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SYMBOLIC DYNAMICS OF BIMODAL MAPS

J.P. LAMPREIA and J. SOUSA RAMOS

Abstract: We introduce a matrix that represents the homological behavior of
0-chains and that summarizes the dynamics of bimodal maps of the interval. Using
the characteristic polynomial of this matrix we deduce the kneading determinants of

bimodal maps.

1 — Introduction

Our goal in this paper is to introduce an alternative technique to the ones uti-
lized in symbolic dynamics which allows for the simple deduction of formulae for
the calculation of the topological entropy. This technique is based on a commuta-
tive diagram derived from the study of the homological configurations of graphs
associated to bimodal maps of the interval. From the partition of the interval
that corresponds to the itinerary of the critical points we introduce 0-1-chains
of complexes that translate the dynamical properties in relations of homological
type. In [11] it was introduced the kneading-determinant D(t) as a formal power
series. On the other hand, in [5] using homological properties we proved a precise
relation between the kneading-determinant and the characteristic polynomial of
a matrix A associated to the action on 1-chains of the interval with one critical
point. In this paper we extend this result to the maps of the interval with two
critical points. The advantage of this method is that the formula introduced
in proposition 2 allows to write explicitly the characteristic polynomial which is
valid for all pairs of sequences of symbols. The study of bimodal maps has found
interesting applications in physics and biology [1, 3, 10, 12, 14]. Their mathe-
matical study has drawn the attention of [4, 6, 8, 9, 11, 13]. The introduction of
a homological language into these studies was used before by [2].
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2 — Kneading theory for bimodal maps

Considering a two parameter family f(,; of bimodal maps on the interval
I = [-1,1] and denoting by c¢; and ¢z the two critical points of f(a,p)» We obtain
for each value of the pair (a,b) the orbits

Oap) (i) = {azg-i): xg-i) = f(j&b) (¢), 7€ N} ,

(@)

where ¢ = 1,2. After a reordering of the elements x;’ of these orbits we get a
partition {I = [zk, zk+1]} of the interval I = [x?), :cgl)]. With the aim of studying
the topological properties of these orbits we associate to each orbit O(,)(c;) a
sequence of symbols § = S155...5;... where S; = L if f(ja’b)(ci) <c, S =A4A
if f{a,b)(ci) =c, S =Mife < f(]mb)(c,;) < ¢g, Sj = B if f(ja’b)(ci) = ¢y and
S; = R if f(ja’b) (¢;) > co. If we denote by mjs the frequency of the symbol
M in a finite subsequence of S we can define the M-parity of this subsequence
according to whether nj,s is even or odd. In what follows we define an order
relation in ¥ = {L, A, M, B, R} that depends on the M-parity. So, for two of
such sequences, P and @ in X, let ¢ be such that P; # Q; and P; = Q; for j < 1.
If the M-parity of the block P;...P,_1 = @1 ...Q;_1 is even we say that P < @)
if P, =Land Q; € {A,M,B,R} or P, = Aand Q; € {M,B,R} or P, = M
and Q; € {B,R} or P, = B and Q; = R. If the M-parity of the same block is
odd, we say that P < Q if P, = Aand @Q; = L or P, = M and Q; € {L, A} or
P,=Band Q; € {L,A,M} or P,=R and Q; € {L,A, M, B}. If no such index
i exists, then P = Q. When O, (¢;) is a k-periodic orbit we get a sequence of
symbols that can be characterized by a block of length k, Sk) = S1...5_1C;.
In what follows, we restrict our study to the case where the two critical points are
periodic O, (c1) is p-periodic and O(,p)(c2) is g-periodic. Note that O, p)(c1)
is realizable iff the block P = AP, ... P,_; is maximal, that is, ¢'(P) < o(P),
where 1 < ¢ < p and o(P) = P;...P,_1A is the usual shift operator. On the
other hand, O, ) (c2) is realizable iff the block Q = BQ1...Q4—1 is minimal,
that is, 07(Q) > 0(Q), 1 < j < gq. Finally, note that the pair of sequences
that are realizable satisfies the following conditions o*(P) > ¢(Q), 1 < i < p
and 0/(Q) < o(P), 1 < j < q. In what follows we denote the set of such pair
of sequences by ¥4 p). A kneading sequence (P(p), Q(Q)) is a pair of sequences
such that P®?) = g(P) = P;...P, 1A and Q9 = 0(Q) = Q1...Q, 1B for
some pair (P, Q) € X4 ). Denoting by {u; = o= P®): i=1,...,p—1, and
uy = oP" (PP v = 01 (QW): j=1,...,¢—1, and vy = o D(Q)}
two sets of sequences and by {wg: 1 < k < p+ ¢} the union of the previous sets
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with the order that corresponds to the elements z;, we can define a permutation
matrix 7 that maps the set (y1,...,Yptq) = (:):gl). . ,:1:1(71_)1, x(OQ). . ,:1:1(72_)1) into the
set (21,..., 2ptq)-

Example. To illustrate the previous definition consider the pair of sequences
(RRLMA,LLRB). Then we have u; = RRLM A, uy = RLM AR, us = LM ARR,
ug = MARRL, vy = ARRLM, v = LLRB, vo = LRBL, v3 = RBLL,
vg = BLLR and so we get w1 = v1, wy = ug, w3 = V3, Wy = Uy, W5 = U4,
We = Vg, Wy = U, W8 — V3 and W9 = U1, (see ﬁg. 1).

Fig. 1 — Graph G;.

In this way, the permutation matrix 7 (such that, z = 7y) is given by
B o (2l
0 0000O0GO0T1O00 %
o 000100000 |7
& 00000001 0] |%2
) 10000000 0| |af
2P =100001000 0f. |z}
o) 00000100 0| |,®
0 0
L) 001000000 |,®
&) 0000O0O0GO0GO01 (2
3 010000O0O0TO0O0] |*2
e . L e
L+1 L+3

In [11], Milnor-Thurston, introduced the concept of kneading-matrix and
kneading increments. These are power series that measure the discontinuity
evaluated at the turning points. For the case of bimodal maps we have two
kneading-increments defined by:

(*) ilt) = ,4(1) — 6, (1)

where 0(x) is the invariant coordinate of the sequence SySi ... Sk ... associated
to the itinerary of the point x. Note that the invariant coordinate is defined by:

0.(t) = > 7t Sk
k=0
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where 1, = Hf:_ol e(8Si), k>0, 70 =1, when k = 0,

-1 ifS;=M

1 ifS;=LorS;=R
and 6 + (t) = lim
letters in (x) we get:

+ 6(t). After separating the terms associated to the different

r—cC;
T

vi(t) = Nin(t) L + Nia(t) M + Nis(t) R
and from these we can define the kneading-matrix of 2 x 3 elements by:

 [Nu(t) Nia(t) Niz(t)

N(t) = Noi(t) Naa(t) Nas(t)

The kneading-determinant [11] is defined from the kneading-matrix according to
the following formula:

D(t) = Di(t) ~ Do(t) _ Ds(t)
C1l—t 14+t 1—t

where D1 (t) = Nia(t) Noz(t)—Nao(t) Ni3(t), Da(t) = Nyi(t) Nas(t)—Noi (t) Nis(t),
Ds(t) = N11(t) Nog(t) — Noi(t) Ni2(t). Finally, we define d(t) by:

d(t) = D(t) (1 — t7) (1 — t) .

Example. Let’s return to the kneading sequence (RRLM A, LLRB) consid-
ered before. The symbolic sequences that correspond to the orbits of the points
cf and ¢, (see [11]), are the following:

cf — M(RRLMM)> |
¢ — L(RRLMM)*> .
Note that the block RRLM M corresponds to the sequence RRLM A where the

symbol A is replaced by M because the parity of the block RRLM is odd. So,
we get:

vi(t)=M — L —2tR — 2t>R — 2630 — 2t* M + 2t°M — 2t5R — ...
—2tR — 2t2R — 263L — 2t*M + 2t°M
11—t
M — Mt° — L+ Lt° — 2tR — 2t*R — 2t3L — 2t*M + 2t°M
115 ‘

=M-L+
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In a similar way the symbolical sequences that correspond to the orbits of the
points ¢j and c; are given by R(LLRR)® and M(LLRR)®, respectively. In
this way, we get:

vo(t) = R — M + 2tL + 2t>L 4+ 23R + 2t*R + 2t°L + ...

2tL 4 2t°L + 2°R + 2t*R
—R-M 4T -
1— ¢
_ R—Rt"— M+ Mt" +2tL + 2L+ 2t°R + 2t'R
B 1—t4

and from the previous definitions, we have:

—1 =23 4t° 1—2r 415  —2t— 22

1—¢#5 1—¢5 1—¢#5
N(t) = t t t
2t + 22 —1+¢* 14283441
1—¢t 1—¢t 1—¢t
D) = Di(t)  1—2t—2t2 423 —t* + 3¢° 4 240 — 47 +¢°
C1-t (1—t4) (1 —15)(1 -1 ’
o(t) = 1— 2t — 262 + 2% — t* + 37 + 2t — 47 +¢°

1—t
=1—-t—-32 -3 -2+ 5+ 35 — 7 — 8.

3 — Homological configurations

In what follows we denote by Gp the graph where the nodes {w;}, i =
1,...,p+q, are obtained from the permutation-matrix 7 associated to the knead-
ing sequence and the edges are defined by the pairs (w;, w;+1), (see fig. 1). Let
Co and C be the vector spaces of 0-chains and 1-chains spanned by {uy}U{v;},
k=0,...,.p—1,7=0,...,¢—1and by {[;},i=1,...,p+ q — 1, respectively.
In what follows we use the same symbol for the linear map and their representa-
tion matrices. The border of 1-chain is defined from a map 0: C; — By where
0I; = wiy1—w;. The incidence matrix of the graph G is given by p = [;;] where
fij = 0;+1,5 — 0; ; and 0; ; is the kronecker §-symbol. Note that with these defini-
tions By = 0(C}) is isomorphic to um(Cp). On the other hand, the shift operator
o in X4 p) takes the form of a rotation w: Cyp — Cp defined by w(u;) = i1
where 0 < i < p—1 and w(up—1) = up (in a similar way, w(v;) = vj41 where
0 <j<g—1and w(vg—1) = vp). If we denote by 1 the product of p by 7, this ro-
tation induces in C7 an endomorphism « that is obtained from the commutativity
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of the following diagram:

Co —— By - o
| | J
Co —1— By - o

Note that from an = nw we could get a = nwnT(nnT)~! where nT is the
transpose matrix of n. Note also, that if we neglect the negative signs of the
matrix o then this matrix could be obtained as the Markov adjacency matrix

associated to the partition {/;}, and to the graph G (see fig. 2).

Fig. 2 — Graph G..

Example. If we return again to the kneading sequence (RRLM A, LLRB),
we get:

1
|
—
I~
—
_ o
= o O
_ o o o O
_— o O oo oo
_ o 0000 oo

=
Il
coococoocoo
coococoo
coocoo
cooo

&

|
[N elNoNell el el
O OO OO oo o
(=N elelalBeoBoeoNeol =
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[=lelolNolNol =Nl
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0 0 1 1 0 0 0 07
o 0 0 0 1 1 1 0
o 0 0 0 0 0 0 1
o 0 0 -1 -1 -1 -1 -1
“T11 1 -1 0 0 0 0 o0
1 0 0 0 0 0 0 0
o 1 1 1 1 0 0 0
Lo 0 0 0 0 1 0 0.

Lemma 1. Suppose that (P(p), Q(Q)) € Y(a,p) and let a be the endomorphism
introduced previously; then the first ny, and the last ng rows of « are not negative.
The other nys + 1 rows of a are not positive.

Proof: The result follows from the fact that the negative signs of « derive
from the decreasing part of the map f. In fact, in this case the images of the
intervals are obtained from the images of the boundary points (z;, zit+1) € [c1, 2]
where z; 11 > z; and we have f(z;11) < f(z). It’s now quite obvious that all the
other rows of a are not negative. n

Let’s now denote by 5 a matrix of (p+¢—1) x (p+ ¢ — 1) elements defined

by:
I, 0 0
ﬁ == 0 _InM+1 0

0 0 I

nRrR
where I, , Ip,,+1 and I, are identity matrices of rank nr, nys + 1 and ng,
respectively.

Definition 1. For each kneading sequence (P® Q@) let Sy...Sy1, =
APy ... P,_1BQ1 ...Qq¢-1, then we associate a square matrix of (p + ¢q)(p + ¢)
elements v = [7;;] defined by:

Vi1 = —Yipr1 =2 it ;=R withi=2,..,p,p+2,...,p+¢q,
Vil = Yipr1 +2=2 if S;=M withi=2,..,p,p+2,....,p+¢q,
Vi1t = Yips1 =0 if S; =L withi=2,...,p,p+2,....,0p+¢q,
Yp+1,1 = Vip+1 +2=2,
vii =¢€(S;), with i=2,..,p,p+2,...,p+¢q,
M1=¢e(S1)+1=1,
Tp+1ptl = (Sp1) —1=—1

and all the other elements of the matrix are zeros.
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Example. To the previous kneading sequence (RRLM A, LLRB) we have:

1000 0 0 00 0
2100 0 -2 0 0 0
2010 0 -200 0
0001 0 0 000

y=1]2 000 -1 0 00 0
2000 0 -1 000
0000 0O 0 100
0000 0 0 010
2 000 0 -2 0 0 1)

Proposition 1. The matrix ~ introduced before satisfies the following dia-
gram:
Co _n . By

A

Co —— By

Proof: Let (y1,...,Yptq) = (a:él), e Ty,

(S1y-+38p4q) = (A, Pr,..., Pp1,B,Q1,...,Qq-1)

and denote by p the following permutation:

(1) :c((]Q), o x((i)l)’

(yla ceey yp+q) - (yp(l)v ceey yp(p—i—q)) = (Zla cee 7Zp+q)
then the matrix m defined previously is given by:
™ = [mij]

where m;; = 0 and, in a similar way:

p(i)j
n = [nix) = [wij] [mji]

where ;5 = ;41,7 — 6;,j. Thus, we have:

Mik = Y Hij Tjk = Z((Si—i-l,j Op(j)k — Oij 5p(j),k) = Op(i+1),k — Op(i)k -
J

J
On the other hand, the matrix 8 can be given by:
e(Sp(i)) 0ij  if p(i) # 1 and p(i) # p+ 1,
Bij = —dij if p(i) =1 (i,5€{1,...,p+q—1}),
(51']' ifp(i):p-i-l .
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If we denote by X = [Xi] = [B4;] [n;] so Xix = >_; Bij mjr. and then we have:

e(Sp(i)) Opiir1yk — Opan]  1f p(i) # 1 and p(i) # p+ 1,
Xik = ¢ —01k = Op(it1)k if p(i) =1 (i,j€{1,...,p+q—1}),
Op(i+1)k — Op+1k if p(i)=p+1.

In a similar way, we denote by Y = [Yi] = [:5] [v;x]. Thus
Yir = Z Nij Vik = Vp(i+1)k — Vp(i)k

Now to achieve our goal we split our proof in several different cases:

(1) Suppose first that k& # p(i) and k # p(i + 1) then by definition of the
elements X;; we have X;; = 0. Obviously, in this case, if k # 1 and k # p+ 1
then v,(i4+1),k = Vpi),x = 0 (note that, according to the hypothesis these elements
are not in the main diagonal and that, in this situation (k # 1 and k # p + 1),
all the other elements of the matrix « are zeros).

On the other hand, if k = 1 then v,;11),1 = Vp(:),1 because S,y = Syt (to
see this, note once more that in this situation the elements v,i1),1, Vp(i),1 are
not in the main diagonal). In a similar way, we can see that if k = p + 1 then

Vp(i+1),p+1 = Vp(i),p+1-

(2) Suppose now that k = p(i). For simplicity we subdivide this proof in the
following three cases:

(2.1) If p(i) # 1 and p(i) # p+ 1 then we have:
Xi,p(i) = —E(Sp(i)) )
Yiol) = ~Vp(i).o(i) 3

note that v, i+ 1),0(0) = 0 because this element is not in the main diagonal
and by hypothesis is not in the first column nor in the (p + 1)-column
and all the other elements of v are zeros. But, by definition of ~:

Vo)p(i) = €(Sp())

and so Xi,p(i) = }/;,p(z)
(2.2) If p(i) = 1 then X;1 = X,-1(1),; = 1. On the other hand, we have:

Yii =410 — M1 = Yp(i+1)1 = 1.
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Note that according to the hypothesis p(i) = 1 and so S; = A. Then
Si+1=M and thus, by definition of v, v,i41)1 = 1.

(2.3) If p(i) = p+ 1 then:

Xipt1 = Xp-1p1)pr1 = —1
Yipt1 = Yo1(p11).p+1 = Vo(it ) p+1 — Vp(i)ptl = —1 -
(Note that in this case S; = B and so S;y1 = R).

(3) The proof of the case k = p(i + 1) is very similar to the previous one and
so the proof of Proposition 1 is completed. n

In what follows we denote by 6 the product of v by the rotation w introduced
before. Thus the square-matrix 6 of (p + q)(p + q) elements is given by:

2 =09(S;)
Oipr2 =v(S;) for i=1,2,...p+q,
)

( for i=1,2,....,p+¢q,
(

Op,1 = e(Sp)
(
(

and all the others elements of the matrix 6 are zeros where 5; is the i-element of
the p+ ¢-tuple (A, P1,...,Pp_1,B,Q1,...,Qq—1) and e(L) = e(R) =1, e(M) =
—1,0(R) =0(M)=46(B)=2,6(A)=1,06(L) =0, v(L) =v(M)=v(A) =0,
v(B) = —1 and v(R) = —2.

Then the characteristic polynomial of the matrix 8 satisfies the next proposi-

tion.

Proposition 2. To each pair of sequences (P;...P,—1A,Q1...Qq-1B) we

have:
Py(t) = det(I — 0t) =
= [1-sen - Yoy (T ) ] [1 - v@n - S vi@o (TT @) ]
=2 Jj=1 i=2 j=1

oo v () o] [+ oa@ (@) ]

=2 J=1 i=2 j=1
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Proof: Let 6 =1—60t=

1 —§(A)t 0 ...0 0 —u(A)t 0 ... 0]
0 1-— (S(Pl)t —€(P1)t 0 0 —Z/(Pl)t 0 0
0 —§(Py)t 1 0 0 (Pt 0 0
(Pp—1)t _6(13.17*1) 0 1 0 _V(P.pfl)t 0 O
0 _5(B)t 0 0 1 —u(B)t 0 0]
0 —0(Q1) 0 0 0 1=v(@Qu)t —e(Qu)t 0
0 ~5(Q») 0 0 0 (Ot 1 0
0 S5Qet 0 0 =(Qu1) —v(@Qu)t 0 ... 1]

where I is the identity matrix. Now, if we expand the determinant of 6 in terms
of the p-row elements, according to Laplace theorem we get four terms associated
to the elements 0,1, 0.2, 0, and 0,2 of the matrix 6 (note that these are the
non-zero elements of the p-row of the matrix ).

The expansion associated to the épg element leads to:

b(t) = [~(=D)P*25(Bpon)t (~1)P 2 (Pr) - (Ppo2) 72 (1 = wq)
= —e(P1) - £(Pp3) 5(Pp-1) 771 (1 = vg)

where . -
(I-vg)=1—-v(Q)t ZV (H Qj))
=2 j=1

is the determinant of the matrix:

I 1 —v(Qq)t 0 .. 0 0 ]
0 1 *I/(Ql)t *6(@1)75 ... 0 0
0 —v(Qa)t 1 ... 0 0
0 (@)t 0 .. 1 —e(Qyo)t
_—E(Qq_l)t —I/(Qq_l)t 0 ... 0 1 1

which can be obtained from the expansion in terms of the last row.
The expansion associated to the §p71 element leads to a determinant that can
be obtained from the non-zero elements of the first row (6(P,) and v(P,)) giving:

e(t) = [~ (- 1P e(Byea)  (~8(Po) £) (~LP 2 e(P) - e(Ppe) 7] (1= 1)
(D () (B ()PP () - e(Ppa) P2 0
= —<(P) -+ &(Py1) B(B) 7 (1~ vg) — £(P1) -+ (Byo1) v(Bp)IP b
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where
q i—1 '
bg = 8(Q)t+>0(Q0) (TT=(@)) ¥
i=2 =1
is the determinant of the matrix:
—0(Qq)t 1 0 ... 0
—(5(@1)15 0 —€(Ql)t ce 0
—5(Qq_2)t 0 0 —E(Qq_Q)t
—0(Qg—1)t  —e(Qq-1)t 0 1

which can be easily obtained from the expansion in terms of the first column.
On the other hand, the expansion associated to the 6,2 element leads to:

elt) = [_(_1)2“2 V(Ppo) t(—1)P72 (=1)P 2 e(Py) - e(Pyos) tpfz} 6Q
- _E(Pl) o 'E(PP—Q) V(Pp—l) Pt 5@ .

Finally, the expansion associated to the ép,p element leads to a determinant that
is obtained from the first column giving a determinant 4 of (p+¢—2)(p+q —2)
elements. Note that the first (p —2)(p—2) elements of this determinant are given
by:

1—5(P1)t —€(P1)t 0
—5(Py)t 1. 0
—5(Ps)t o ... 0

(Pt 0 . —e(Pya)t

—5(Pya)t 0 .. 1

Now, after interchanging the last row with all other rows and the last column
with all other columns, we get a new determinant which is equal to the initial
one (because we only made elementary operations). Note once more, that this
determinant is formally identical to the initial determinant of the matrix 6 and
that the first (p — 2)(p — 2) elements of this new determinant are:

1 —§(Py_)t ... O
0 1-6(P)t ... 0

(Pt —6(Pra)t ... 1
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So by a recursive method we get:

det vy =
p—2 i—1 ) q i—1 ]
= [1 — (Pt — S(P;) (H E(P])) t’} [1 —v(Q1)t — ZV(QZ) (H 5(Q])) tz:|
1=2 Jj=1 i=2 j=1
p—2 i q i—1
- [Pt X neR) ] |s@ue+ 3 a@i (T (@) ¢
i=2 J=1 i=2 j=1

Adding the terms b(t), c(t), e(t) to the previous one we get the desired result. m

This result is very important because it is used to prove the next proposition
which establishes how the kneading-determinant and the characteristic polyno-
mial of the matrix 6 are related and also because it allows for a easy computation
of the topological entropy associated to a map of the interval with two critical
points (see [6]). In fact, we have:

Proposition 3. To each pair of sequences (P ... Py 1A, Q1...Qq-1B) we
have:

Bp(t) = (1 =) (1 —t7) (1 —7) D(t)

where D(t) is the kneading-determinant.

Proof: According to the previous proposition and denoting by 7, = f;ll e(Sq),
k>1, 7 =1 when k =1, we have:

det(I — 6t) =
= [1-aepie- oo (T er) o] - vi@n e - ovi@o (T (@) ]
=2 Jj=1 i=2 j=1

- [ppes S (P (T =(P) f]-[s@ue+ Soa@) (T1=(@) f] .

i=2 =1
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Then we conclude that:

det(I—et):(l—Q Soonti-2 Y Titi—Tptp)

1<i<p—1 1<i<p—1
P=M P;=R
x (142 Y #t+7t7+2 > i)
1<i<g-1 1<i<q-1
Q=R P;=R
x (23 mtit2 Y mt27,1)
1<i<qg—1 1<i<qg—1
Qi=M Q=R

where 7; = [['_] e(P;) and #; = H;;ll £(Qj). In what follows we denote Mp by:

j=1
Mp: Z Titi

1<i<p—1
P=M

(in a similar way, Mg = > 1<jcq 17it', Rp = ..., Rg = ...) to get an abbrevi-
Q=M
ated formula for det(I — 0t). In fact, with these notations, we have:
det(l —0t) = (1 —2Mp — 2Rp — 7, t?) (1 + 2Rg + 74 19)
+2Rp(2Mq + 2R + 27, t7)
=1 —|—2RQ +7A'qtq —2Mp —4MPRQ — QMP’IA'qtq
—2Rp +2Rp7yt? — 1y t? — 2R 1y t! — 7, 7 P4 + AMgRp .
In order to prove our proposition we suppose that P;...F,_; has odd parity

and that Q1 ...Q4—1 has even parity (the others three cases works analogously).
Then we have 7, = —1, 7, = 1 and so:

det(I—Ht) = 1+2RQ 4+t - 2Mp —4MPRQ —2Mpt? —2Rp
+2Rpt? + P + 2R t? + P79 + AMgRp .

On the other hand, following the Milnor—Thurston techniques we have:

vi(t)=M — L — 21 Pt — 2Py t* — -+ — 27, 1P, 1 P~ — 27, P, 1P
-2 P - 219 Py P2 27—p—1Pp—1 121 _ 2Tp Pp 20
—M_1— 21 PLt+ 219 Pat? + - + 27, Py tP
1—1¢p
and

2%1@175—}—2722@2 t2 —+ .- —|—27A'qu7fq
1—ta '

rt)=R—-M+
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Thus, with the previous assumptions 7, = —1, 7, = 1 we have (see examples of
section 1):
M—MtP —L+LtP —27 Pt —-—27, 1Py tP7L + 2M ¢P
n(t) =
1—1tp
and,

_ R—RtT— M+ Mt1+27Q1t+ - + 27 1Qq1 171 + 2R 1

v2(t) 1t
hence,
1— 2M, +t* 2R,
11— 11—
D(t) (1—t) = det ! t
—142Mg+11 142Rg+17
1—1t4 1—1t4

then, we have:

(1—-2Mp+1t?)(14+2Rg +t?) +2Rp(—1+2Mg + t9)
1—t

d(t) =
and so:

1—8)d(t)=1+2Rp +t1 —2Mp — AMpRpo — 2Mp t? +tP + 2Ry tP + tPT4
Q Q Q
+ 4RPMQ —2Rp +2Rpt?
=det(I —6t) . nm

Example. If we return once more to the kneading sequence (RRLM A, LLRB)

we get:

0 1 0 000 0 0 0]

0 21000 -2 00

0 20100 -2 00

0 00 O0O1O0 O 0O

f=1-1 2 0 0 0 0O O O O

0 20000 -1 00

0 00 O0O0OO0O O 1 O0

0 00 O0O0OO0O O 01

L0 2 0 0 0 1 -2 0 0]

and by proposition 2 we have:

Py(t) =1—2t — 2t + 263 — t* + 3t + 20 — 4" +¢°
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following proposition 3 we also have:

Py(ty=(1—t)(1—t°) (1 —t") D(t)
1—2t—22 4263 — 2 4385 + 25 — 47 + 19

:(1_t)(1_t5)(1_t4) (1775)(17255)(17754)

In what follows let’s denote by 1 the non-negative matrix defined by ¥ = af.
This matrix defines a subshift of finite type that is “equivalent” to the matrix 6,
according to the next commutative diagram:

Co —— By

of ]

Co —— By

Proposition 4. The characteristic polynomial of the matrix 0 satisfies the
following result:

Py(t) = (1 —t)det(I — 1) .

Proof: This result follows from the commutativity of the previous diagram,
from a generalization of this result to an exact sequence and from an homological
algebra theorem [7]. m

Example. We return to our kneading sequence (RRLM A, LLRB) and we

get:
00 1 1.0 0 0 07
00001T1T10
00000GO0O0 1
00011111
v=aB=17 719000 0 0
10000000
01111000
0000010 Ol

and det(I —apt) =1 —t —3t2 — 3 — 24 47 + 3t6 — 7 — 18,

To conclude we point out the simplicity of the expression in proposition 2
which according to proposition 3 allows for a simple computation of symbolic
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invariants of all the bimodal maps of the interval, this being important in ap-
plications. Note that 0 is directly obtained from the kneading sequence while
the “traditional” Markov matrix (¢, here) is obtained with a great deal more
difficulty.

This novel approach has the obvious consequence of providing a simplified
alternative method to the 0 — 1 matrices.
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