot = ot < | [ 1F@ ()] dr
t S
Z\/O HF(U(T))IIdT—/O |F(a(r))]| dT\ 0

when s,t — wy(u), the limit lim,_,, () o(t) exists and this clearly contradicts
the definition of wy (u). =

We shall refer to o as the flow associated to the vector field F'. We conclude
the section with two remarks.

Proposition 2.5. If F': X — F is locally Lipschitz continuous and the flow
o is defined on R x X then

(i) o(t,-) is an homeomorphism for every t;

(ii) given any compact set I C IR and any closed subset A C X, o(I x A) is
closed in X.

Proof: The uniqueness of the Cauchy problem implies that o~!'(t,u) =
o(—t,u) for every t,u, and this shows that o(t,-) is an homeomorphism.

As for (ii), let us suppose that o(t,, u,) — v € X for some sequence (¢, u,) €
I x A. Passing if necessary to a subsequence, we have ¢, — ¢ € I. Since

Uy = 0 Htn, 0(tn, un)) — o Ht,v) ,
we conclude that o~1(¢,v) € A and therefore v = o(t,0(—t,v)) € o(I x A). u
Proposition 2.6. Let F: X — FE be a locally Lipschitz continuous map.

Suppose
IF()] < Allul + B Vue X

for some constants A, B and that the flow o always lies on complete subsets of
X. Then w(u) = oo for every u € X, o(t,-) is an homeomorphism for every t
and o: IR x X — X is locally Lipschitz continuous and maps bounded sets into
bounded sets.

Proof: Given u € X, suppose by contradiction that wy(u) < +oo. In the
interval [0, w4 (u)[ the flow o(-) = o(-, u) satisfies

ol < ull+ [ o) ds < ull + 4 [ lo(s)l s + By ()
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By Gronwall inequality we deduce that ¢ has a bounded image. Consequently, by
our assumption, F(o) also has a bounded image — and this contradicts Propo-
sition 2.4.

We conclude then that w, (u) = +oo for every w € X. In the same way we see
that w_(u) = —oo. From previous propositions we deduce that 0: R x X — X
is locally Lipschitz continuous, o(t,-) is an homeomorphism, and the previous
computations show that for every s € [0, ¢],

lo (s, w)l < (full + Bty e,

and therefore o takes bounded sets into bounded sets. n

3 — The deformation lemma

A continuous map h: [0,1] x X — X such that ho(u) = u for every u € X
is called an homotopy. We also write h;: X — X for h. We say that h is an
homotopy of homeomorphisms if each map hy(+) is an homeomorphism. Given f €
CY(X;IR), the homotopy is called f-decreasing if one has f(h(t,u)) < f(h(s,u))
for every u € X and s < t. We shall always assume without further reference
that the following holds

f~Y([a,b]) is complete Va<beEIR .

Theorem 3.1. Leta<beIR,d > 0and S C X be a closed subset. Assume
2(b—a)
0

Then, for each € > 0 and for each closed subset S’ C X with SN S’ =0, there is
an f-decreasing and locally Lipschitz continuous homotopy of homeomorphisms
hy: X — X such that

(i) if u € f* and h(t,u) € S for all t € [0,1] then hy(u) € f°.
Moreover, if u € f° and h(t,u) € SN{f > a} for all t € [0, s] then

f(h(s,u)) < fu) = (b—a)s .

£ ()| = VueSnf(lab]) .

(ii) he(u) = w if u € A, where
A={f<a—-c}u{f>b+etui{u: ||f(w)]|<(b-a)/d}us.

(iii) d(h¢(u),u) < 26t for all t, u.
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Proof: Consider A defined above and denote B:= f~1([a,b]) N S. Let V :
X\K — E be the vector field given by Lemma 2.3, with « = 1 and = 2. Let o
be the flow obtained from the Cauchy problem

6=—-F(0), o0)=uelX,

where F' = XV is the vector field associated to G = V given by Lemma 2.2. In

view of the definition of X we have ||F(u)| < 20/(b—a) in X, and Proposition 2.6

shows that o: [0,4+00[ xX — X is locally Lipschitz continuous, maps bounded

sets into bounded sets and for every ¢ > 0, o(t,-) is an homeomorphism in X.
For every w € X, the map o(t,u) satisfies

d .

& (ol ) = ( (o(t,0)), 6(t,w) < ~X(o(t,u)
Observe that by the uniqueness of the Cauchy problem we have

wue A — 3It: o(t,u) € A < Vt: o(t,u) =u

and f(o(-,u)) is strictly decreasing for all u € X\ A.
By the inequality above, if o(t,u) € B for all ¢ € [0, s], we have

Fols,w) < f() s
Since we also have
ot < [ ots,wllds = [ I1FGo(s,u)lds

20
<
“b—-a

t 20
<
/OX(U(S,U))dS < b—at ,

we can take h(t,u):=oc((b—a)t,u). n

Notice that in the previous theorem it suffices to suppose that f~!([a—e, b+¢])
is complete. A similar remark holds for the subsequent results but, for conve-
nience, we shall assume the completeness of the inverse images of every compact
interval.

In the same way we will not insist neither in the regularity of the homotopy
nor in the condition (iii). Observe that this condition shows in particular that h
maps bounded sets into bounded sets.

An interesting choice for S is to take S:={u: | f'(u)|| > 2(b —a)/d}. By
specializing b= c+¢, a = ¢ — ¢ and § = /¢ we obtain

Corollary 3.2. Let ¢ € R and € > 0. Then there is an f-decreasing
homotopy of homeomorphisms hy: X — X such that
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| > 4./c for all t € [0,1] then h;(u) € f¢°.

(i) ifu € ¢ and ||f'(h(t,u))|
t,u)) < c+e and || f'(h(t,u))|| > 4\/€ for all

Moreover, if ¢ —e < f(h(
t € [0, s] then
f(h(s,u)) < f(u) —2es .

(ii) he(u) =u if [|f'(u)| < 2vE or u ¢ f~1([c— 2, c+ 2e]).
(iii) d(hi(u),u) < 24/t for all t, u.

The speed of decrease of the map f(h(-,u)), indicated in (i), can be improved
if we are less precise in the estimate in (iii):

Corollary 3.3. Let c € R and 0 < £ < 1/2. Then there is an f-decreasing
homotopy of homeomorphisms h;: X — X such that
(i) ifu € ¢ and ||f'(h(t,u))|| > 4/ for all t € [0,1] then hy(u) € f .
Moreover, if ¢ —e < f(h(t,u)) < ¢+ ¢ and || f'(h(t,u))|| > 4/c for all
t € [0, s] then
f(h(s,u)) < fu) —s .

(ii) he(u) = u if ||f'(u)]| <2 or ué f~1([c— 2, c+ 2e]).
(iii) d(hi(u),v) < min{t/+/e,4\/e} for all t,u.

Proof: Let o be the flow built in the proof of Theorem 3.1, with b = ¢+ ¢,
a=c—cand 0 =+/e. As we showed before, we have d(o(t,u),u) < th = ﬁ
On the other hand, since

1 gt 1 4e
d(o(t,u),u) < \/5/0 X(o(s,u))ds < NG (fu) = flo(t,w) < N NG

we can define h(t,u) :=o(t,u). n

Theorem 3.1 as stated in its generality allows us to locate the homotopy. For
each nonempty set F' C X and each § > 0 denote Fj5:={u: d(u, F') < }.

Corollary 3.4. Given constants a < b, § > 0 and two closed subsets
F,.G C X with FsNG = (), suppose that

If' ()| = 4(b—a)/5  Yue Fsn f([a,b]) -

Then, for each € > 0, there is an f-decreasing homotopy of homeomorphisms
hy: X — X such that

(i) m(f*NF) C f%
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(i) h(u) =u if ue G or u¢ f~a—-e,b+e]);
(iii) d(h¢(u),u) < 6t for all t,u.
Proof: It suffices to apply Theorem 3.1 with S:=Fs and S":=G. Indeed,

if w € f°N F, it follows from (iii) that h(t,u) € S for all t € [0,1] so that
hi(u) € f*. u

4 — The Palais—Smale condition

Let us now deduce some consequences of the theorems just stated. The con-
dition upon ||f’|] in Theorem 3.1 will be assured by some assumptions on f of
Palais-Smale type. We continue to assume that f~'([a,b]) is complete for every
a <b.

Given ¢ € R we say that f satisfies the Palais-Smale condition at level ¢ (the
(PS). condition for short) if every sequence (uy) C X such that f(u,) — ¢ and
|/ (un)]] — 0 has a convergent subsequence in X. In particular, K, is compact.

Theorem 4.1. If f has no critical values in [a,b] and satisfies the Palais-
Smale condition at every level ¢ € |a,b], there exist € > 0 and an f-decreasing
homotopy of homeomorphisms hy: X — X such that

hi(f°) C f* and hy(u)=u Yue€ X\f (a—eb+el]).

Proof: Since the interval [a,b] has no critical values, we can fix ¢ > 0
sufficiently small such that

2(b—a)
1/e

and the conclusion follows from Theorem 3.1 with S:=X. n

£ ()]l = Vue f7([ab]),

Another useful version of the theorem is the following.

Theorem 4.2. If f satisfies the (PS). condition and N is an open neighbour-
hood of K., there exist ¢ > 0 and an f-decreasing homotopy of homeomorphisms
hy: X — X such that

hi(fEPE\N) C f6°  and  hy(u) =u Yu € X\f e — 2, ¢4+ 2¢]) .

Moreover, h is locally Lipschitz continuous and satisfies d(hi(u),u) < /et for all
t, u.
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Proof: Denote F':=X\N. From the (PS). condition there is a positive
constant ¢ such that F z N K. = @ and

If' (@)l 2 8Ve YueFznf(e—ccte]).
The conclusion follows then from Corollary 3.4 (with G = (). u

The following two results can be seen as two typical consequences of the above
arguments. Many more of them could of course be selected from the existent
literature but we ommit their statement since we do not intend to go here into
the particular situations to which they apply.

Proposition 4.3. Given ¢ € IR, let F,G C X be two closed and disjoint
subsets such that F N K. =0 and

supf <c<inff.
F G

If f satisfies the (PS). condition there exist € > 0 and an f-decreasing homotopy
of homeomorphisms hy: X — X such that

hi(F)C f° and hy(u) =u Yuec GU(X\f ' ([c—2c+2¢]) .

Proof: Theorem 4.2 implies the existence of € > 0 and of an f-decreasing
homotopy of homeomorphisms h;: X — X such that hy(F) C ¢ and he(u) = u
for every point u € X\ f~1([c — 2¢,c + 2¢]).

Recall that for each u the map h(t) = h(t,u) is the solution of some Cauchy
problem

h(t) = =W (h(t), h(0) =u,

where W is bounded and satisfies W (u) =0 Yu € X\f '([c — 2¢,c+ 2¢]). As
we noticed in the proof of Theorem 3.1, the map f(h(-,u)) is strictly decreasing
for each u € F. Consequently, the set F':=h(]0,1] x F') does not intersect G.

By Proposition 2.5, F is closed and therefore we can fix a locally Lipschitz
map X: X — [0,1] such that X |z=1 and X |g= 0. Since the map XW is still
locally Lipschitz continuous and bounded, the Cauchy problem

furnishes an f-decreasing homotopy of homeomorphisms o: [0, 1] x X — X such
that o(t,u) = u for every u € G U X\ f~!([c — 2¢, ¢+ 2¢]). On the other hand,
by the definition of X and by the uniqueness of the Cauchy problem, we have
o(t,u) = h(t,u) for each u € F, and thus o1(F) = h1(F) C f . »
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Proposition 4.4. Given a Banach space X and constants a < b, let us
suppose that f satisfies the (PS). condition for every c € [a, b].
Then, for each r > 0 and € > 0, there exist R > r, ¢y > 0 and an f-decreasing
homotopy of homeomorphisms h;: X — X such that

(1) hi(f*\Br(0)) € %
(i) m(u) =u Yu e B.(0)U(X\f 1 (a—eb+e]));
(iii) d(hi(u),u) < cit  for all t,u.

Proof: In view of the (PS) condition there is Ry > r such that
4 _
£ ()]l = Rlb—a) Vuef H([a,0]), flull > Ro -

Let us take R:=3Ry and denote G:=B,(0), F:={u: |[ul]|> R}. As Ry <d(F,G)
and Fr, C {u: |lul]| > Ro}, the conclusion follows from Corollary 3.4. u

The next theorem is currently known as the “second deformation theorem”.
In it we allow b to be +00 and in this case the set f?\Kj, is the whole open set
X.

Theorem 4.5. Given constants a < b, suppose that f has no critical values
in the interval |a, b[ and that f~'({a}) contains at most a finite number of critical
points of f. Then, if f satisfies the (PS). condition for every c¢ € [a,b|, there
exists an f-decreasing homotopy hy: fP\ K}, — X such that

hi(fO\Ky) C f* and hy(u) =u Yue f°.

Proof: Let us fix a map V given by Lemma 2.3 (associated to a = 1, 5 = 2).
By Proposition 2.4, for each u € f~'(Ja,b])\ K3, the Cauchy problem

o(t) = —V(o(t), o(0)=u

has a unique solution o(t,u) defined in [0,w (u)[. Over this interval we have

d
%f(a(t,u)) < -1.

Lemma 1. If f(o(t(u),u)) = a for some t(u) < wy(u) then t(u) is unique and
the map u +— t(u) is continuous.

Indeed, the uniqueness of ¢(u) is an obvious consequence of the previous in-
equality, which implies in particular that this point is characterized by the fol-
lowing relations

flo(s,u)) >a> f(o(t,u)) if s<t(u) <t <wi(u).
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Given € > 0, we have f(o(t(u) —e,u)) > a > f(o(t(u) +¢,u)). In view of the
continuity of o, there is a neighbourhood U of u such that f(o(t(u) —e,v)) >
a> f(o(t(u)+¢,v)) for every v € UN f~1(Ja, b))\ Kp. By the Intermediate Value
Theorem we conclude that |t(u) — t(v)| < e, and this proves the continuity of

t(u).

Given u € f~!(Ja, b))\ Ky, we say that t(u) = wy (u) if f(o(t,u)) > a for every
t < wy(u).

Lemma 2. Let (up)n>1 C f~1(Ja,b))\Kp and v € f~1({a}), and suppose that
v = limo(sp,u,) for some sequence 0 < s,, < t(uy,). Then, for every sequence
(tn) with s, <t, < t(uy), we have v = lim o (t,, uy).

Indeed, fix a small € > 0 in such a way that K N B.(v) N f~*([a,b]) C {v},
by :=sup f(B:(v)) < b and let us prove that o(t,,u,) € B:(v) for every large
n. If not, there exists a sequence (o(t;,u;)) with d(o(t;,u;),v) > €; on the other
hand, our assumption implies that d(o(s;,u;),v) < /2 for every large i. We can
thus find points «;, §; with s; < «a; < 8; < t; such that

d<o—(ai7ui)7v> = 8/27 d(U(ﬁi,Ui),’U) =¢ and J('aui) € A over [alaﬁz] )

where A denotes the “ring” A:={u: /2 < d(u,v) < e}. From the (PS) condi-
tion we have

o:=inf{|f (W) ue f(a,ba)) NA} >0
On the other hand, as

e/2 < d(o(as,ui),o(Bi,u;)) / llo(s,u;)| ds

<2 [ o5, u) |7 ds < 25— )5
we deduce

< flo(Birui)) < flo(as,ui)) — (Bi — i) < flo(si,wi)) —de/4 .

Since f(o(s;,u;)) — f(v) = a, we obtain a contradiction and this proves the
lemma.

Lemma 3. Ifu € f~1(Ja,b])\Ky is such that t(u) = w, (u), then there exists
the limit v:=1lim;_,,_ () o(t,u) and v € K,.
Suppose the lemma is false. Since K, is compact, Lemma 2 (with u, = u)

implies that no sequence (sy,) C [0,w4(u)[ can be such that d(o(sp,u), K4) — 0.
Therefore we can fix ¢ > 0 and 0 €]0,w (u)] such that d(o(t,u), K,) > ¢ for
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every t € [0,w+(u)[. And since o([0,6],u) is a compact set disjoint from K, by
choosing if necessary a smaller ¢, we deduce

o(t,u) € f (a, f(w)]) N{u: du, Ky) >e}  Vte[0,wy(u)].
Since this set is complete and
a< flolt,u) < flu)—t Vte[wr (),

we conclude that wy (u) < f(u) — a < 400 and, by Proposition 2.4,

w (u) w (u)

2 [T (s )l s = [T [Vio(s. ) ds = oo
Therefore there is a sequence t,, — w4 (u) such that || f/'(c(t,,u))|| — 0. Now,
since (o (ty,u)) C f~*([a,b1]) for some by < b, we deduce from the (PS) condition
that there is a subsequence (s,,) from (¢,) such that o(sy,u) — v for some critical
value v € f~!([a,b;1]). From the assumption we conclude that f(v) = a, therefore
v € K, and this contradicts the choice of €.

Taking into account Lemmas 1 and 3, the limit

o(t(u),u) ::tiigh)a(t,u)

is well-defined for each u € f~1(]a, b])\ K.

Lemma 4. Let (u,) C f~(Ja,b])\Kp, u € f~1({a}) and suppose u = lim u,,.
Then, for every sequence (s,) with 0 < s, < t(uy), we have u = lim o (s, uy).

By Lemma 2, we can assume that s, = t(u,). Taking into account the
definition of o(t(uy,), uy), there exist ¢, < t(u,) such that

d(o(tn,un),o(t(un),uy)) <1/n .
As, by Lemma 2, the sequence (o (¢, u,)) converges to u, so does (o(t(uy), uy)).

Lemma 5. Let (up)n>1 C f1(Ja,b))\Kp, u € f~1(Ja,b])\Kp be such that
t(u) = wi(u) and u = limu,,. Then, for every sequence (t,,) with 0 < t,, < t(uy)
and liminf ¢,, > w; (u), we have o(t(u),u) = lim o (t(uy), un) = lim o (ty,, uy).

Denote v:=0(t(u),u). To prove that v = lim o (t,, u,) we only have to show
that any arbitrary subsequence of (¢,) (still denoted by (¢,)) has a subsequence
(tn,) such that o(ty,,un,) — v. Let us fix s; €]0,w;(u)[ such that o(s1,u) €
By3(v). For large n, we then have o(s1,u,) € Bi(v) and, since liminf¢, >
w4 (u), we can choose a sufficiently large order n; such that ¢,,, > s;. By iterating



A UNIFIED APPROACH TO MIN-MAX CRITICAL POINT THEOREMS 503

this construction, we find points sy, < t,, such that o (s, un,) € By/(v). Lemma
2 shows that o (s, up, ) — v, and therefore (o(ty,,ur)) converges to v as well.
Finally, by the definition of ¢(u,) there are points ¢,, < t(u,) such that

d(o(t(un),un), 0(tn,un)) =0 and  f(o(tn, un)) = a .

In view of the continuity of the flow, we cannot have liminf ¢,, < w4 (u); otherwise
there should exist a convergent subsequence t,,, — ¢ < w4 (u), thus f(o(c,u)) =a
and this contradicts the assumption ¢(u) = w4 (u). In this way we conclude that
liminf¢, > wy(u). Now, from the first part of the proof we deduce o (ty, u,) — v,
and therefore the same holds for (o (t(uy), un)).

For each u € f% we will say that ¢(u):=0.
Consider now the map p: [0, +00[ x f®\ K, — f° defined as

u if t(u) =0
p(t,u) =< o(t,u) if 0<t<t(u)
o(t(u),u) if 0<t(u)<t.

Lemma 6. The map p is continuous.

Suppose (tp,un) — (t,u) and let us prove that p(t,,u,) — p(t,u) (at least
for some subsequence). Assume f(u) > a.

If t(u) = 0, since p(tyn,un) = o(Sn,u,) with s, < t(uy,), we deduce from
Lemma 4 that p(t,, un) — u = p(t,u).

Suppose now that t(u) > 0. If t < t(u), as f(o(t,u)) > a, we also have
f(o(tn,u,)) > a for large n, therefore ¢, < t(u,) and

p(tn,un) = o(tn,uy) — o(t,u) = p(t,u) .
Finally, suppose that 0 < t(u) < ¢t and let us show that
Ptn, un) — o(t(u),u) .

If t(u) < wi(u), Lemma 1 implies that ¢(u,) — t(u) and the conclusion is a
consequence of the continuity of the flow. If ¢{(u) = w4 (u), Lemma 5 yields the
conclusion.

From the definition of p and taking into account Lemma 3, the limit p(u) :=
lim;_ ;oo p(t,u) is well defined for each v € fO\Kj. Let h: [0,1] x fO\K}, — f°
be the map defined as

_Jop(i5u) i 0<t<1
h(t’u)_{ﬁ(u) if t=1.
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The map h is f-decreasing and satisfies ho(u) = u, hi(u) € f¢ for every u, and
hi(u) = w over f*. It remains to prove that h is continuous. This is a consequence
of the previous lemma and of the following remark.

Lemma 7. Ifu, — u and t, — +00 then p(tn,un) — p(u).

In order to see this, consider again several different situations.

The case t(u) = 0 is analogous to the corresponding situation in Lemma 6.

If 0 < t(u) < wy(u) we have 0 < t(up) < 2t(u) < +oo for large n, and
therefore

p(tn, un) = o(t(un), un) — o(t(u),u) = pu) .

)
)

. As liminft, = 400 > w4 (u), we deduce from
,u) = p(u), and this completes the proof of the

Finally, suppose t(u) = w4 (u
Lemma 5 that p(t,, un) — o(t(u
lemma and of the theorem. u

The next three results concern different situations where there is a lack of
compactness. The Palais-Smale condition is then replaced by some special as-
sumptions. We have chosen those three examples both because they include
some interesting ideas and because they proved to be useful in some particular
applications in O.D.E.’s.

Theorem 4.6. Given ¢ € IR, suppose there exist g € C'(X;IR), eg > 0 and
B €]0,1[ such that

(a) f satisfies the (PS). condition in {f > g} :={u: f(u) > g(u)};

(b) llg' ()| < BIF ()] for all we f~ (e —eo,e+ o) N {f = g}

Then, for each open neighbourhood N of K.N{f > g}, there exist 0 < € < &
and an f-decreasing homotopy of homeomorphisms hy: X — X such that

(1) P (f=5\W) C feud{f < gk
(ii) he(u) =u Yue X\f (e — 2¢,c+2¢));

(iii) he({f < g}) S{f < g}

Proof: The proof follows the same steps as those in Theorem 3.1. Denote
S:=X\N and let us fix @ €]3,1[. From the (PS). condition we deduce that
there is € €]0,e0/2[ such that

If ()l > 2ve/a Vue fTHle—ecte)NSyzn{f>g}.

Let
Ar=X\f 7 ([e 25,0+ 26)) U {u: | f'(w)]| < vE/a}

Bi=fYc—egc+e)NSyzn{f>g}.
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According to Lemma 2.3, fix a vector field V associated to 1 < 1/« and consider
the flow associated to the Cauchy problem ¢ = —F(¢), 0(0) = u € X, where F' =
XV is given by Lemma 2.2 (with G = V). In this way we obtain an f-decreasing
homotopy of homeomorphisms h;(u) :=o(2¢et, u) which satisfies condition (ii) of
the theorem.

Let us prove that hy({f < g}) C {f < g}). Take u € X\A (cf. Lemma 2.2)
such that f(u) < g(u) and denote 0(t) := f(o(t,u)) — g(o(t,u)). We then have
0(0) < 0 and it suffices to prove that 6(fy) < 0 whenever 8(tg) = 0. Indeed,
letting v := o (tp, u), we have

f(to) = X)) — g/ (), V(0)
<X(0) (lg @IVl - 1) <x@)(£ -1) <o.

Finally, let us prove that property (i) holds. Otherwise, there would exist
uw € fT¢ NS such that f(o(2e,u)) > ¢ —e and f(o(2e,u)) > g( (2e,u)). Since
the set {f < g} is invariant for the flow, d(o(t,u),u) < 2 + —6 = 2y/¢ in [0, 2¢]
and

Aot ) < ~X(o(t,) <0,
we deduce that o(t,u) € B for every t € [0, 2¢] and
c—e< flo(2e,u)) <c+e—2e=c—c¢.
This contradiction proves (i) and ends the proof. m

The next theorem partially extends Theorem 4.2 and uses the following defi-
nition. Given ¢ € IR we say that f satisfies the Palais-Smale-Cerami condition
at level ¢ ((PSC). condition for short) if any sequence (u,,) C X with f(u,) — ¢
and (14 [lup||) [|f/(un)|| — 0 has a convergent subsequence in X.

It is easy to see that this condition is equivalent to ask for the (PS). condition
on bounded subsets of X and for the existence of some positive constants R, «,
and ¢ in such a way that || f/(u)|| > «/|lul| for every u satisfying ||u| > R and

[f(u) —¢f <e.

Theorem 4.7. If f satisfies the (PSC). condition and N is an open neigh-
bourhood of K., there exist € > 0 and an f-decreasing homotopy of homeomor-
phisms h;: X — X such that

hi(fSPE\N) C f¢°  and  hy(u) =u Vue X\f H(c—2,c+2]) .

Moreover, h is locally Lipschitz continuous and maps bounded sets into bounded
sets.
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Proof: Since K. is compact, we can assume without loss of generality that
the neighbourhood N is such that N' = {u: d(u, K.) < 4} for some 0 < § < 4.
Fix positive constants «, R and ¢ with e < min{d, g9/2}, such that N' C Br(0):=
{u: ||ul]| < R} and

F)—d <2, Jul =R = [F@l=a/lul,
F) = <2, Jull <R, duK)>5 — [f(w)]>4e/5>.

Consider the flow ¢ built in the proof of Theorem 3.1, associated to the closed
disjoint sets

A=K U{u: |f(u) —¢| >2e} U{u: d(u, K.) <8},
B:=f"Yc—e,c+e])n{u: dlu,K.) > 26} .
As [|F(u)|| = [|X(u) V(u)|| < 2/|If'(u)] for every u € X\ A, we conclude that
IF(u)]| < 2671 + 207 u]

in X (consider the cases ||u|| < R or ||u| > R).

Taking into account Proposition 2.6, the homotopy h(t,u) :=o(2¢et,u) is well
defined and it remains to prove that hy (f“T\N) C f¢~¢. Assume on the contrary
that there is u € X\ A such that d(u, K.) > 46 and ¢ — e < f(o(t)) < ¢+ ¢ for
every t € [0, 2¢], where we have written o(t) = o(t,u). We cannot have o(t) € B
for every t, otherwise

2e
c-e < f@)) < fw) ~ [ (M) V)ds Scre—2e =,
0
a contradiction. So we deduce that there are 0 < t; < to < 2¢ such that
d(o(ty),K.) =46 > d(o(t), K.) > 20 = d(o(t2), K.)

for every t € [t1,to]. In particular o([t1,t2]) C BN Br(0) and

to
% < d(o(tr),o(t2) < [ V(o) ds
1
t 1
<2 27ds§2]t2—t1\£§57
4e

o [1f'(e(s))l

and from this contradiction we may conclude. n

We end the section with one more example. Given ¢ € R we say that f
satisfies the Palais—-Smale—Séré condition at level ¢ ((PSS). condition for short) if
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every sequence (u,) C X such that f(u,) — ¢, || f'(un)|| — 0 and |Jup,—up+1] — 0
has a convergent subsequence in X.

Theorem 4.8. If f satisfies the (PSS) condition at every point of [a—¢, b+¢]
for some € > 0 and this interval does not contain any critical values of f, then
there exists an f-decreasing homotopy of homeomorphisms h; : X — X such
that

hi(fP) C f* and h(u)=u Yue X\f Ha—eb+e]).

Proof: The proof of the theorem makes use of the following elementary
result:

Lemma. Letw > 0and @ € C([0,w[;R), @ > 0, be such that [y 0(s) ds = +ooc.
Then there is an increasing sequence (t,) C [0,w|, convergent to w and such that

tn+1
0(t,) — +oo  and / O(s)ds — 0 .
tn

Indeed, define by recurrence a strictly increasing sequence (s,) C [0,w[ by
taking sp = 0 and [ 0(s)ds = \/w — s,. Let L:=lims,. If L < w we would
have fOL 0(s)ds = 3,0 vVw — sp and this is impossible because the integral is
finite while the series diverges.

Therefore, w = lim s,,. From the definition of s,, we have

g> VY@= o 1
max 6 > >
[Sn,8n+1] Sn+1 — Sn VW — Sp

and this implies the existence of an increasing sequence (t,,) C [Sp, Sp+1] conver-
gent to w, with 0(t,) — +oo. Since

tnt1 Sn+42
/ 9(s)ds§/ 0(s)ds = Vw — s, +Vw—spt1 — 0,
tn Sn

(t,) is the required sequence.

Now, let A, B be the closed disjoint sets:

A::(X\f_l([a—s,b—i-s])), B::f_l([a,b]),

(notice that K C A) and consider the flow o associated to A and B, built as in
the proof of Theorem 4.7.

For each u, we have wy(u) = +oo. Otherwise, in view of Proposition 2.4,
the map 0(t):=||F(o(t))|| (where we have written o(t) = o(t,u)) with u € X\ A
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would verify the assumptions of the previous lemma, and this would imply the
existence of a sequence (t,) C [0, wy (u)[ satisfying a —e < f(o(tn)) < b+e,

1/ (c(ta))]l < 2/0(tn) — 0 and  d(o(tug1), o(tn)) < /tt”“e(s) ds — 0 .

Using condition (PSS) we contradict the assumption made in the theorem.
Analogously we can prove that w_(u) = —oco for every u, therefore o = o(t,u)
is a locally Lipschitz continuous map defined in R x X and o(¢, ) is an homeo-
morphism.

Finally, since %f(a(t,u)) < —1 if o(t,u) varies in B, we let h(t,u):=
o((b—a)t,u).m

5 — Homotopical linking

In this section we prove a general theorem of min-max type by combining an
argument in [BN] with a notion of linking similar to the ones in [BR, Si]. The
subset T" introduced in Theorem 5.1 below is suggested by the results in [Gh] on
the location of the critical points.

As before we take f € C1(X;R) and assume f~!([a,b]) is complete for every
constants a < b.

Consider three subsets 0Q), @Q and A of X where 0Q C (Q are both compact
and QN A = () (the sets 9Q and A, but not @, may be empty). We define a class
I" of homotopies

F::{fyt: Q— X\A: v lag =1d Vt}
and the number

= inf .
c wlférigg f((u))

Here Id denotes (the restriction of) the identity mapping. Note that I' is non-
empty since Id € I'. From the definition of ¢ we also see that

supf <c<supf .

0Q Q

We shall also assume that
(H) sup f <inf f .
Q A

By definition, a minimizing sequence for c is a sequence of homotopies (77*),>1 CT'
satisfying

sup f(71'(u)) — ¢ and  sup f(77'(w)) <inf f .
uUER ueQ
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Such a sequence always exists. This is clear in case ¢ < inf4 f; and if ¢ = inf 4 f
it follows from (H) that we can choose 4" = Id as a minimizing sequence.

Theorem 5.1. Assume ¢ € R and that condition (H) holds. Suppose there
exists T' C X such that

(H") Vy el Jue@\0Q: f(yn(u)) >c and yi(u) €T .

Let (7" )n>1 be a minimizing sequence for c. Then, up to a subsequence, there
exists (un) C X such that

flun) = e, ||f'(un)ll =0, d(un,T) — 0 and d(un,7(Q)) — 0.

Proof: For each € €]0,1/2[ and ng € IN let us fix n > ng sufficiently large
such that the homotopy v : =7 satisfies

sup f<c+e.
7n(Q)

Consider the homotopy hy: X — X given by Corollary 3.3 and let us prove that
there exist ¢ € [0,1] and « € @ such that v:=-(z) satisfies

c < f(h(t,v), |If (h(t,v))| <4ye and d(h(t,v),T) < 4v/c .

By the arbitrariness of ¢ and ng, the theorem is then proved by choosing
up, = h(t,v) (observe that d(un,T) < d(un,v)+d(v,T) < 8y/e).

In order to prove the claim we argue by contradiction and suppose that the
previous condition does not hold. In particular, and by property (iii) of Corollary
3.3, for every point ¢; € [0,1] and v = 71 (),

c < f(h(t1,v)) and h(t;,v) €T = | f'(h(t,v))]| >4ve VO<t<t;.
Also, property (i) of that corollary implies ¢; < 1 and
(%) f(h(t1,v)) < flv) =t .

On the other hand, since f is locally Lipschitz continuous and 0Q) is a compact
set, f is Lipschitz continuous in a neighbourhood of 9Q) and we can fix positive
constants a and C such that

(xx) d(u,0Q) <a == f(u) <sup f+ Cd(u,0Q) .
oQ

Let us fix a constant M > max{C,1/a} and define a continuous map ¢: Q@ — X,

p(w):=min{1, max{d(u, 0Q), Md(11(u),0Q)} } .
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Consider the homotopy

(tu):= ~v(2t,u) if 0<t<1/2
W= (@t - Dop(u),mi(w) if 1/2<t<1.

It is clear that a is continuous and oy |pg = Id. On the other hand, as it was
explicitly observed in the proof of Theorem 3.1, the map f(h(-,u)) is strictly
decreasing for each u € X, unless h(t,u) = u Vt € [0,1]. Since v([0,1]) N A =10
and sup.,, () f < inf4 f, we conclude that «([0,1]) N A = 0 and thus o € T.

According to assumption (H'), we can fix x € Q\0Q such that v = «a;(x)
satisfies

¢ < f(h(p(z),v)) and  h(p(z),v) €T .

By the previous remark we must have p(z) < 1, and then
1> (@) = Md(v,0Q) |

Consequently, d(v,9Q) < a. On the other hand, since we have supgq f < ¢, both
() and (%) imply

c < f(h(p(z),v)) < f(v) —p(z) < c+ Cd(v,0Q) — ()
<c+(C—-M)d(v,0Q) ,

therefore d(v,0Q) = ¢(z) = 0. This last equality shows that x € 9@ and this
contradicts the choice of  and proves the theorem. n

Condition (H') of Theorem 5.1 can be checked by means of the following
notion.

Definition 5.2. Given a closed subset S C X we say that @) and S link
homotopically throught 9Q (in X\ A) if SNIQ =0 and v1(Q) N S # O for every
v €T.

In the context of Theorem 5.1, given a minimizing sequence (v;*) C I for ¢
we say that f satisfies the (PS). near (v{') if every sequence (u,) C X such that
fun) — ¢, || f'(upn)|| — 0 and liminf d(u,,17(Q)) = 0 possesses a convergent
subsequence in X.

Theorem 5.3. Assume S and 0Q link homotopically throught 0Q in X\ A
and that

sup f <inf f and supf <inff.
0Q s Q A



A UNIFIED APPROACH TO MIN-MAX CRITICAL POINT THEOREMS 511

If c € R and (yf*) C I is a given minimizing sequence for c¢ then, up to a
subsequence, there exist u,, € X such that

flup) —c,  f(up) —0 and d(uy,77(Q)) — 0.
In particular, if f satisfies the (PS). condition near (v;") then
(i) KN (X\0Q) # 0;
(ii) if c = infg f then K. NS # 0;

(iii) if c = supq, f and f satisfies the (PS). condition (or the (PS) condition
on the bounded subsets of X ) then K.NQ # (.

Proof: From the definition of ¢ we have

sup f <inf f <c<supf <inf f.
0Q S Q 4

We can easily verify that condition (H') of Theorem 1.1 is satisfied if we choose
for T' the set T' = {u: f(u) > ¢} or T' = S according to whether infg f < ¢
or infg f = ¢ respectively (for the first case, take into account that @ is, by
assumption, compact). The conclusion follows then from the previous theorem.

As for (iii), observe that we can choose ;' = Id as a minimizing sequence,
whenever ¢ = supg, f. =

Remark 5.4. It readily follows from the proof of the theorems that they
remain true (with simpler proofs) if we replace the homotopies in I" by continuous
maps v: @ — X\A. In particular if we choose A = (), the class T thus obtained
is the usual min-max class considered in the literature.

It is clear that the above results still hold true in a slightly more general
setting. One could start with a compact metric space @, a closed subset 0Q of
(@ and a continuous map p: @@ — X. Given A C X disjoint from the image set
p(Q), the class I' is now defined by

Pe={y € (0,1 x @ X\A): 50 =p. 7 loag =plog 1} -

6 — Examples

We conclude the paper by showing three specializations of Theorem 5.3. We
start with the Saddle-Point theorem of Rabinowitz [Ra]. It is well-known that
this theorem can be deduced from Theorem 5.3 (taking into account Remark 5.4);
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we shall combine it with a recent theorem of Feireisl [Fe| to obtain a multiplicity
result.

Unless otherwise stated, we let f € C'(X;IR) be defined on a Banach space
X. We assume X = X; @ X» (topological direct sum) where X; is a finite
dimensional subespace. For each R > 0 we denote by Bg the closed ball of radius
R centered at the origin and by 0Bpg its sphere. It will also be convenient to
introduce the following convention: we say that f satisfies the (PS) condition on
a given interval I C IR whenever f satisfies the (PS),. condition for every point
cel.

Theorem 6.1. Assume that X = X1 @& Xy where dim X; < co. Moreover,
X, =Vi @ R%e with e # 0. Suppose there exists R > 0 such that

sup f<inff and —oo<a:= inf f.
8BRﬂX1 X2 ]R:+5@X2

Denote b:=supg,nx, f. If f satisfies the (PS) condition on [a,b] then f admits
two distinct critical points ug and u; such that

0 < flup) < sup f<inff< flun)<b.
0BRrNX; Xo

Proof: The critical point u; is given by the Saddle-Point theorem (that is
by a specialization of Theorem 5.3 with Q :=BrN X1, 0Q:=0BrNX1, S:=X5
and A:=10).

On the other hand, choose now Q:=0Br N X1, 0Q:=0, A:=X5 and
S:=Rte® Xo. It is proved in [Fe] that Q and S link homotopically throught
0Q in X\ A and thus Theorem 5.3 provides the second critical point ug. The
theorem is then proved in case f(ug) < f(u1) holds.

Suppose now that f(ug) = f(u1). Then we have f(uo) = supgp.nx, f =
infx, f = f(u1) and the statements in (ii), (iii) of Theorem 5.3 show that
ug € 0BrN Xy and u; € Xo. In particular ug # u; and this completes the
proof. n

We turn now to the “local linking” theorem in [MMP]. Given positive con-
stants Ry and Ry we let By := Bpr, N X1 and By := Bpg, N X3. The corresponding
spheres in X7 and in X» are denoted 0B and 0B respectively.

Theorem 6.2. Assume that X = X1 @ X where dim X7 < oo and that
there exist positive constants R and Ry such that

su <inf f <su < inf f .
aBE)f_Bzf_ Blpf_aBQf
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If f satisfies the (PS) condition on [infp, f,supp, f]| then this interval contains
a critical value of f.

Proof: Let Q:=By, 0Q:=0B;, A:=0By and S:=Bs. It is proved in
[MMP] that the required linking condition is verified and then the conclusion
follows readily from Theorem 5.3. n

We end up with the Linking theorem of Rabinowitz [Ra, page 28]. We assume
X = X; ® Re @ Xy where |le] = 1 and X is finite dimensional. For given
constants R, R > 0, define Qo : = B1®10, R]e where B; denotes the ball B, NX].
Also, for given p > 0, denote By :={u € Re® X3 |[u|]| < p} and let 0Qq, OB2 be
the corresponding boundaries in the spaces X; @ IRe and IRe & X5 respectively.
Now we may state the following version of a multiplicity result in [MMP, Theorem
3.6].

Theorem 6.3. Assume that X, is finite dimensional and that, for some
0<p<RandR; >0,

su < inf and —oo<inff.
up /< jof f nf f

If f satisfies the (PS) condition on [infp, f,supg, f] then there exist two distinct
critical points ug and w; of f such that

ingf < fluo) < (salggf < })%Ef < fur) <sup f .

Qo

Proof: The critical point u; is given by Rabinowitz’s theorem (this is a spe-
cialization of Theorem 5.3 by letting Q := Qq, 0Q :=0Qg, S:=09By and A:=0).
The existence of ug can again be deduced from our theorem by taking @ := 0Qy,
0Q:=0, S:=By and A:=0DBs; indeed, it is proved in [MMP] that the linking
condition is fullfilled.

To end the proof observe that if f(ug) = f(u1) then again both (ii) and (iii)
in Theorem 5.3 imply that ug € 0Qg and u; € 0Bs so that ug # ui. m

7 — Historical note

Earlier works as those in [Br], [D] or [Sc] for example already use deformations
of gradient type. The pseudo-gradient vector fields were introduced by Palais [Pa].
The condition (C') of Palais and Smale, here called (PS) condition, appears in
[PS], and goes back to Krasnosel’skii book [Kr].
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Both Theorem 3.1 and Corollary 3.2, 3.4 are quantitative versions of a theorem
of Clark [Cl], due to Willem [Wi]. Our exposition is slightly different and was
inspired by the one in Brézis and Nirenberg [BN], to whom we owe Corollary 3.3.

The first two theorems in section 4 were taken from [Wi] (those are classic
results that already appeared in the literature), Theorem 4.3 from Yihong Du
[Du] and Theorem 4.4 from Silva [Si]. Theorem 4.5 was proved by Marino and
Prodi [MP] in the case of a C? functional, see also [Ch]. Theorem 4.6 is a version of
a result of Majer [Ma] while Theorems 4.7 and 4.8 were taken from corresponding
results of Bartolo, Benci and Fortunato [BBF| (where the authors make use of
a variant of the (PS) condition due to Cerami [Ce|), and of Séré [Se| (see also
[CES]).

For some textbooks with many developments and applications, we mention
[Co], [MW], [Ra], [So], [Wi] and [Ze].

The idea of an “homotopical index” already appears with Benci and Ra-
binowitz [BR]. A different definition was proposed by Silva [Si], see also [Te].
A somehow dual notion is the relative category, an extension of the Lusternik-
Schnirelmann category introduced by Fournier and Willem [FW], see also [FLRW].

Theorem 5.1 is an improved version of Theorem 1 in [BN] while Theorem 5.3
is a version of Theorem 1 in [Gh]. The general formulation of the latter theorem
allows to prove in a unified way the examples in section 6; Theorem 6.1 is due to
Feireis] [Fe] while the other two were proved by Micheletti, Marino and Pistoia
[MMP] (Theorem 6.2 was proved by Castro [Ca] in the case X; has dimension
one; the geometrical setting of the theorem — the so called “local linking” — was
first studied by Li and Liu [Li], [LL]).
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