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SOME INEQUALITIES FOR IMMERSED SURFACES

V. MARENICH* and I.V. GUADALUPE**

Abstract: For immersions of surfaces in Riemannian manifolds with pinched cur-
vature we establish some generalizations of relations between the integral of the square
of the norm of the mean curvature vector and the area of the surface with topological
invariants, known for immersions into space forms. For immersions with codimension
two into space forms of nonpositive curvature these leads to a nonexistence of minimal

immersions with everywhere non-zero normal curvature tensor.

1 — Introduction

Let ¥ be an oriented surface which is isometrically immersed into an orientable
n-dimensional Riemannian manifold E with d-pinched curvature K,(E) (see §2
for definition). We establish some generalizations of relations between the integral
of the square of the norm of the mean curvature vector H and the area of the
surface with topological invariants, known for immersions into space forms. Let
Ky be the normal curvature of ¥ (see §2 for definition), x(X) denote the Euler
characteristic of the tangent bundle and x(v) denote the Euler characteristic of
the plane bundle when the codimension of ¥ in E is 2. We prove the following
generalization of theorem 1 of Rodriguez and Guadalupe [3].

Theorem 1. Let f: » — FE be an isometric immersion of a compact
oriented surface 3 into an orientable n-dimensional Riemannian manifold E with
d-pinched curvature K,(E), i.e.,

1< K (E)< -1
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—5/2 < K,(E) < 6/2

or
1< K;(E)<1+9

(0 could be arbitrarily large).
Then the following is true:

(1.1) /Z |H|2dS + (ga - 1) Area(X) > 27 x () + |/E Ky d3)|

or

(1.2) /ZHHH2dE + (%5) Area(X) > 27rx(2)+‘ /ZKN dZ‘

or

(1.3) / |H|2ds + (%5+ 1) Area(X) > 27TX(2)+\/ Ky ds)] .
> b

Remark. If H is parallel and n = 4, we have

(1.4) (HHH2 + 25 — 1> Area(X) > QW(X(E) + X(V))
(1.5) (HHH? + %5) Area(T) > 2 (x(T) + x())
(1.6) <HHH2 + %(5 + 1) Area(X) > 27r<x(2) + X(l/))

correspondingly.

Corollary 1 ([3]). Let E has constant sectional curvature K,(E) = c.
If f: ¥ — F is an isometric immersion, then

(1.7) / H||? dS + ¢ Area(S) > 27 (%) + \/ Ky ds)|
b b

with equality if and only if Ky does not change sign and the ellipse of the
curvature is a circle at every point.
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Corollary 2. Let f: ¥ — FE be an isometric immersion of a compact
oriented surface ¥ into E* with 6-pinched curvature K, (E), i.e.,

—1-§ < K,(E)< -1

or

—5/2 < K,(E) < 6/2

or

1< K,(E)<1+56.

Then, if Ky > 0 at every point, we have

(1.8) / |H|2ds > 127 + (1 _ g&Area(E)>
>
or
1
(1.9) / |H|2ds > 127 — EgéArea(E)
b
) 11
(1.10) / |H|2d5 2 127 — (- +1)6 Area(%)
by
correspondingly.

Corollary 3 ([2]). Let f: ¥ — S™(1) be a minimal immersion of a compact
oriented surface ¥ ~ S? into the unit sphere S™(1) with Ky # 0. Then we have

(1.11) Area(X) > 127

and the equality holds if and only if X is contained in some totally geodesic

S4(1) c sm(1).

Theorem 2. Let f: ¥ — E* be a minimal immersion of a compact oriented
surface Y into E* with constant sectional curvature K,(FE) = —1. Then we have

(1.12) X)) < Ix(E)] -

Corollary 4. FEvery minimal immersion of a compact oriented surface ¥ into
E* with constant sectional curvature K,(E) = —1 must have a point where the
normal curvature Ky equals zero.
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2 — Preliminaries

Let f: ¥ — FE be an isometric immersion of a surfaces ¥ into an oriented
n-dimensional Riemannian manifold F with non-constant sectional curvature
K,(E). Denote by V* the connection in the normal bundle v of this immer-
sion, and by R* the curvature tensor of V. Let also B: TS x TS — v be the
second fundamental form of the immersion and A; — the symmetric endomor-
phism of T'Y defined by (B(X,Y), &) = (A¢X,Y), where (, ) is the inner product
in TE. If {e1, ea} is some orthonormal frame of ¥ and B;; = B(e;, ¢5), i,5 = 1,2,
then easy to see that for the mean curvature vector H = %traceB we have

(2.1) 4|H|]*> = |B11 + Baa|?
and from the Gauss equation it follows that
(2.2) K = (Bi1, By) — |Bia|* + K, (E)

for the Gaussian curvature K of X.

Recall that if Rj # 0 then at this point p € ¥ we can define a 2-plane
v, — an orthogonal complement in v, to the annihilator of the tensor R;-.
If R+ # 0 everywhere then the subbundle v* is globally defined and we have
an orthogonal bundle splitting v = v* + ¥ of the normal bundle v of 3, where 1/°
is the annihilator of Rt, see [1] for details. By definition, the normal curvature

at the point p € X is

Kn(p) = (R*(e1,e2)es, ea)(p)

where {e1,ea} and {es,eq} are tangent and normal frames of ¥ at the point p
correspondingly. If T and v* are oriented, then the normal curvature Ky is
globally defined and has sign. In codimension 2, v = v* and to define Ky we
do not need R+ # 0 condition. In higher codimensions, if Rt # 0 and ¥ is
orientable, then we will always choose orientations in T3 an in v* such that
Ky > 0.

From the Ricci equation we have

(2.3) Ky = KN(E) + ’BH — BQQ’ |Blg|
with
(2.4) Kn(E) = (R(e1,e2)es, eq) ,

where {e1,e2} and {e3, es} are orthonormal frames of T,% and v, respectively,
and R is the curvature tensor of E.
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Definition. We say that n-dimensional Riemannian manifold E has
d-pinched sectional curvature K, (F) if

—1-0< Ky (E)< -1
or
—6/2 < K,(E) < §/2
or
1< K,(E)<1+446.

Lemma 3 (Berger’s inequality). If E is an n-dimensional Riemannian man-
ifold with §-pinched curvature, then

(2.5) IKn(E)| <25 .

w| oo

Proof: Indeed, for vectors X, Y, Z and W of unit length and normal to each
other the following is true

(RIX,YV)Z, W) = (R(X+Z,Y)X + Z, W) — (R(X,Y)X, W)
—(R(Z,Y)Z, W) — (R(Z,Y)X, W) |,

nd (R(X, Z)W,Y) = (R(X+W,Z)X + W, Y) — (R(X, Z)X, Y)

— (RW,Z)W,Y) — (R(W.Z)X, Y) .
After summation and adding (R(X,Y)Z, W) to both sides this gives
3(R(X,Y)Z, W) =R+ Ra+ R3,

where R; and Rs contains only curvature terms with three different arguments
and
Ry = (R(X, W)Y, Z) + (R(X, 2)W, Y) + (R(X,Y)Z, W) =0

is the Bianchi identity. Now, for every curvature term with only three different
arguments we have

But easy to see that when the curvature is §-pinched, then
(R(X, Y)Y, 2)| <0,

that gives Ry + R2 < 8¢ and (2.5) follows. m
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3 — Proof of Theorems

Proof of Theorem 1: Let {ej,e2} be an orthonormal frame at p and
u = (B11 — Ba2)/2 and v = Bja. Hence, from (2.1), (2.2), (2.3) and (2.5) we have

2
0< (\Bn — Byo| — 2\312!)
(3.1) = |Bi1 — Bas|? + 4| B12|> — 4|B11 — Bas|| B
1)
< |B11|? + |Baa|* + 2|B1a|* — 2K — 4| Ky | + 4? + 2K, (E) .
On the other hand

4|H|? = | By + Baz|® = |Bu1|* + | Baa|* + 2(Bi1, Baa)

3.2
(32 = |Bu1* + |Bao|* + 2| Bra|* + 2K — 2K, (E) .

Hence, by (3.1) and (3.2), it follows that

)
(3.3) !H|2+§ + K,(E) > K + |Ky| .
Integrating (3.3) over X, we get (1.1), (1.2) and (1.3) from d-pinched conditions. m

Proof of Corollary 1: In this case K,(E) = ¢ and Ky(E) = 0, and (1.7)
follows from (3.3). m

Proof of Corollary 2: If E has constant sectional curvature, then according
to [1] we have 2x(X) = x(v) = 4 and (1.8), (1.9) and (1.10) follows from (1.1),
(1.2) and (1.3) respectively. m

Proof of Corollary 3: From [2] we have
(3.4) / Ky dS > dr y(%)
by

and (1.11) follows from (1.7) and (3.4). m

Proof of Theorem 2: In this case H = 0 and K,(E) = —1. The inequality
(3.3) is replacing by

(3.5) |IKn|+ K <—1.
Then from (3.5) and K < 0 it follows

(3.6) Ky| < —K .
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Integrating (3.6) over X, we get

1 1 1
/KNdE‘§/|KN’dE<—/KdE
21 Jx 2 Iy 27 Jx

and (1.12) follows from (3.7). m

(3.7)

Proof of Corollary 4: Suppose that R;- # 0 for all p € X, then according
to [1] in E with constant sectional curvature we have x(v) = 2x(X2). This implies
that |x(v)| = 2|x(2)| > [x(2)], which contradicts to (1.12). m
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