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A STATIONARY STEFAN PROBLEM
WITH CONVECTION AND NONLINEAR DIFFUSION

JosE MIGUEL URBANO

Abstract: We consider a stationary two-phase Stefan problem with prescribed con-
vection and prove existence of bounded solutions. The main features of this problem are
a nonlinear constitutive law of diffusion involving the p-Laplacian and a discontinuous
nonlinearity in the convection term due to the change of phase. The basic approach

consists of using monotonicity techniques and an extended weak maximum principle.

1 — Introduction

The Stefan problem has been extensively studied by many authors and is still
a fruitful area of research in mathematical physics. In general terms, it consists
of determining a temperature field and the phase change boundaries in a pure
material (see [4] or [6] for an introduction to the Stefan problem). In this work
we study a stationary two-phase Stefan problem with prescribed convection from
the point of view of the existence of solution.

We consider an incompressible material ocupying a bounded domain Q ¢ RY
(N =2or N = 3), with two phases, a solid phase corresponding to a region ¥
and a liquid phase corresponding to a region A. The two phases are separated
by a solidification front ®, which is a priori unknown, thus a free boundary, and
bounded by the fixed boundary of the domain 0€2. We restrict ourselves to the
stationary case and will make use of the Boussinesq approximation, assuming a
constant density which will be taken p = 1, for simplicity. We also prescribe the
velocity field v, which must then satisfy the incompressibility condition V-v=0.
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The temperature of solidification at ® is assumed to be constant and after renor-
malization we can consider it to be zero.

In this setting, the equation of conservation of energy, which is the appropriate
conservation law to consider here, reduces to

(1) v-Ve=r—-V-.q,

where e is the specific internal energy, r a density of heat, including the dissipation
effects, and q the heat flux.

Introducing the specific constitutive relations of the material, we relate the
energy e and the temperature 6, by

(2) e(0) =b(0) + Ah(0) for 6#£0,

where b is a given continuous function, A = [e]” > 0 is the latent heat of phase
transition, with []* denoting the jump across the free boundary and h is the
Heaviside function.

The relation between the heat flux and the temperature is described by a
generalized Fourier law,

(3) a=—-kV0=—|VOIP VO, 1<p<oco,

with k = k(V0) representing the thermal conductivity. For p = 2, (3) reduces to
the usual Fourier law.

We then have that, in the solid region ¥(0) = {# < 0} and the liquid region
A(0) = {0 > 0}, equation (1) takes the form

(4) v-Vb(0) =7+ A0 in N(0)UA®)

which is the stationary heat equation with convection, where A,0=V{|V8|P~2 V)
is the p-Laplacian.

On the free boundary @, in addition to the condition # = 0, we have the
Stefan condition, which represents the balance of heat fluxes

() @] n= {—\V9!p_2V0r_r-n:—)\v~n on ®={0=0},

where n is the unit normal to ®, pointing to the liquid region.
This formulation of the problem can be generalized if we condensate (4) and
(5) into the single equation

v-Ved)=r+A,0 in D(Q),
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in which all references to the free boundary have disappeared. For details, see
[6].

Finally, we must specify the boundary conditions for the temperature on 0f2.
We will consider 92 divided into two components I'p and I'y, and take mixed
boundary conditions:

(6) f=60p on I'p,
which is a Dirichlet condition, and
(7) ~q-n=(|V0">V0) -n=g(z,0) on Iy,

that specifies the value of the conormal derivative, with g(x, ) a given function
on I'y and, here, n the unit outward normal to I'y.

For technical reasons, we shall assume that the velocity field satisfies an ad-
ditional geometrical restriction:

(8) v-n=0 on I'y.

The paper is organized as follows. In section 2 we define a concept of weak
solution, via the variational formulation, since classical solutions are not expected.
The proof of the existence result is the object of section 4 where we approximate
the problem, regularizing some data, and then pass to the limit to obtain the
solution. We basically use monotonicity techniques.

Section 3 is devoted to the study of the existence and uniqueness for a class
of convection-diffusion problems that includes the approximated problem as a
particular case. We generalize for any 1 < p < oo, the result presented in §5 of
[5], corresponding to the case p = 2. The existence theorem is based on an a
priori estimate, classical results for monotone operators and the application of
Schauder fixed point theorem. For the uniqueness, we combine the results of [2]
for p > 2 with the results of [1] for 1 < p < 2.

2 — The variational formulation and the existence result

We will assume Q to be a bounded domain in R”, with 9Q € C%! such that
00 =T'ny UTp, with I'y and I'p relatively open in 09 and fFD do > 0, where o
represents the surface measure over 9€). We also take 1 < p < oo.

Since classical solutions are not expected, we introduce a notion of weak so-
lution through the variational formulation of the problem. We considered mixed
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boundary conditions, so the appropriate space of test functions is
{5 e WHP(Q): €=0on FD}

with the norm |||y, = HV&H[U,(Q)]N. As a closed subspace of W1P(Q), V,, is a
reflexive Banach space for this norm, which is equivalent to the usual norm of
WP(Q), due to the following extension of Poincaré inequality, valid for 1 <p < oo:

©) 3ao> 05 [€lirer < co | VElpmayy + VEEVp

Integrating formally by parts equation (4), with £ € V,, and taking into
account (5) and (7), we get

(10) /vaeyp—Q ve-vg+/9[v-vz)(9)]§—/ﬂr(:c,9)g:

_ A(UW’H vo] " n)e+ /FN (IVoP2ve-n)¢

= [ovemes [ g,
[

'y

Recalling that, by assumption, V-v = 0in ) and v-n = 0 on I'y, and
denoting by x(g) the characteristic function of the liquid zone, we can write

/wa)(v-vg)—/Aw)vwfv)—/{9“9)<£v>~n—[1><v-n>§,

and also,

Liv-vu@le= [ 1v- @@=~ [ po)- ve.

Then (10) becomes, V¢ € V),
(11) /Q{\ve\H V0 — [b(6) + Axa] v} - VE - / ra0)e= [ oo,

As usually in the weak formulation for the Stefan problem, we replace the
characteristic function x (), in the above equation, by a function x which is in
the maximal monotone graph H (), associated with the Heaviside function, i.e.,
x=1in A(f) = {6 > 0} and x = 0 in ¥(0) = {# < 0}. We allow, in this way, a
possible mushy region at {6 = 0}.
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Definition 1. We say that (6, x) is a weak solution of (4)—(5), with boundary
conditions (6)—(7), for A(6) = {x € Q: O(x) > 0} and X(0) = {x € Q: 0(x) < 0},
if

(12) 0 cWHP(Q)NL>®(Q), O6=60p onTp;

(13) XEL®Q), 0<xa0)<x<1—xx@ <1 ae inQ;

(14) /{|ve|f’*2 VO — [b(0) + Ax] v} - VE - / / , veev,.
Q

Remark 1. The free boundary ® is absent from this weak formulation but
can be recovered a posteriori as the level set ® = {z € Q: 0(z) =0} = IANIE .
This is a measurable subset of 2, which is closed if p > N, since by Sobolev
inclusion, 6 is then a continuous function.

In order to obtain existence of solution we need the following set of assump-
tions on the functions and for the data:

(A1) b: R — R is a continuous function;

(A2) r: QxR — R is such that r(x, ) is continuous and decreasing for each
x € €

(A3) r(-,t) € L (Q), for each t € IR;
(A4) IM > 0: r(z,t)t <0 for |t| > M, a.e. x € Q;

(A5) g: Ty x R — IR is such that g(z,-) is continuous and decreasing for
each x € I'y;

g(-,t) € LY (I'y), for each t € IR;

A6)
A7) g(z,t)t <0 for |t| > M, a.e. x € I'y;
)

(
(
(A8) v € [L¥ ()N | /Qv.vg:o,vgevp;
(

Ag) Op € Wl’p(ﬂ) and HeDHLOO(Q) < M.
We note that (A8) is the weak form of the condition for the divergence free
velocity vector field satisfying (8).

Theorem 1. Under the assumptions (A1)—-(A9) and (8), there exists at least
one weak solution for the Stefan problem, in the sense of Definition 1, such that
the temperature satisfies the estimate

(15) 0] o) < M .
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The proof, that we postpone to section 4, consists of passing to the limit in an
approximated problem that belongs to a class of problems that we study in the
next section from the point of view of the existence and uniqueness of solution.
For simplicity we will consider, from now on, §p = 0, remarking the necessary
changes for the non homogeneous case.

3 — A class of related convection-diffusion problems

Here we prove, under appropriate assumptions, existence and uniqueness of
solution for a class of nonlinear convection-diffusion problems. This result gener-
alizes for any 1 < p < oo, the result presented in §5 of [5], corresponding to the
case p = 2. The problem we will consider is the following;:

Problem (P): Find 6 € V,, such that

(16) /vaeyp”ve'vg—/ﬂr(x,e)g— g(z,0)€ =

I'n

:/QW(:(;,Q)-vg, VEE, .

The assumptions are the ones of the previous section with respect to r and g
and for the convective term W we assume that

(B1) W: Q x R — R" is a Carathéodory function;
(B2) sign(t) / W(y,t)-Vedy <0,¥EEVy: €>0in Q, Vi eR: [t > M;
Q

(B3) 3w € LP (Q) such that [W(y,t)| < wo(y), ae. y € Q, Vt € [-M, M];
(B4) 3k € LV (Q) such that [W(y,t) — W(y,s)| < k(y) |t — 5|, a.e. y € Q,
Vt,s e [-M,M].

Remark 2. As observed in [5], if for [t| > M, W(.,t) € W' (Q)]V,
assumption (B2) is equivalent to the double condition
sign(t) Vy - W(y,t) >0 ae. yeQ
and
sign(t) W(y,t) -n(y) <0 on Ty, [t|>M .

We start by defining an auxiliary operator for what follows, A: V,, — Vp/, and
showing that it possesses an interesting set of properties. For any 0,§ € V), we
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put

17 (A0 = [ Vol Ve Ve~ [ M@ a)e— [ oMo,

'y

where the truncated function of a function ¢ is defined by
oM (x,t) = <Z>(x,min{M, max(—M, t)}) .
Lemma. The operator A is bounded, hemicontinuous, strictly monotone
and coercive.

Proof: To show that A is bounded, use Holder inequality to get

(40,8)] < [ Vol e+ [ 1M @)l i+ [ 19"l il
Q Q I'n
< (ol + Crlirol g + Ca lgoll o gy ) 1€,
due to the trace theorem, the inequality of Poincaré and defining
ro(x) = max{|r(z, =M)|, |r(z,M)|} € IV (Q) ,

by (A3), and similarly go that belongs to L” (I'y), by (A6).
Next we show that A is continuous from V), strong to Vzﬁ weak, which implies
the hemicontinuity. Given a sequence u, in V,, we want to prove that

v
Uy > u = (Aup,w) — (Au,w), YweV,.
By the properties of the Nemytskii operators
VP2 Vu, — [VulP2Vu  in [LP(Q))Y,

and now the conclusion is imediate since we can deal with the other terms using
Lebesgue theorem, because u, (z) — u(z), a.e. z € Q, r and g™ are continuous
and 1™ (u,,) w| < ro|w| € LY(Q) and [¢M (u,) w| < go |w| € L} (Tx).

The strict monotonicity is a simple consequence of the assumptions (A2) and
(A5) and the following well known inequality, valid for 1 < p < oo and z,y € R":

(18) 3C, >0: Cplz—ylP < {(|$’P—2x7|y|p—2 y>_(x7y)]a/2 {|x|p+|y\1’}l_a/2 |

witha=pifl<p<2and a=2ifp> 2.



488 J.M. URBANO

For example, for 1 < p < 2, from (18), we obtain
lu =l

lall,” + llolly,

/ (\Vu!p_z Vu — |VolP~2 Vv) - (Vu —Vuv) > C*
Q

Finally, to show that A is coercive, we see, using the estimate obtained before,
that

(Ao, o)

v,

| et | e
ol - L > Jlolt;

—C — +o0
lolv,

when ||o[y;, — occ. n
The next result deals with the existence of solution.

Theorem 2. In the previous setting, there exists a solution for the problem
(P), that satisfies

(19) 16110y < M .

Proof: The result is based on the a priori estimate (19) and on the ap-
plication of Schauder fixed point theorem to a convenient operator defined in

LY(9).
e L>° a priori estimate: Taking & = (# + M)~ in (16), we obtain

(20) [ 19072 w6+ a0y =
Q
_ —/W(x,e)-V(e+M)— —/r(x,@)(@—i—M / 9(z,0) (6 + M)~ <0.
o) Q
In fact, denoting the set {z € Q: §(x) < —M} by {6 < —M}, we have

_/F g, 0) (0 + M)~ g(x,60) (0 — M) <0,

a /I‘Nﬂ{9<—M}
since, due to the monotonicity of g, § < —M = g(x,0) > g(x,—M) > 0 a.e.
x € I'y, because g(z,—M)(—M) <0, a.e. x € I'y. The same holds for 7. On the
other hand, defining the function Wj;: Q x R — IRY by

—-M
o / Wi(y,s)ds if t<—-M
Wm (ya t) = ! )

0 if t>-M
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we have, in {0 < —M},

o -M
V. - W, 0(x)) :/( (9 W), 5) ds = W, 0(2) - 96
0(x
Integrating over this set, and taking into account the definition of W,; and
Remark 2, we get:

21 - / Wz, 0(x)) - V(0 + M)~ de = / W(e,0(x)) - VO dz —
Q Qn{o<—M}

M
(Vy - W)(z,s) ds) dr <

— [ Vo - Wai(e,0(z)) dz + (
Qn{6<—M} Qn{o<—M} NJO(z)

< —/ Vo Wz, 0(2) de = — | Wz, 0(x)) - n(z) do =
Q I'n

-M
:—/ (/ W(a:,s)-n(:z:)ds)dago.
Ino{0<—M} N o(z)

If W (y,t) is not sufficiently regular in y, we need to argue with its regularization
by convolution with a mollifier in y, for each ¢ fixed, Ws(y,t) = (W (-, t)*ps)(y) —
W(y,t), d — 0, and then pass to the limit in the inequality corresponding to (21).
Therefore, noting that

[iver=ive+ P = | Vo
Q Qn{e<—-M}

= [V @+ )7 = 0+ M),
from (20) we get [[(6 + M)~ |y, = 0 and so (0 + M)~ =0 and 6§ > —M. The
inequality § < M is obtained similarly, taking £ = (§ — M)™ in (16).

e An auxiliar problem: Using a classical result of [4, p. 171], we conclude
from the Lemma that A is a one-to-one mapping from V), onto V;f. Therefore, the
nonlinear problem: given 7 € LY(2), find o € V, such that

(22) /Qyvayp—Qva.vg—/QrM(x,a)g—/ gM(z,0) € =

I'n

=/QWM<J:,T>-V£, VEeV,

has a unique solution, because if (f,&):= [, WM (z,7) - V&, we have f, € Vy-
Since (22) can then be written as Ao = f; , the conclusion is obvious.

e Schauder fixed point: Define the mapping
S: B, — B, with B,={r €L ): ||7llpq) < p}
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such that, to each 7 € LY(Q) corresponds o = S(7), the unique solution of
problem (22). The constant p is given by a suitable a priori estimate for that
solution. It is obvious that a fixed point of S, #* = S(6*), is a solution of (P),
since it also verifies the estimate (19). To obtain the a priori estimate put £ = o
in (22) to get

lolly, = [ Vol = [ W¥@.n) Yo+ [ Mao)ot [ gM@a)o<
P Q Q Q I'n
< ol @y 91, + 7ol gy Nl oty + 0l N lzocrny < C lllvs
and consequently |||y, < C/P~1 = C*. Finally,
lollrye) < Cllolly, <C"C*=p,

and S(B,) C B,.

It remains to show that S is compact, but since, for each 7 € L*(), we have
S(r) € WhP(Q) and the imbedding WP(Q) — L(€) is compact, it is enough
to prove that it is continuous. We first show that

1 V!

(23) TnL—>T - anan—Z))fTEf'

Due to the fact that W is a Carathéodory function ((B1)), we define the Nemytskii
operator

G: I'Q) — [PV
T — Gt with Gr(z) = WM(z, 7(x)),

which is continuous by (B3). Then:
1o = Fllvy < IWM (1) = WM (2 iy — 0.
To conclude, we prove that

fn if = S(mn) =on LN o=58(7).

We start by observing that Ao, = f, and Ao = f and consequently

(Aon, on) _ (fnron) _ [ fnllv: < C .

lonllv, — llonlly,

But A is coercive, so fately |o,[lv, < C" and there exists o* € V, such that

v
on = o*. Then, (Ao, — Ao, 0,—0) — (f—Ac, 0*—0c) = 0. Now, the strict
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monotonicity of A yields, for p > 2, (Ao, — Ao, op—0) > Cp |lon, — a||]€/p and for
1<p<2

lon — a3,

2= 2=
lonlly,? + llelly,

(Ao, — Ao, 0, —0) > C*

> Cllon - o,

since [|on |y, < C’. Therefore, |0, — ol|y;, — 0 and the proof is complete.

Remark 3. In the non homogeneous case, we can still get an existence result
applying the fixed point to the operator defined by the solution of the problem:
given 7 € LY(Q), find ¢ € WHP(Q) such that o = 0p on I'p and Ao = f,, with
A defined in WP(Q). We easily reduce this problem to the one we studied. In
fact, for ¢ = 0 — 0p € V), the problem can be written in the form

beV,: Ap=f,,

where ﬁw :=A(y+60p) is an operator defined from V}, to VI',’ for which the Lemma
is true. After determining v we recover o = ¢ + 0p.

Remark 4. For p = 2, we additionaly obtain the Holder continuity of the
temperature. In this case, |VA|P~2 V60 = V6, and the problem is essentialy the
studied in [5]. There, Shauder fixed point theorem is applied to an operator

S: B, — B, with B, = {7’ e C'(Q): ||T||CO(§) < k:} ,

defined by the unique solution of the linear problem: find o € V5 such that
[ vo-ve= [ M@+ [ Mg [wh)-ve, veer:.
Q Q I'n Q

The constant k is given by an estimate, due to Stampacchia [7], for the solution
of this problem:

(@9 lolcon@) < Cx (Iroll 3,0, + Iollzacey + ool o)) =

for an exponent 0 < v < 1 and assuming in addition ro € L% (), wy € L(£2) and
go € L*(I'y) with ¢ > N > 2 and s > N — 1. For the non homogeneous case we
still need to assume §p € C%(Q), with [|0p]|coa (@) taking part in the previous
estimate.

Concerning uniqueness, we deal with the cases 1 < p < 2 and p > 2 separately.
For the latter, we can apply the results of [2], also used in [5]. The former case,
1 < p <2, demands a different approach and we use some recent results from [1].
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Theorem 3. Problem (P) has a unique solution for 1 < p < 2 and also for
p > 2 if we suppose r strictly decreasing in the latter case.

Proof: For p > 2, with the notations of [3, §3, p. 148], we have here K =
V=V, f=0c Vp’ and we rewrite the problem in the form

0cV,: (B(2,0,V0),)=0, VE€V,,

with the nonlinear operator B: V), — Vp' given by

(B(:J;,@,VH),Q:/Q([|V0|7’_2 VO-W"(2,0)]-V¢—r(2.0)€) dz—[ g(x,0)¢do.
N

We easily find ourselves in the conditions of [2] since we have the strict coercivity
of B as an immediate consequence of inequality (18) for this case, and the strong
continuity property of B (assumption (1.9) of [1]) as a consequence of (B4).
Therefore, and since we are assuming t — r(+,t) strictly decreasing, the result
is now imediate. Due to the a priori estimate (19), it is still valid with W
replaced by W.

For 1 < p < 2, we follow the approach of [1], defining, for each ¢ > 0, the
function T, : IR — IR, given by:

s if |s|<e
e 2 it |s| > € .
Since T, € C(R), T." € L*(IR) and T.(0) = 0, we know that Vu € V,,, T.ou € V},
and that

Vu if Ju|<e

0 if |ul>e a.e. in .

(25) V(Teou) =T (u) Vu = {

If 6; and 6, are two solutions of (P) and ¥ = 61 — 02, we put £ = T, 0¥ in the
equations (16) corresponding to ¢; and 6, which is possible since T, o ¥ € V,.
Subtracting, we get

(26) /Q (IVOLP=> Yoy — V2"~ V0, - VTL(9) =
_ /Q[W(:c,ﬁl) — Wz, 0)] .VTﬁ(ﬂH/Q[r(x,el) o (x,60)] T.(9)

+ [9(2,01) — g(x,0)] Te(9) .
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Since g(z, ) is decreasing ((A5)), [g(x,01) — g(x,02)] T.(¥) < 0, which is obvious
if |9 < e and also true for || > € because, in that case, if ¥ > ¢ > 0, then
01 > 09 and T, () = € and if ¥ < —e < 0, then §; < 09 and T(9) = —e. A similar
reasoning holds for r. Defining the set Ac = {x € Q: 0 < |9(x)| < €}, where,
from (25), VT(¥) = V1, (26) yields

(27) / (IV6.P2 V6, — [Voo7~2 V) - Vo < / W (z,0:) — W(z,0)] - VO .
Ae Ae

The inequality (18), for 1 < p < 2, and assumption (B4) allow us to conclude,
from (27), that

Vo[*
28 c/ _/ k9| VY| <
(28) Ac [VOLPP 4 |V PP S
</ : O | [T 9 0
A ‘V91|2_p -+ |V02\2_p 2 Ae c 2 ’

with the last inequality being a consequence of the inequality of Young, ab <
pr %p +p71 %, with p = ¢ = 2 and p = /c (|V81[* 7 +|V62|* P)~1/2. To simplify,
put ¥y = [V61|> P 4|V |* P and ¥y = k2 ¥;. We show that ¥; and Wy belong
to L1(Q). In fact, since 6; € WHP(Q), i = 1,2, we have |V6;|P € L'(Q) and
so |VO;|* P e LP/C=P)(Q) ¢ LY(Q), since p/(2 — p) > 1 because 1 < p < 2.
Therefore, ¥, € L*(2). For Wy, it is enough to remark that k? € LP/?(Q) and
that ]% + 2%’“ = 1. Back to (28), we obtain

(29) | 5 VoF < [ valof <—/ v,

since |¥| < e in A.. Using the inequality of Cauchy—Schwarz, from (29), we obtain

@) [ VL= [ 1991 [ T e <

< (Y () () ([ w)

But (A). is decreasing and ﬂ Ae =0, 50 [A| — 0 (¢ — 0), and [, ¥; — 0
e>0
(e — 0), i =1,2. To complete the proof, fix 6 > 0. For 0 < e < d,

1
{zeq: @) >0} <|[{ze: p) > :;</Q |T€(q9)y—/{w|§6} 9]) <

/|T \<f/|v:r (/ w2)1/2([46w1)1/2 0 (e—0),
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using (9) and (30). Finally, since {x € Q: |[¥(z)| # 0} = U {x € Q: [¥(x)| =},
>0
we have

{z e @) 0} :%Lné’{er: ()| > 8} =0
and J(x) =0 a.e. z € Q, as desired. n

Remark 5. The assumption that r is strictly decreasing for the case p > 2
is necessary due to a counter example of [1].

4 — Proof of the existence of a solution

The proof of Theorem 1 consists of passing to the limit in an appropriate
approximated problem obtained after regularization of the data.

For each € > 0, we define the continuous function y.: IR — IR, given by

0 if T < —€
2t .
Xe(T)=4¢ 2+ — if —e<7<—€/2,
€
1 if T> —€/2

set rc(t) = r(t)—et and choose a function b € C%!(IR) such that b, — b uniformly
on compact sets as € — 0. Then, for each ¢, the following approximated problem
has a unique solution.

Problem (F;): Find 6. € V,, such that

61 [ {1V V0.~ b0 + Axc(] v} - Ve~ [ ri(b)¢ =

= /. 9(0) €, VEEV, .

In fact it belongs to the class of problems studied in the previous section with
W(z,t) = [be(t) + A xe(t)] v(z) ,

that trivially verifies assumptions (B1)—(B4). In addition we obtain the following
estimates, independently of e:

10cllv, < k1, [[0ellLoo(a) < M .
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Using the compactness properties of the functional spaces envolved, from these

Np —
estimates, we obtain subsequences such that, for ¢ — 0, and s < PP p<N,
(32) 0. — 60 in Vj,-weak, LP(Q)-strong, pointwise a.e. = € §2

and the corresponding traces in L*(I"y)-strong ;
(33) Xe(0e) = x  in L™(0Q)-weak * ;

for some limit functions 6 € V,, and x € L*(Q2). We use the same index for the
subsequences as usually and for simplicity.

To prove (13), we observe that since 0 < x.(6.) < 1, in the limit we also
obtain 0 < x < 1 a.e. in . From (33) and the fact that (6. + €)= — 6~ in L}(Q),
due to (32), we obtain

[0 @+ — [ xo.

Q )

But xe(0¢) (0 + €)= =0 and then xy 6~ =0 a.e. in 2. We conclude with
0~ >0 inX(l) = x=0 ae. inX(0),

so x < 1—xx() a.e. in Q. To obtain x > x(), we repeat the above reasoning
with 6. and 1 — x.(0,).

To pass to the limit in the equation for the temperature, we define
Hc(0:),H(0) € V, by

(34) (He(0, ) = [ [66)+ Axe0))v-Ve—e [ oc.

(3) (H(8).6) = [ [10)+ Ax]v- V.
Equation (31) can be rewritten in the form

(Ab, &) = (He(be), &), VEEV,,

with the notations of the preceding section and ignoring the truncations of r e
g, because of the a priori estimate in L for .. Since A is monotone, for any
v €V, we get

(Af. — Av, 0. —v) >0 <= (H(0.)— Av, 0. —v) >0 .

To pass to the limit in this inequality we observe that due to the a priori estimate
|0cl| Lo (@) < M and the assumed uniform convergence on compact sets b, — b,
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be(fe) is uniformly bounded and converges pointwise a.e. to b(f) in 2. From (AS)
we get
be(0)v — b(O) v in [LP(Q)]V .

But we only have A xc(6.) v — Ax Vv in [L=(Q)]V-weak *, so in [LI(Q)]V-weak,
Vq < o0, and He(0.) — H(0) but not strongly. The problem is then to deal with
(He(0c),0), since here both convergences are weak. To overcome this difficulty,
we pick a function K. € C'(IR) such that K!= ., and use the fact that K.(t) —t"
uniformly in IR to get

(36) /Qxﬁ(HE)V-VGE:/QV-V[KE(HE)]:/ (v n)K.(0) —

o0

— (V'n)9+:/V'v9+:/XV'V0,
R19) Q Q

because x VO = V0%, a.e. in Q, since VOt = xy950y VO and xqp=0y = x if 6 # 0
due to (13) and VO = VOt = 0 if 6 = 0. Then (H.(0.),0.) — (H(6),0), and
passing to the limit in the inequality, we obtain

(H(0) — Av, 0 —v) >0 .

Choosing v=0—0 u, for u€V, and 6 € IR arbitrary, we get (H ) —A@—du), du) >0,
and letting § — 0, the hemicontinuity of A gives

(H(0),u) = (Ab,u), VYuel,,
so A0 = H(0) in V,, and this is equation (14). m

Remark 6. In the case p = 2, we obtain § € C(2) from the estimate (24)
relative to the approximated problem. For p > N, we also get continuity of 6,
via Sobolev embedding theorem.

Remark 7. In the non homogeneous case, we can take a similar approach
with ¢ = 0. — 0p € V,, and the operator Ay :=A(y) + 0p), putting

<A¢E—A(U—9D)7 ¢e+9p—v> >0,
for any v € WHP(Q) such that v = p on I'p.

Remark 8. Concerning uniqueness, we remark that, even in the case p = 2,
the full stationary problem is still open. Some partial results have been obtained
in [10], in a special case. See also [6] where the evolution problem with prescribed



A STATIONARY STEFAN PROBLEM 497

convection is discussed, in particular with respect to the assymptotic behaviour
as t — oo, where the stationary problem is obtained in the case p = 2.
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