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MEASURES OF WEAK NONCOMPACTNESS
IN BANACH SEQUENCE SPACES

JozEF BANAS and ANTONIO MARTINON

Abstract: Based on a criterion for weak compactness in the ¢ product of the se-
quence of Banach spaces F;, i = 1,2,..., we construct a measure of weak noncompactness
in this space. It is shown that this measure is regular but not equivalent to the De Blasi
measure of weak noncompactness provided the spaces E; have the Schur property. Apart
from this a formula for the De Blasi measure in the sequence space co(E;) is also derived.

1 — Introduction

The notion of a measure of weak noncompactness was introduces by De Blasi
[5] and was subsequently used in numerous branches of functional analysis and
the theory of differential and integral equations (cf. [1, 2, 3, 7, 8, 11], for instance).

In order to recall this notion denote by E a Banach space with the norm || ||
and the zero element 6. Let B(zg,r) stand for the closed ball centered at zp and
with radius r and let B = B(6,1).

Next, denote by Conv X the closed convex hull of the set X, X C E. More-
over, let Mg denote the family of all nonempty and bounded subsets of F and
WE its subfamily consisting of all relatively weakly compact sets.

The measure of weak noncompactness of De Blasi [5] is defined in the following
way:

B(X) = inf{s > 0: there exists a set Y € Wg such that X C Y + EBE} ,

where X € Mp. This function possesses several useful properties [5] (see also
below). For example, 3(Bg) = 1 whenever F is nonreflexive and f(Bg) = 0
otherwise.

There exists also an axiomatic approach in defining of measures of noncom-
pactness [4]. Let us recollect this definition.
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Definition. A function p: Mg — Ry = [0,00) is said to be a measure of
weak noncompactness in F if it satisfies the following conditions:

(1) u(X)=0& X € Wg;
(2) X CY = u(X) < u(Y);
(3) p(Conv X) = u(X);
(4) p(X UY) = max{u(X), u(Y)}:
(5) n(X + Y) < (X)) + p(Y);
)

i
(
(
(6) j(cX) = [e| u(X), c € R.

7
I
(e

Let us mention that in the paper [4] a measure of weak noncompactness in
the above sense is called to be regular.

Notice that De Blasi measure § is a measure of weak noncompactness in this
sense and has also some additional properties [5]. However, for any measure p
the following inequality holds [4]

(1) w(X) < p(Bg) BX) .

Finally, let us recall [4] that each measure of weak noncompactness satisfies also
the Cantor intersection condition.

2 — Main results

At the beginning let us establish some notation. Assume that (E;, | i),
1 =1,2,..., is a given sequence of Banach spaces. Fix a number p, 1 < p < oo
and consider the set of the sequences x = (x;) such that z; € E; forany i =1,2,. ..
and Y72 ||lz;||? < co. Denote this set by ¢P(E1, Es,...) or shortly by ¢P(E;). If

we normed it by
> 1/p
lzll = ol = (3 llill?)
=1

then it becomes a Banach space [10, 12].
Similarly, let ¢o(E;) denote the space of all sequences = = (z;), x; € F;, with
the property ||z;||; — 0 as i — oo and endowed by the norm

Il = l1e2) ) = mac{ sz i = 1,2,....}

Further, let e, denote the canonical projection of one of the spaces ¢(P(FE;),
co(E;) or (P(Ey, Ey, ..., E,) onto the space F, i.e. ex(z1,x2,...) = x. Observe
that ek(Bp) = ek(B()) = BEk, where Bp = ng(Ei) and BO = BCO(E@')‘
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In what follows we shall need the following theorem.

Theorem 1. A subset X of the space (P(E;), 1 < p < o0, is relatively weakly
compact if and only if

(a) X is bounded;
(b) the set ex(X) is relatively weakly compact in Ey, for any k=1,2,....

This theorem comes from [12], where the case Ey = E, k = 1,2,..., was
investigated. Reapeting step by step the reasoning from [12] we can easily obtain
the proof of Theorem 1.

In order to define measures of weak noncompactness in the space ¢?(E;) let
us assume that 3; is De Blasi measure in the space E;, ¢ = 1,2,... and let (3,
denote De Blasi measure in (P(Ej;). Further, for X € My (g, let us put

(2) u(X) = sup{Ba(en(X)): n =1,2,...} .
Then we have the following theorem.

Theorem 2. The function u is a measure of weak noncompactness in the
space (P(E;), 1 < p < oo, such that u(X) < B,(X) for any X € M (g,).

Proof: Notice first that when all the spaces E; are reflexive then ¢P(E;)
is also reflexive [10], so in view of Theorem 1, we have that u(X) = 0 for any
X € Mgp( E;)-

Let us suppose that at least one of the space F; is nonreflexive. Then taking
into account the properties of the function 8 we can easily infer that the function
u satisfies all the conditions of our Definition (in fact, the condition (1) is a
consequence of Theorem 1).

Finally, let us notice that Gy(ex(By)) = Br(Bg,) = 1 at least for one natural
number k. Thus we deduce that p(B,) = 1 and by (1) we obtain that u(X) <
Bp(X). This complete the proof. m

In the sequel we are going to show that the measure of weak noncompactness
defined by (2) has not to be equivalent to De Blasi measure (3.

First, let us recall that a Banach space E is said to have Schur property if
weakly convergent sequences in F are norm convergent. For example, the classical
space ¢! has this property [6].

In what follows we shall need the following two lemmas.

Lemma 1. Let E be a Banach space having Schur property. Then a set
X C FE is weakly compact if and only if X is compact.
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Lemma 2. Let Ey, Es, ..., E, be Banach spaces with Schur property. Then
the space (P(E1, Es, ..., E,) has also Schur property for 1 < p < co.

We omit trivial proofs of the lemmas.

Starting from now on let us assume that (E;, || ||;) is a sequence of Banach
spaces being nonreflexive and such that every space E; has Schur property. Then
we have the following theorem.

Theorem 3. Under the above assumptions the measure of weak noncom-
pactness p in the space ¢P(E;) defined by (2) is not equivalent to De Blasi measure

By (1 <p<o0)
Proof: Suppose the contrary. Then there exists a constant ¢ > 0 such that
(3) ¢ Bp(X) < u(X)

for any X € My (g,).
Now, consider the sequence (X,,) of subsets of /P(E;) having the form

Xn:{:c:(xl,xg,...ja:n,G,O,...): x1 € Bg,, ..., xneBEn} ,
forn =1,2,.... Obviously we can write
Xn =Bg, X Bg, X...x Bg, x{0} x {0} x ...

which implies that we can treat X, C P(Ey, Es,...,E,). Particularly we have
that e;(X,,) = Bg, (i =1,2,...,n) and consequently

n(Xn) =1
for n =1,2,.... Thus, in virtue of (3) we get
(4) Bp(Xn) <1/c

forn=1,2,....

Further, let us choose an integer n such that n'/? — (2/¢) > 0 and take € > 0
such that n!/? — 2 (% + 5) > 0. By (4) we can find a relatively weakly compact
set W, in the space ¢P(F;) such that

1
X, CW, + (C + 5>ng(Ei) .
In view of the remark made before, instead of the above inclusion we may write

1
(5) X, CW, + <E + 5) BKP(ELEQ,---aEn) ’
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where W, is treated as a relatively weakly compact set in the space
Ep(E17E27 s 7En)

Now, fix arbitrarily ¢, 1 < ¢ < n. In view of generalized version of Riesz
lemma [9] we can select a sequence (x%) C Bp, such that

(6) ), — @ > 1

for k#m, k,m=1,2,... and for every i =1,2,...,n.
Next, consider the sequence (yx)rew of points from X, of the form

Yn = (b, 22,...,20,0,0,...),
k=1,2,.... Taking k # m and keeping in mind (6) we derive

= ; ; 1/p
195 = Ymll = 9 = mllev(20 oy = (3 2k = wialF) > 017
=1

On the other hand in view of (5) we can find wy, € Wy and zx € B (g, k... E,)
(for any k =1,2,...) such that

1
ykzwk-f—(C-f-E)Zk.

Hence, taking k # m we obtain

1
lwe — wmlleey,.. B0 = |k — Ym) — ( = +€ ) (26 — 2m)
¢ gp(Elv---vEn)

1
> e = vl — (5 4 €)1k = 2mlor.c.
1
>nl/P — (C + 5) 2 — Zm)||£P(E1,...,En) .

Consequently

1
||’U)k — wm”fi"(El,-..,En) > nl/p — 2(0 +5) >0

for k,m=1,2,..., k #m.
Thus we lead to a contradiction because in view of Lemmas 1 and 2 the set W,
is relatively compact in the space (P(E1, Es, ..., E,). This complete the proof. m

In the sequel we shall deal with a measure of weak noncompactness in the space
co(E;). Similarly as before let 3 denote De Blasi measure in Ey (k= 1,2,...)
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and [y stand for this measure in the space c¢o(E;). For further purposes denote
by dj the operator acting from co(E;) into itself defined by

dk(l') = dk($1, o, .. ) = (9, 9, ceey (9, ThyTl41y - - ) .

Finally, define for X € M, co(Ey):
a(X) = Sup{ﬁn(en(X)): n=12,.. } ,
b(X) = inf{ﬁo(dn(X)): n=1,2,.. } ,

(X) = max{a(X),b(X)} .
Then we have the following theorem.
Theorem 4. [Gy(X) = v(X).

Proof: Let us take an arbitrary number r > ~(X). Then there exists a
positive integer n such that

Boldn(X)) <7
which implies that we can choose a subset W € W, (g,) with the property

(7) dn(X) CW+rDBy.

Without loss of generality we can assume that W = d,,(W).
On the other hand Fy(ex(X)) < r for any k =1,2,...,n — 1 which allows us
to deduce that there is Wj, = Wpg, such that

(8) €k(X) C Wi+ TBE;C

for k=1,2,...,n— 1.
Now, keeping in mind (7) and (8) we infer that

X C ((Wi+7Bp,) x - x (Wa1 +7Bg, ;) x {0} x -+-) + W + 7By
and consequently
2 C (Wi X Wa xoe X Wiy x {0} x-+) + W + 7By .
Hence, by the properties of De Blasi measure we have

fo(X) <7

which means that
Bo(X) <~(X) .
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In order to show the converse inequality take r > (5y(X). Then we can find a
set W € W, (g,) such that X C W + rBy. Hence we have

Br(en(X)) < Bu(en(W)) + 1 Br(en(Bo)) <7

for n =1,2,.... Consequently

which gives the desired inequality and ends the proof. m
Let us notice that d,,(X) D di(X) for n < k which implies that

b(X) = lim fo(dn(X)) -

n—oo

Finally observe that from Theorem 4 we obtain the following criterion for
weak compactness in the space c(E;).

Corollary 1. A subset X of the space co(E;) is relatively weakly compact
if and only if

(i) X is bounded,

(ii) the set ey (X) is relatively weakly compact in Ey for any k = 1,2,...,
and

(iii) for any € > 0 there exists a positive integer ng such that (By(d,(X)) < e
for n > ny.

Corollary 2. Let X be a subset of the space co(F;) satisfying the conditions
(i), (ii) of Corollary 1 and instead of (iii) the following one

(v) Jim [sp [masc{ s &2 m)]] =0
Then X is relatively weakly compact.

Indeed, notice that

sup {max{”xkﬂk: k> nH = ||d(X)] -

zeX

Thus in view of the inequality

Bo(dn (X)) < [|dn(X)]|

we infer that X satisfies the condition (iii) of Corollary 1.
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