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CATALAN’S IDENTITY AND CHEBYSHEV POLYNOMIALS
OF THE SECOND KIND

GHEORGHE UDREA

Abstract: Let (U,)n>0 be the sequence of Chebyshev polynomials of the second
kind and (F,)n>0 the sequence of Fibonacci numbers. In the present work we prove
some analogous of the Catalan’s identity and generalize some identities for Chebyshev
polynomials.

1. The Catalan’s identity for Fibonacci numbers is
(1.1) Foyp Fypp+(-1)"7"-F?2=F?,
where Fp =0, Fi =1, F,=F, 1+ F, 9,n>2,nreN,n>r.
The analogous of this identity for Chebyshev polynomials of the second kind

can be considered the identity

(1.1 Unr1 - Upsr 1 + U1 =U2_,, n>r nrecN*.

Proof: One has
Up(z) =1, Ui(z) =2z, Upt1 =2x-Up(z)—Up_1(z), (V)neN*, (V)zeC.
On the other hand,

sin ne

Un—1(cosp) = Mee€, sinpg#0, (V)neIN*.

singp ’
Since for any z € € (3)¢ € € such that x = cos ¢, one has

Unro1(2)-Ungro1 (@) U2 (@) = Unr-1(€08 @) -Upr—1(cos 9) + U2 (cos ) =
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sin(n+7)p sin(n—r)e n sinre  sin(n —r)p-sin(n +7r)p +sin’re
sin ¢ sin ¢ sin?p sin? ¢ B

€Os 2rp — cos 2np
2

sin? o 2sin? o

: 2
_ (sinnp\® e
= ( g ) =U;_1(cosp) =U;_1(z) . u

;2
+ sin“rep (1 — 2sin?rp) — (1 — 2sin? np) + 2sin ro _

Let us remark that, from (1.1'), one obtains the identity (1.1), since Uk(%) =
i* . Fpq, k € IN, where 42 = —1.
If, in (1.1"), one puts r 4+ 1 instead of r, one obtains

(1.2) Unro - Uppr + U =U2_, ,

for n,r € IN* and n > r + 1.
By adding (1.1") with (1.2), it results

(13) Un—r—l . Un—i—r—l + Un—r—2 : Un+r + U',? + Ur271 =2 U72Lfl )

n,r € N*and n > r + 1.
If one subtracts (1.2) from (1.1’), one has

(1.4) Un+r71 Uper—1 —Up_p_o - UnJrr = U»,, n,r IN* and n>r+1 ,

since U2 — U2 | = Uy, (V) r € IN*, as one concludes by taking into account ‘Echat
sin kp
sing °

for every x € @, there is some ¢ € € such that Uy_1(x) = Ug_1(cosp) =
From (1.3) and (1.4), it results, for r =1,

(1.3") Upo-Up+Up3-Upy1 +42*>+1=2-U2,, neN, n>3,
(1.4) Upo-Up—Up3-Upy1 =42> -1, (Mze€, (V)nelN, n>3.
If we put z = % in (1.3') and (1.4'), we obtain

(1.3") Foi-Fojy1+Fyo-Fro=2-F2, nelN, n>2,
and
(1.4’/) Fo_1- Fn+1 —F_9- Fn+2 =2 (—1)”, nelN, n>2.

These results are also obtained in [2].
On the other hand, from (1.3’) and (1.4), one deduces

2
2 U2 = ()] = (0? = 1) =4 Uny Unoo Un - Unia
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(1.5) UL, —(4a®+1)- U2 | +42% =
=Up-3-Un2- Uy -Upy1, zreC@, nelN, n>3.

For z = %, from (1.5), it results

(1.5 F'-1=F, 9-Fy 1 -Fuy1-Fuio, nelN, n>2.

This result was stated by E. Gelin (Nouv. Corresp. Math., 6 (1880), p. 384)
and proved by E. Cesaro (ibid., pp. 423-424; see [1], p. 401):

“The fourth power of the middle term of five consecutive terms of the sequence
(Fy)k>o0 differs from the product of the other four terms by unity”.

2. Let us denote m = n —r € IN*. The identity (1.1’) can be written as
follows

(2.1) Un-1-Unior1 + U2, = UfnJﬂ,_l , m,r € IN*.
From (2.1), we obtain
U;}—l = (Ur2n+r—1 - Umfl : Um+2r71)2
= (U72n+r—1 +Un-1- Um+2r—1)2 -4 U’I?’L‘F’I"*l “Um—1- Um+27‘—1 ,
ie.,
(2'2) 4- Um—l : Um+2r—1 : U72n+r—1 + U,il_l =
= (Ugw—i-r—l +Um-1- Um+2r—1)2 > m,r N* .

For x = % and r € {1,2}, from (2.2), it results that the integers P, =
4-F,, - F%H cFpyo+1land Qn, =4- Fpy, - FHQHQ - Fipyq + 1 are squares for any
m € IN.

Also, we have the identity:

(23) Un—l : Un+27‘ + Ur—l : UT = Un—i—r—l ’ Un+7‘ ) rne IN* .

For x = 5, one has
(23,) Fn'Fn+2r+1+(_1)n'Fr'Fr+1 :Fn—l—r'Fn—l-r—O—la n>r€N .

This generalizes a result stated by E. Gelin and proved by E. Cesaro, men-
tioned in [1], p. 401:
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“The product of the means of four consecutive terms differs from the product
of the extremes by +1”

(in (2.3") one puts r = 1).

By (2.3), it results
U7«2 : Uf?—l = (Un—i-r—l . Un—i—r + Un—l : Un+2r)2 —4. Un—i—r—l : Un—H“ . Un—l : Un+2r )
or

(24) 4 Un-1 Ungr—1 - Unsr - Unsor + U2 - UF =
= (Un-‘,-r—l ' Un—i—r + Un—l ' Un+r)2 ) n,r e IN* .

From (2.4), one has, for x = %,

(2'4/) 4'Fn'Fn+r'Fn+r+1'Fn+2r+1+Fr2’Fr2+1:
:(Fn—H"’Fn+r+1+Fn'Fn+2r+1)27 n,r € IN.

The identity (2.4") is a generalization of the two results obtained in [3], p. 344,
namely, the numbers H, = 1+4-F,-Fj,41-Frhio-Frysand Ly, = 1+ F, - FpoF 13-
F, 5 are squares (V)n € IN.

3. In [5] D. Everman, A.E. Danese and K. Venkannayah give the following
generalization of the Catalan’s identity:

(31) Fn'Fn+T+S+(—1)n'Fr 'FS :Fn+T 'FTL-I—Sa (V) n,r,s e IN .
Now, the identity (3.1) follows from the identity

(31/) Unfl'Un+r+571+Ur71'U571 = Un+r71'Un+571 , N,T,S € ]N*a reC.

Proof: Let be x = cosp, ¢ € €C; one has

Un-1(2) - Unyrys—1(x) + Up—1(z) - Us_1(x) =
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= Un-1(c08 ¢) - Unyrrs—1(cos ) + Up—1(cos @) - Us—1(cos p)
sinng - sin(n +r + s)p + sinry - sin sp

sin? ¢
cos(r + s)p — cos(2n +r + s)p N cos(s — r)p — cos(s +1)p
2sin? o 2sin®

cos(s — 7)o —cos(2n + 1+ s)p  sin(n 4 7r)p - sin(n + s)p
2sin? ¢ B sin? ¢

sin(n+r)e sin(n + s)p
sin ¢ sin ¢

= Unyr-1(cos ) - Upys-1(cos ) = Unyr—1(2) - Upgs—1(x) . m

From (3.1"), one obtains

Ug_l ' U52_1 = (Un—l—r—l ’ Un+s—1 + Un—l ' Un+r+s—1)2
-4 UnJrrfl : UnJrsfl : Un+s+r71 ’ Unfl )

and further, it results

(32) 4- Un—l : Un+r—1 ' Un+s—1 ' Un+r+s—1 + Uffl : U5271 =
= (Un+7‘—1 ’ Un+s—1 + Un—l : Un+r+s—1)2 ) n,r,s € IN* .

Now, for z = %, from (3.2), it results

(32") 4-F, Fyip-Frys Fuipys + F2-F2 =
:(Fn'Fn+r+s+Fn+r'Fn+s)27 n,r,sG]N.

This result is a generalization of the identities that can be obtained from (2.2)
and (2.4). From (3.2), it results also that the natural numbers

Tnms(ﬂ?) =4 UnJrT‘fl(-’E) : UnJrsfl(:C) : Un,1($) : Un+7«+s,1(l’)
+ Uffl(x) . Uf,l(x), ze€IN, n,r,s € IN*,

are squares.

4. If, in the identity (3.1’), we have change s by s+t and r by r + ¢, we
obtain

(41) Un—1- Un+r+s+t71 +Ur—1- Us+t71 = Un+r71 : Un+s+t71
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and, respectively,

(4.2) Up—1 - Upsrssit—1 +Us—1-Upsi—1 = Upss—1 - Ungrt—1, mn,r,s,t€IN*.
Also, one has

(4.3) Up—1 - Upirgstt—1+ U1 - Upjs—1 = Upyi—1 - Ungrys—1, n,rs,t€IN".
By adding (4.1), (4.2) and (4.3), it results

(4.4)  3-Upn—1 - Unyrgstt—1 +Ur—1 - Uspp1 + Us—1 - Uppy1 + Uyt - Upgs1 =

= Uptr—1 " Ungstt—1 + Unts—1 - Unprgt—1 + Unti—1 - Unqrgs—1 -
By multiplying the identity (4.4) by U,_1, it follows
(4.5) 3-U2_1 Upyristt—1 =3 Unir1-Unrs1-Upry-1 — (A+ B -Up_1) ,
where

A=Up1-Us1- Un+t—1 +Us—1-Up—1- Un—i—r—l +Ui—1-Up—1- Un+s—1 ’
B=U—1 - Usp4-1+Us—1 - U411+ Upys—1 - U1,  n,,s,t € IN" .

For z = %, in (4.5), it results the identity (4.1) in [3], p. 347.
On the other hand, from (4.5), it follows the identities:

(46) (Ug_l ’ Un+7‘+s+t71 - UnJrrfl : UnJrsfl : Un+t71)2 = : (A +B- Un71)2

O =

and
1

(47) 4- U,,%_l . Un+r71 : UnJrsfl . Unthfl : Un+r+s+tfl + § . (A + B Un71)2 =

= (U3_1 : Un+r+s+t—l + Un-l—s—l . Un+r—l . Un-l—t—l)2 ) n,r,s, teIN*.
For t =0, one has

1
(48) 4. U’r?z—l : Un+r71 . UnJrsfl : Un+r+371 + § . (A + B Un71)2 =
= (U3_1 : Un+r+371 + Unfl : UnJrsfl : Un+r71)2 5

where

A= Up—1-Up_1-Us_1 (Ufl(.%) =0= Fo, T € C) R
B:2'Ur—1'U8—17
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or, equivalently,
Uy Unirt Uniot - Unirsot + 5 (3 Una - Uy - Uy ) =
= (U2, Untris1 +Un1-Unyr1-Unis—1)*,
For z = % in (4.9), it results
(4.9) 4-Up - Unir1-Unss1 - Upprps1 + Uiy - UPy - U2y =
= (U2 | Upirss1+Un 1 -Upirys1-Unis1)®>, mn,rseIN*.

following directly from (4.7), one has the

Theorem. If (Uy,)m>0 denotes the sequence of Chebyshev polynomials of
the second kind, then the integers

(4.9) 4-F3 - Fnoyp Foig-Fpyprs + F2-F? . F, =
=(F2 . Fpyrys+ Fn-Fuyr-Fnys)?, n,rseIN.
where A and B are defined by the relations
A= Un-i—r—l : Us—l : Ut—l + Un+s—1 : Ur—l ' Ut—l + Un+t—1 : Ur—l : Us—l

and

B = Ur—l ' Us+t—1 + Us—l : Ut+7‘—1 + Ut—l : Ur+s—1 )

are perfect squares, for (V)n,r,s,t, © € IN*.
That is in fact a generalization of Theorem 3, given in [3], p. 348.
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