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ON THE BANACH PRINCIPLE

RADU ZAHAROPOL

Abstract: We extend the Banach principle to sequences of operators which have
as range an Archimedean Riesz space (the Riesz space does not have to be a space of
classes of equivalence of measurable functions). The class of Riesz spaces for which our
extension works is quite large. The role played in the classical Banach principle by the
almost everywhere convergence is taken by the notion of individual convergence which
we have introduced in an earlier work. The absence of a measure is compensated by
the use of the g-order continuous dual of the Dedekind completion of the Riesz space
involved in the extension. In order to prove our extension, we obtain a characterization

of individually convergent sequences which resembles a Cauchy condition.

1 — Introduction

Our aim in this paper is to extend the Banach principle [3] to a setting which
does not involve measure theoretical arguments.

The Banach principle is by far the most important tool used in the study of
the almost everywhere convergence in ergodic theory (for a detailed exposition of
the principle, its history, its most important applications in ergodic theory, and
related results, see the books of Garsia [4] and of Krengel [5]). Extensions of
the Banach principle have been obtained in the pioneering works of Yosida [11]
(see also Yosida’s book [12]) and von Weizsécker [10].

Let (2,%, 1) be a finite measure space, let M(u) be the Riesz space of all
classes of equivalence of real valued measurable functions defined on (2, %, ),
and let X be a Banach space.
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A mapping T: X — M(u) is called continuous in measure if Tx,, — Tz in
measure whenever ||z, — x| — 0.
The Banach principle can be formulated as follows:

Theorem 1. Let (T,)nen be a sequence of linear operators continuous in
measure, T,,: X — M(u) for every n € N, and set T*x = sup,,cy [Tn| for every
reX.

a) If T*x < +oo p-a.e. for every x € X, then there exists a positive monotone
nonincreasing function C': (0,4+00) — R such that limy_, 1o, C(A) = 0,
and such that p({T*z > Mz||}) < C(A) for every A € R, A > 0 and for
every x € X.

b) If there exists a function C as in a), then the set F = {z € X | (T),x)nen
converges p-a.e.} is closed in the norm topology of X. In particular, if
T*r < 400 p-a.e. for every x € X, then F is closed. m

The most common use of the Banach principle is in the case in which we want
to show that F = X. Then, in view of Theorem 1, it is enough to show that
Tz < +o00 p-a.e. for every x € X, and that F contains a dense subset of X.

Let E be an order complete Riesz space, and let E.. be the o-order continuous
dual of F; we say that E has property P if E. separates the points of E. We say
that an Archimedean Riesz space F' has property P if the Dedekind completion
F of F has property P.

Now let X be a Banach space, and let & be an Archimedean Riesz space
which has property P. We will extend Theorem 1 to sequences of linear operators
(Th)nen, Tn: X — E for every n € N.

As we mentioned before, the Banach principle has been extended by Yosida
[11] and von Weizsécker [10]. However, their extensions do not have the flavor of
the Banach principle since by the time the works of Yosida and von Weizsacker
were created, there was no suitable notion to be used instead of the almost
everywhere convergence. We will circumvent this difficulty by using the individual
convergence which we introduced in our papers [16] and [17] inspired by the works
of Nakano [7] and Ornstein [8].

The terminology and results used in this paper can be found in the books
of Aliprantis and Burkinshaw [1, 2], Luxemburg and Zaanen [6], Schaefer [9],
Zaanen [13], and in our papers [14, 15, 16, 17].

Let E be an Archimedean Riesz space, and let E be the Dedekind completion
of F. Given w € E, we will denote by B(w) the projection band generated by
the singleton {w} in E and by P, the band projection associated to B (w).
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Let X be a Banach space, and let T: X — E be an operator (7" need not be
linear). We say that T' is continuous in duality if the sequence of real numbers
((P(Tzp—Ta|-ev) + Vs 2))nen converges to zero whenever v € E,v>0,z¢€ E!,
2>0,e € R, >0,z € X, and whenever (z,),en is a sequence of elements of
X such that (x,) norm converges to x.

Given a sequence (un)pen of positive elements of E, we will denote by
Boo((tn)n) the largest band in E on which (uy), is unbounded (see [16] for
details).

Let (T},)nen be a sequence of mappings, T,,: X — E for every n € N. We say
that (T,), has property D if Boo((|Thx|)n) = 0 for every x € X.

Let (un)nen be a sequence of positive elements of E (throughout this paper,
the notation © < v means u < v and uw # v whenever u and v are elements of a
Riesz space). Set (see [16]):

u:()oru;é(),andforevervaE,0<v§|u|,
there exist w € F, 0 < w < v, and o,3 € R,
0 < 8 < a, such that

Bos((up)n) =quekE
o8 - (limsup(((un—ﬁw)_)/\w)> A

: A (limsup(((un —aw)T)A w)) #0

n

and
u=0oru#0,and foreveryv € E,0 < v < |ul,
there exists w € E, 0 < w < v, such that

<limnsup<((un —06s)7)A 3)) A
A <1imsup<((un —as)T)A s)) =0

n

BNOS((Un)n) =<quek

for every s € E, 0 < s < w, and for every
a,ER 0< P <a.

It can be shown (see Proposition 2 of [16]) that Bog((un)n) and Byos((un)n)
are projection bands in E; moreover, E is the order direct sum of Bog((tn)n)
and Bnos((un)n). As in [16], we call Bos((un),) the band of oscillations of the
sequence (U ).

Let By((upn)n) be the (projection) band in E generated by Bao((tn)n) U
Bos((tn)n) (Ba((un)n) is called the band of divergence of the sequence (uy,)y).
We say that (un), converges individually (on E) if By((un)n) = 0.
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If (up)nen is a sequence of (not necessarily positive) elements of E, we say that
(un)n converges individually (on E) if both sequences (), and (u;, ), converge
individually (see [17]).

The main result of the paper is the following extension of Theorem 1:

Theorem 2. Let E be an Archimedean Riesz space which has property P,
let E be the Dedekind completion of E, and let E(’: be the o-order continuous dual
of E. Let X be a Banach space, let (T,,)nen be a sequence of linear operators,
T,: X — FE for every n € N such that T, is continuous in duality for every
n € N. Then the following assertions are true:

a) If the sequence (T,)nen has property D, then for every v € E, v >0,
and for every z € Eé, z > 0, there exists a monotone nonincreasing func-
tion C, ,: (0,400) — R such that limy_,; o Cy .(A) = 0, and such that
supn<P(\/ln:1 Tl =Afalo)+ V> 2) < Cuz(A) for every x € X and A € R, A > 0.

b) If for every v € E, v > 0 and for every z € Eé, z > 0, there exists a
function C, . as in a), then the set F = {z € X | the sequence (T),x)peN
converges individually on E} is closed in the norm topology of X.

Let E be an Archimedean Riesz space, and let E be the Dedekind completion
of E. It is easy to see that F has property P if and only if E has property P.
If (un)n is a sequence of elements of E, then we may also think of (u,), as a
sequence of elements of E; it follows that (), converges individually on E asa
sequence of elements of F if and only if it converges individually on E whenever
we think of (u,), as a sequence of elements of E. If X is a Banach space, if
(T))nen is a sequence of linear operators, T, : X — FE for every n € N, and
if we think of E as a Riesz subspace of E then we can define T), : X — E
Ty (z) = Ty (x) for every 2 € X and n € N; it is easy to see that T}, is continuous
in duality if and only if T,, is continuous in duality and that the sequence (T},)p,
has property D if and only if (f n)n has property D. We conclude that in order
to prove Theorem 2 it is enough to prove it under the assumption that F is an
order complete Riesz space (that is, we may assume that F = E in Theorem 2).

The paper is organized as follows: in the next section (Section 2) we will
discuss several technical results; in Section 3 we obtain a reformulation of the
definition of the individually convergent sequences; finally, in the last section
(Section 4) we will use the results obtained in Section 2 and Section 3 in order
to prove Theorem 2.
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2 — Some useful results

As mentioned in Introduction, we will be concerned in this section with several
results we need in order to prove Theorem 2.

In the next two lemmas we will assume given a Riesz space G. For w € G, we
will denote by H (w) the principal projection band generated by the singleton {w}
and by @, the band projection associated with H(w) (naturally, the notations
will be used provided that the principal projection band exists). The proofs of
the two lemmas are straightforward: the assertion of Lemma 3 is a consequence
of a well-known property of principal projection bands (see, for example, The-
orem 24.7, pp. 135-136 of [6]); the proof of Lemma 4 follows from the equality
Qs+t = Qs + Q¢ — Qsa which is valid whenever s, ¢ are projection elements in G,
s> 0,t >0 (see, for example, p. 36 of [2]).

Lemma 3. Assume that G is order complete, and let A be a subset of positive
elements of G such that sup A exists in G. Then Qgup AU = SUp, ¢ 4 Quu for every
u € G, u>0. (Note that sup,c 4 Quu exists in G since Q,u is a component of u;
hence, the set {Quu| v € A} is bounded above by u.) u

Lemma 4. Assume that G has the projection property, and let u,v,w € G
be such that u > 0, v > 0 and w > 0.

a) If v is a component of u, and if w = u — v, then Q, = Qy + Q-

b) If u < v+ w, then Qy < Qyp + Q. n

Let E be an order complete Riesz space, let E’. be the vector space of all order
bounded o-order continuous linear functionals on F, and let (E.) be the order
dual of E!. Consider the natural embedding ¢ : E — (E.), ¥(u): E. — R,
P(u)(z) = z(u) (= (u,z)) for every x € E/, and u € E. It is well-known that
is a lattice preserving operator; also well-known is the fact that 1 is one-to-one
if and only if E! separates the points of F, that is, ¢ is one-to-one if and only
if £ has property P (for a discussion of the above-mentioned properties of the
natural embedding, see pp. 58-59 of [2]).

Proposition 5. If an order complete Riesz space E has property P, then
the natural embedding v: E — (FE.) preserves countable infima and suprema.

Proof: Since E has property P we may think of F as a Riesz subspace of
(E%)". Thus, in order to prove that ¢ preserves countable suprema and infima, it
is enough to prove that u, | 0 in E implies that u, | 0 in (E.)’.
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To this end, let u, | 0 in E. Since (E.) is order complete, it follows that
there exists v’ € (E.)" such that u, | v in (E.)".

Let 0 < z € E.. By Proposition 4.2, p. 72 of [9], we obtain that (z,u,) |
(x,u"). Since u, | 0 in E, it also follows that (x,u,) | 0. We conclude that
v =0.n

3 — A characterization of the individually convergent sequences

As pointed out in Introduction, in this section we will obtain a rather simple
necessary and sufficient condition for the individual convergence of a sequence of
elements of an Archimedean Riesz space.

We mentioned in Introduction that in order to prove Theorem 2, we may
restrict our attention to order complete Riesz spaces, only. Thus, from now on
throughout the paper (unless otherwise stated), we will assume given an order
complete Riesz space E.

Lemma 6. Let (u,)nen be a sequence of positive elements of E, and assume
that Boo((un)n) = 0. Then for every t € E, t > 0, there exists s € E, 0 < s <1,
such that the sequence (Psuy, )y is order bounded in E.

Proof: Let (un)neny be a sequence of positive elements of E such that
Boo((un)n) =0, and let t € E, ¢t > 0.

Set v, = \/.—; u for every n € N.

Since Boo((un)n) = 0, it follows that (uy)s, is not unbounded on B(t); hence,
the sequence (vy,), is not unbounded on B(t), as well.

Using Lemma 9-(a) of [14], we conclude that (vy,), does not diverge individ-
ually to co on B(t).

Since (v )n is a monotonic nondecreasing sequence, we may apply Lemma 7
of [14]. Accordingly, there exist a nonzero component s of t and A € R, A > 0,
such that Psv, < As for every n € N. Clearly, the sequence (Psuy,)y is order
bounded since 0 < Psu,, < As for every n € N. n

Lemma 7. Let (u,)nen be a sequence of positive elements of E, and suppose
that Bos((un)n) = 0. Let s € E, s > 0, and assume that the sequence (Psuy)n
is order bounded in E. Then, liminf,, Psu, = limsup,, Psuy.

Proof: Let (un)neny be a sequence of positive elements of E such that
Bos((un)n) = 0, let s € E, s > 0, and suppose that the sequence (Psuy,), is
order bounded in FE.
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Set ug = limsup,, Psu,, and u; = liminf,, Psu,, and assume that u; # ug.

Now set t = ug — uy. Then ¢t > 0. Our goal is to prove that ¢t € Bos((un)n);
thus, we obtain a contradiction since we assume that Bos((un),) = 0.

Let g € E, 0 < g < t; we will study the following two cases:

i)gAnur=0
and

ii) ¢ Aur # 0.

The proof of the proposition will be completed as soon as we show that in
each case there exist r € E, 0 < r < ¢, o, € R, 0 < 8 < «, such that

(lim sup,, (((un, — Br)~) A7) A (limsup,,(((u, —ar)t) Ar)) #0.

i) Let a, B € R be such that 0 < § < a < 1, and set r = q.

Taking into consideration that ug € B(s), and u;y € B(s), we obtain that
q € B(s); therefore, ((un, — 3q)”) A q € B(s) for every n € N.

It follows that

(7.1)  timsup(((un — B0)7) Aq) = limsup(Pu(((un — Bg) ") Aq)) =
:lim:up(((ﬁq Pou,)t /\) ( q—hmlanun)\/O)/\q
=Pq(((ﬁq—w VO)Aq) Z(ﬁq—Puz VO)Aq—(ﬂQ)Aq—ﬁq

It also follows that

(7.2) Iimnsup(((un —ag)t)A q) = limnsup<PS<((un —ag)T) A q)) =
= (((limnsup Psuy,) — aq) \% 0) Ng= ((US —aq)V 0) Ng
= ((us—u1+u1—aq)v0)/\q2 (g—ag) ANg=(1-0a)q.

Using (7.1) and (7.2), we conclude that

<limnsup(((un—ﬂq)f)/\q>)/\(limnsup(((un—ozq)Jr)/\q)) > (min{l—a, ﬁ}) q#0.

ii) Using the Freudenthal spectral theorem (see, for example, [2, Theorem 6.8,
pp. 82-83]), we obtain that there exists a nonzero component w of u; in E and
a real number a, a > 0, such that aw < (q Aur).

Setr—aw,a—a—{—l andﬁ—a—l—T
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Since w is a component of uy, and since u;y € B(s), it follows that
((up, — Paw)™) A (aw) € B(s) for every n € N. Thus, we obtain that

limnsup(((un — faw)”) A (aw)) = limnsup PS<((un — Baw)”) A (aw)) =

= lim sup Ps<((ﬂaw —uy)T) A (aw)) = (ﬁaw — lim inf Psun>+ A (aw)

= <w+;w—u1>+/\(aw).

Since w — uy < 0, and since (§w) A (uy — w) = 0, it follows that
(w4 §w—ur)™ = §w; therefore, (w+ §w —ur)™ A (aw) = § w. Accordingly,

(7.3) limnsup<((un — Baw)”) A (aw)) = gw .

Using again the fact that w is a component of u; and ur € B(s), we deduce
that (u, — caw)™ A (aw) € B(s) for every n € N. Accordingly,

(7.4)  lim sup((( —aaw)t) A (aw)) = limnsup P (((un —aaw)™) A (aw)) =

( lim sup (Psuy,) — aaw)+) A (aw) = <(us - (é + 1) aw)+> A (aw)

(us —w— aw)+ A (aw) = (us —ur+ur —w— aw)+ A (aw)

(q/\u[ —aw)Jr/\(aw) > (2aw — aw) A (aw) = aw .

In view of (7.3) and (7.4), we conclude that

(Iimnsup(((un — Baw) ™) A (aw))) A <lim sup(((un —aaw)™) A (aw))> > % w.m

n

Proposition 8. Let (uy)nen be a sequence of positive elements of E, and
assume that (uy), converges individually on E. Then for every t € E, t > 0,
there exists s € E, 0 < s < t, such that the sequence (Psuy,)y Iis order bounded
in E, and such that lim inf,, Psu,, = lim sup,, Psu,.

Proof: Lett € E, t > 0. Since Boo((un)n) = 0, by Lemma 6, there exists
s € E, 0 < s <t,such that the sequence (Psuy, )y is order bounded in E. Taking
into consideration that Bog((un),) = 0, and using Lemma 7, we obtain that
liminf, Psu, = limsup,, Pstuy. =
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Given a doubly indexed sequence (unk)(nr)enxn, set lmsupg, gy unp =
Nien \/n>l Upg and lim inf , ) Uk = Vien /\n>z Upk Wwhenever the right hand sides
>l >l

of the above equalities exist.

Now let (unk)n,kyenxy be a doubly indexed sequence of elements of E such
that u,x > 0 for every (n,k) € N x N. We say that (un)mrenxy converges
individually to zero if limsup,, y(unk A v) = 0 for every v € E, v > 0.

Lemma 9. Let (up)nen be a seequence of positive elements of E. Assume
that (uy)y is order bounded in E, and that liminf,, u,, = limsup,, u,. Set v, =
uy — uy, for every n,k € N. Then the doubly indexed sequence (|vnk|)n k)yenxn
converges individually to zero.

Proof: Since (uy), is order bounded and since 0 < |v,i| < uy, + uy for
every (n,k) € N x N it follows that (|v,k|)n k) is also order bounded; therefore,
limsup,, y [vnk| exists in E. Consequently, in order to prove that (|vnk|)(n.k)
converges individually to zero, it is enough to prove that limsup,, 1 |vnk| = 0.

Since
lim sup |vpx| = /\ \/ (v:k +v,)
(n,k) lEN n>1
k>l
< (/\ V UZ;C) + (/\ V UEk)
1EN n>1 IEN n>1
k>l k>l

= lim sup v:k +limsupuv,, ,
(n.k) (n.k)

it follows that the proof of the lemma is completed once we prove that
lim sup, 1) v, =0 and lim SUP (k) Vpg = 0.
Now,

0<hmsupv /\ \/( n — Uk \/O)

(n,k) IEN n>1
=AY (o () o)
=AY )= (A=) v
= ((zé}w\!zun) - (lléléluk)) V0=0.

Thus, limsup,, x) v:k =0.
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Taking into consideration that v, = v} for every (n,k) € N x N, we obtain
that lim sup,, ) vy, = Hmsup, 1) ’U]—:n = limsupy, ’U,jn =0.n

Proposition 10. Let (uy)nen be a sequence of positive elements of E,
and assume that (u,), converges individually on E. Set vn, = u, — uy for
every n,k € N. Then the doubly indexed sequence (|vnk|)(nk)enxn converges
individually to zero.

Proof: Assume that (|v,k|) (k) does not converge individually to zero. Then
there exists v € E, v > 0 such that limsup, ) (|vak A v[) # 0.

Set w = limsup, x)(|vnk| A v). Taking into consideration that w > 0, by
Proposition 8, we obtain that there exists s € F, 0 < s < w, such that
the sequence (Psuy), is order bounded in E, and such that limsup,, Psu, =
lim inf,, Psu,,.

It follows that limsup, | Psuy, — Psug| # 0 since

s = limsup(|vpk| A s) < limsup(Ps(Jvpg|)) = limsup |Psuy, — Psug| .
(n,k) (n,k) (nk)
We have obtained a contradiction since, by Lemma 9, the doubly indexed
sequence (| Psup — Psug|)(n k) converges individually to zero.

Proposition 11. Let (u,)nen be a sequence of positive elements of E, and
set vpg = up — uy for every (n,k) € N x N. If the doubly indexed sequence
(|vnkl) (n,k)enxn converges individually to zero, then Boo((tn)n) = 0.

Proof: Assume that B ((un)n) # 0. Then there exists v € Boo((un)n),
v > 0.

Let | € N. Using Lemma 3 of [16] and Lemma 4 of [14], we obtain that the
sequence ((un — u;)*)p>; is unbounded on Boo((un)y). Thus,

Sup(\un — ug| A ’U) > sup(]un — | A v) > sup((un — )T A v) =0.
n>l n>l n>l
k>l

Accordingly, inf; sup,,>; (Jun, — ux| Av) = v # 0. We have obtained a contra-
ES>1

diction since the doubly indexed sequence (|vnk]) (n,k)yenxn converges individually
to zero. n

Proposition 12. Let (u,)nen be a sequence of positive elements of E such
that the doubly indexed sequence (|un — ug|)(n xyenxn converges individually to
zero. If s € E, s > 0 is such that the sequence (Psuy,)y is order bounded in E,
then lim sup,, Psu,, = liminf,, Psu,.
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Proof: Lets € E, s > 0, be such that the sequence (Psuy, )y, is order bounded,
and assume that lim sup,, Psuy, # liminf,, Psuy,.

Set w = limsup,, Psu, — liminf,, Psu,. Clearly, w > 0.

We now note that since w € B(s), it follows that (u, —ug)™ Aw € B(s), so
Py((un, — ug) ™ Aw) = (up, — ug)™ Aw for every (n, k) € N x N. Thus, we obtain
that

0= limsup(\un — ug| A w) > hmsup((un —up)t A w)
(n,k) (n.k)

= lim sup Ps((un — )T A w) = /\ \/ (((Psun — Psug) V 0) A w)

(n,k) I n>l
_ ((/l\ n\>/l(PSun — Poug)) v o) Aw _
= (((AV Pa) - (Y A Pas)) v0)

+
= (lim sup Psu,, — lim inf Psun) Aw=w.
n n

We have obtained a contradiction since we have assumed that w > 0, w # 0. n
The next proposition offers a converse to Proposition 10.

Proposition 13. Let (u,)nen be a sequence of positive elements of E. If
the doubly indexed sequence (|u, — ug|)(n r)enxn converges individually to zero,
then the sequence (uy ), converges individually.

Proof: By Proposition 11, Boo((un)n) = 0. Thus, in order to prove that the
sequence (uy,), converges individually we have to prove that Bos((up),) = 0.

To this end, assume that Bos((un)n) # 0. Then, there exists t € Bos((un)n),
t > 0. By Lemma 6, there exists s € Bog((un)n), 0 < s < t, such that
the sequence (Psuy,)y is order bounded. By Proposition 12, limsup,, Psu, =
lim inf,, Psu,,.

Our goal is to prove that s € Byos((un)n); hence, we will obtain a contra-
diction. Thus, we have to prove that

(limnsup(((un — fw)”) A w)) A (limnsup(((un —aw)T) A w)) =0

for every w € F, 0 < w < s, and for every o, 6 € R, 0 < 8 < «a.
To thisend, let we F, 0 <w <s,and let a, € R, 0< (< a.
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Taking into consideration that w € B(s), we obtain that (u, — fw)” Aw €
B(s), and (u, —aw)™ Aw € B(s); therefore, Ps((u,—fw)~ Aw) = (up—fw)” Aw
and Ps((up, — aw)™ Aw) = (up, — aw)™ Aw for every n € N. Accordingly,

(limnsup(((un — Bw)”) A w)) A (hmnsup(((un —aw)t) A w)) —
= (imsup 2 (o= 9w7) ) ) (imup Py (0 = ) *) 1))

= limnsup(((Psun — fw)”) A w)) A (lim Sup(((Psun —aw)T) A w))

n

n

(
= (hmsup(((ﬂw — Psuy,) VO) A w)) A (limnsup(((Psun —aw) V0)A w))
= (((ﬁw - limninf Psuy,) Vv 0) A w) A ((((limnsup Psuy,) — aw) v 0) A w)

= ((ﬁw — limsup Psuy,) ™ A w) A <((limsup Psuy,) — aw>+ A w>

+
< (aw — limsup Psu,)t A ((lim sup Psuy,) — aw) =0.
n n
We conclude that

(limnsup(((un — pw)") A w)) A (limnsup(((un —aw)T) A w)) =0.m

Proposition 10 and Proposition 13 can be summarized as follows:

Theorem 14.  Let (un)nen be a sequence of positive elements of E.
Then (uy,), converges individually if and only if the doubly indexed sequence
(|un — uk|) (n,k)enxn converges individually to zero.

The characterization of individually convergent sequences described in the last
theorem is valid even in the more general situation in which we do not assume
the positivity of the terms of the sequence (uy,)nen. We conclude the section with
a theorem which discusses this more general situation.

Theorem 15. Let (un)nen be a sequence of (not necessarily positive)
elements of E. Then (uy), converges individually if and only if the doubly
indexed sequence (|un — uk|)(n,renxn converges individually to zero.

Proof:  Assume first that the sequence (u), converges individually.
Accordingly, the sequences (u))peny and (u; )neny converge individually,
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as well. By Theorem 14, the doubly indexed sequences (|u,} — u;|)(n k)enxn
and (u,, — up |)(n,k)yenxn converge individually to zero. Thus, using Corollary,
p. 53 of [9], we obtain that

O</\\/(|un—uk|/\v)§/\\/l(<|u — |+ |uy, uk\)/\v)

</l\n\£l<( —uk|/\v)+<|u_;—uk\/\v))
< AV (0 =120+ (V (1 =10
_ (/Z\n\>/l(|u —uk|/\v)> +</l\_n\£l(|ug—uk|Av)> =0

for every v € E, v > 0.

It follows that limsupy, y(Jun — uk| A v) = 0 for every v € E, v > 0; that is,
the doubly indexed sequence (|u, — ug|) () converges individually to zero.

Now, assume that the doubly indexed sequence (|un — ug|)(nk) converges
individually to zero.

By Theorem 1.6, pp. 6-7 of [2], it follows that |u;} — u}| < |u, — uk|, and

lu,, —uy | < |up — uy| for every n € N and k € N; therefore,
0< AV (luf —uilnv) < AV (Jun —uxl Av) =0
I n>l 1 n>l
k>l k>l
and
0< AV (lur —uglnv) < AV (Jun —ux| Av) =0
I n>l l n>l
k>l k>l

for every v € E, v > 0. Accordingly, limsup(n7k)(|u —uf| Av) = 0, and
lim sup(y, i) (|u,, — ug| Av) = 0 for every v € E, v > 0; therefore, the doubly
indexed sequences (|} — wf]) () and (u, — ug |)(nx) converge individually to
zero. By Theorem 14, the sequences (u;), and ( )n converge individually;
hence, (uy), converges individually, as well.

Observation. Let G be an Archimedean Riesz space and let G be the
Dedekind completion of G. All the results of this section can be stated for se-
quences of elements of G. To this end, we think of G as a Riesz subspace of G
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and we take all suprema and infima in G. Thus, if (Unk) (n,k)enxn 18 a doubly
indexed sequence of elements of G (or G) we set lim SUP (k) Unk = Nien V n>t Unk
k>

and liminf(, ) unk = Vien An>1 unk Whenever the suprema and infima exist in
k>l

G; if upy > 0 for every (n, k) € N x N, then we say that (unk)(n,k) converges indi-
vidually to zero if lim supy,, ) (unx Av) = 0 for every v € G, v > 0. In this setting,
Theorem 15 states that a sequence (uy,)pen of elements of G converges individ-
ually if and only if the doubly indexed sequence (|un — ug|)(n kenxn converges

individually to zero.

4 — The individual convergence in Riesz spaces with property P and
the Banach principle

As stated in Introduction, our goal in this section is to prove Theorem 2. To
this end, we need several lemmas.

Lemma 16. Let (u,)nen be a sequence of elements of E, and assume that
(un)n converges individually on E. Set vy = |u, — ug| for every n € N, k € N.
Let v € E, v > 0, and let z be a positive og-order continuous linear functional on
E. Then for every § € R, § > 0 and € € R, € > 0, there exists s € N such that
<P(\/tz:s o)V z) <eforeveryt e N, t > s.

=s

Proof: Let (uy)nen be a sequence of elements of E such that (uy,), converges
individually, let v € E, v > 0, and let 2z be a positive o-order continuous linear
functional on E. Set vnx = |u, — ug| for every n € N, k € N; also set wg =
V%:z vk for every s e N, t e Ny s < ¢.

Assume that the assertion of the lemma fails to be true for (uy,)n, v and z.
Then there exist § € R, § > 0 and € € R, € > 0, such that for every s € N, there
exists t € N, t > s, with the property that (P, ,_s+v, 2) > €.

We now note that we may assume that 0 < § < 1 since (P, —g0)+?, 2) <
(Plapyi—sr0)+v, 2) for every s € N, t € N, s < ¢, and for every 0 € R, ¢’ € R,
0<d <.

Clearly, (sup;>s Pu,,—s0)+v, 2) > € for every s € N. Taking into consideration

that the sequence (Sup;ss Ply,,—sv)+V)seN is an order bounded monotone nonin-
creasing sequence of elements of F/, and since z is a o-order continuous linear
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functional on E, we obtain that

e < inf (sup P, f sup P, )
;IEIN ilelg (wst—6v)+ Vs Z> <1nN igj}\}) (wst—6v)+ V5 Z
t>s t>s

Consequently, infsen supren Plu,,—s0)+v 7# 0.
t>s
Set P = infseN SupigN P(wst,(;U)Jr’U.
>s
Taking into consideration that 0 < p < supten Py,,—sv)+v < v for every
t>s

s € N, and using Exercise 10-(b), p. 41 of [2], we obtain that

(16.1) 6, < 5P(sup Plas,—soy+v) = 5(supPP(wt 50y 0) =

teN
t>s t>s
= (5<supP (sup(p Al((wg — dv) T ) = supsupd B, < (l((wst - 6v)+)))
teN " \leN tel 1eN
t>s
= sup Sup<((5p) A (6[((Pwst —p)* ) su psup( dp) A (l((B)wst - 5p)+))>
teN leN tel 1eN
t>s t>
= (sup sup((dp) A (Z(Ppwst - 5,0))))
o e

for every s € N.

By Theorem 15, the doubly indexed sequence (vnk)(nkenxy converges indi-

k)
vidually to zero. Accordingly, infsen sup;>s (wi A (6p)) = 0.
t>1

Since p # 0, it follows that dp # 0, so there exists sg € N such that

SUp >, (wie A (6p)) # 6p.
>l

Clearly, 0 < dp — sup;>s, (wir A (dp)) < dp; therefore, using again Exercise
t>1
10-(b), p. 41 of [2], we obtain that

(16:2)  dp— sup (wy A (99)) = E;(8p — sup (wn A (59))) =
1>s0 [>s0
>l >l
= 0p — sup B,(wy A (dp)) = 0p — sup ((Ppwlt) A (5p)) =
1>s0 [>s0

t>1 t>1
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= inf <5p - ((Ppwlt) A (5,0))) = jnf ((5P— Ppwlt)+)

1>s0 =
>l >l
_ + _
< ll>nsf) ég&( ((6p — Bywyy) )) Vv ( 5ﬂ)>
>l
:llznsf;) lilel (( (5p Pwlt) ( 5p )
>l
Jr
< fat ot (k00 ) v 00))
t>so
+
= (1 (k00 ) v 1))
t>so
= <Sup sw((k(PpwsOt - 50)) A (5p)>>
ttgi\é keN

Using (16.1) and (16.2), we conclude that

(G el (s r160)) )

* (o (s 90) nom)) )

t>so
> (8p) A (dp = sup (w1 (49) )
lZslo
t>

Since 0 < dp—sup>s, (Wit A(9p)) < dp, 0p—sup >, (wie A(0p)) # 0, it follows
>l t>1

(G g (et ) 2 02)) )

_ (s el (a3 2 00)) ) 0

t>so

that

therefore, we have obtained a contradiction. m
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Lemma 17. Let (upk)nk)enxn be a doubly indexed sequence of positive
elements of F, let v € E, v > 0, and let z be a o-order continuous positive

linear functional on E. Assume that sup ,>;(upx A v) = v for some | € N. Set
k>l

Wyt = \/tz:s upy for every s € N, t € N, t > s. Then,
=s

i2§<P(wls—av)+vu Z> = <§1611£]) P(wls—ev)Jrva Z> = <U, Z>
s>l s>l

forevery e e R, 0 <e < 1.

Proof: We first note that the sequence (wjs)sen is a monotonic nonde-
s>l
creasing sequence; therefore, (P, _c)+?)sen is also monotonic nondecreasing
s>1

for every e € R, 0 < € < 1. Since z is a o-order continuous linear functional, it
follows that
sup<P(wls_Ev)+v, z> = <Sup Play,—ev)+ 05 z>
seN seN
s>l s>1
forevery e e R, 0 <e < 1.
Thus, in order to complete the proof of the lemma, it is enough to show that

Sup seN Pluy,—ev)+v =v forevery e € R, 0 <e < 1.
s>l
To this end, let € € R, 0 < e < 1, and assume that sup sen Py, —c0)+? 7# V-
s>l
Set w = sup seN Py, —ev)+0-
s>1

Taking into consideration that (w;s —ev)™ Av < supgen((k(wis —ev)t) Av) =
Py, —evy+v <w for every s€N, s >1, we conclude that sup sen ((wis —ev)tAv) <w.
s>l

Now,

" +
sup ((wls—su)ﬂ\v) = (sup((wls—sv)/\v)) = <sup<(w18/\(v+ev)>—sv>> >
seN seN seN
s>l s>l s>1

> (sup(wls A v)) —ev = (sup(unk A v)) —EV=0V—€V.
seN n>l
s>1 k>1

Thus, (1 —¢&)v < supgen ((wis — ev) ™ Av) < w.
s>l
Since (P(wlrgu)JrU)seN is a sequence of components of v, Theorem 3.15, pp.
s>l
37-38 of [2] implies that w is a component of v, so 0 < ((1 —¢e)v) A (v —w) <
w A (v —w) = 0; therefore, ((1 —¢)v) A (v —w) =0.
We have obtained a contradiction since ((1 —&)v) A (v —w) > (1 —¢) (v —w),
and since (1 —¢) (v —w) #0, (1 —¢) (v —w) > 0.
Accordingly, sup sen Py, —c)tv = v. 8
s>1 )
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We will assume from now on throughout this section given a Banach space X
and a sequence (T}, )nen of linear operators, T,,: X — E for every n € N.

For every n € N, we define a mapping 7,y : X — FE as follows: T}z =
Vi1 |Tiz| for every z € X.

Lemma 18. If7T, is continuous in duality for every n € N, then T)' is also
continuous in duality for every n € N.

Proof: LetleN,letve E,v>0,let z€ E,, 2 >0, let z € X, let (x)ken
be a sequence of elements of X which norm converges to z in X, and let € € R,
e>0.

Using Proposition 1.4-(6), p. 51 of [9], we obtain that

l + l +
. . + €V eV
(]Tl xp—T; 5L'|—€U) < ( E |Tnxk—Tn$|—lT> < E (]Tn:rk—Tnx]—T>
n=1 n=1

for every n € N.

Now let § > 0. Since T}, is continuous in duality for every n = 1,2,...,1, it
follows that there exists ks €N large enough such that <P(‘Tnxk_Tnx|_%v)+ v, 2) < %
forevery n =1,2,...,0 and k € N, k > k;.

By Lemma 4-b),

0< <P(|Tz*f5k—Tz*m|_5U)+v’ Z> < <PZZ (|Tnzk7Tnx|f%v)+U’ z>

n=1
l
)
< Z<P(\Tnxk7Tnm|*%v)+U’ Z> <l 7 =4
n=1

for every k > ks.

Thus, for every § > 0, there exists ks € N such that 0 < <P(|Tl*xk,Tl*x|,gv)+v, z)
< 6 for every k > ks; accordingly, the sequence (P12, —12|—cv)+ Vs 2))keN con-
verges to zero.

We have therefore proved that for every [ € N the mapping 77" is continuous
in duality. m

Lemma 19. Assume that the sequence (T},)nen has property D, let v € E,
v >0, and let z € E.., z > 0. Then, for every ¢ € R, ¢ > 0, and for every x € X,
there exists ng € N such that supien (P12 —ngu)+ v, 2) < €.

Proof: Lete e R, e>0,let x € X, andset V,={w e E|wA(v—w)=0
and P, |T;z| < nw for every i € N}, and w, = supV,, for every n € N (the
suprema exist in F since F is order complete, and since V,, is a set of components
of v in E for every n € N).
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Let n € N. Clearly, P,|T;x| < nw < nw, for every w € V,, and i € N;
therefore, by Lemma 3, Py, |Tiz| = supy,ey, Po|Tiz| < nw, for every i € N.
Accordingly, w, € V,, (that is, w, = max V},).

We will now prove that sup,,cywpn, = v.

Clearly, sup,,cy Wy, is a component of v. Assume that sup, oy wy, # v, and set
§ = v — sup,cy Wy. Then, s is a nonzero component of v. Since the sequence
T;); has property D, it follows that the sequence (|7;x|); is not unbounded on
B(s); hence, the sequence (T} x); is not unbounded on B(s), as well.

By Lemma 9-(a) of [14], the sequence (77*z); does not diverge individually to
oo on B(s). Since (T;z); is obviously a monotone nondecreasing sequence, we
may apply Lemma 7 of [14]; accordingly, there exist a nonzero component w’ of
sin E and XA € R, A > 0, such that 0 < P,/ (T;x) < A’ for every i € N.

Let n € N, n > A. Then, w' € V,, since 0 < P, (T;z) < nw' for every i € N.
Consequently, w’ < sup,, ey Wi.-

On the other hand, w’ A (sup,,eywm) = 0 since 0 < w' A (Sup,,eny Wm) <
s A (Sup,pey Wm) = 0.

Clearly, we have obtained a contradiction since w’ > 0, w’ # 0. Accordingly,
SUP,en W = .

Set w], = v — wy, for every n € N.

Let ] € N and n € N.

Since w, € V,, it follows that P, |T;x| < nw, for every i = 1,2,...,1, so
Py, (T} z) < nwy; hence, Py, (T7'x — nv)™) = (P, (T}z) — nwy,)™ =

Using Lemma 4-a), we obtain that

Plrs g —npy+v = sup (v A (k((Tl*x - m))+)>>
keN

o)

_ Sup<(pwn +Py) (v A (k((Tl*;c — nv)+)>)>

keN

< (225 P, (v A (kf((Tz*ﬂE - ”U)ﬂ)))

+ (225 Py <v A (k(T7e - nv)+)>>> _
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(il ()
(g (1(Puscre —r)) )

= sup | w, A <k(Pw;L((Tl*1: - nv)+))) <w) .
keN

Thus, Prey—np)+v < w), for every [ € N and n € N.

Since (wy, )y i @ monotonic nondecreasing sequence of components of v such
that sup,cywn, = v, it follows that (w}), is monotonic nonincreasing and
inf,enyw!, = 0.

Since z is a o-order continuous linear functional on FE, we obtain that
o 2) < € for some ng € N.
Accordingly, sup;en(P(7yz—ngu)+ V5 2) < (w!

no?

(w
z)<e.m

Lemma 20. Assume that T}, is continuous in duality for every m € N. Let
veEE, v>0,letz€ E., 2>0,lete € R, e >0, let I, n be two natural numbers,
and set Byy(e) = {x € X| (Pgrz-nv)+v, 2) < €}. Then, Biy(e) is a closed set
(in the norm topology of X ).

Proof: We have to prove that for every norm convergent sequence (j)xen
of elements of By, (g), we obtain that limy_, . 2 is also an element of B ,(¢).

To this end, let (z1)kren be a norm convergent sequence of elements of B; ,,(¢),
and set x = limg—, 4 o0 Tk.

Set wy, = (I;jz — (n+ 3)v)* for every h € N.

The sequence (wp)pen is order bounded in E since 0 < wy, < (Tf'z — nv)™T
for every h € N; thus, \/,cywy, exists since E is order complete. Taking into
consideration that F is Archimedean, we obtain that

e )
= (Tl*:u—m;— A (%v)) V0= (Tfz —nv)t .

heN
By Lemma 3, P(Tl*x_m,)+v = Vsen P(Tl*xf(nJré)vﬁv. In order to prove that
x € By (e), we have to show that (P(Tl*w,m)+v, z) < g; therefore, it follows that
the lemma will be completely proved if we prove that <P(Tl*x7(n + 1))+ z) <e
for every s € N.
Accordingly, let s € N. Let also € R be such that > 0.
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By Lemma 18, T}" is continuous in duality; therefore, there exists n, € N such
that <P(‘Tl*$_Tl*Ik‘_%v)+v, z) < for every k € N, k > n,,.
Using Lemma 4-b), we obtain that

0< <P(Tl*x—(n+%)fu)+v’ Z> = <P(Tl*:c—Tl*xnn—%v-‘rTl*a:nn—nv)*U’ Z>

< (Ptga-ttau, -1+ (0 ny-nyt ¥ %)

< <P(T*x—Tl*xn,7—§v)+v’ z> + <P(Tl*mn,,—m))+vv z>

1

< (Pltpa-tgan, -ty ¥ )+ (Plrn, -0, 2) <n+e

Since <P(T*mf(n+l)v)+v7 z) < n+e for every n € R, n > 0, it follows that

l
<P(Tl*$_(n+%)v)+'l), Z> S g. n
The results obtained so far in this paper now allow us to prove Theorem 2.

Proof of Theorem 2: a) We will first note that given v € E, v > 0
and z € E!, z > 0, it is enough to find a positive monotone nonincreasing
function Cy . : (0,400) — R such that limy_ 4 Cy.(A) = 0, and such that
SUP,, (P =l )+ Vs 2) < Cu2(A) for every z € X, ||lz| =1 and A € R, A > 0.

Indeed, let C,. be such a function, and let y € X. If y = 0, then
Sup, (P(rsy—Aly o)+ Vs 2) = 0 < Cp2(A) for every A € R, A > 0. If y # 0, set

T = HL Taking into consideration that

yll
Pirza—xo)t = P (mry-Alyll o)t = ATzl o)+ -

we conclude that

(Pl s 2) = (Prze-syr v, 2) < Cos(N)

for every A€ R, A >0 and n € N.
Now, let v e E, v >0, and z € E!, z > 0. Define C, .: (0,+00) — R by

CU;Z(A) = sup Sup<P(Tl*y—)\v)+v, Z>
yeX 1eN
llyll<1
for every A € R, A > 0.
Clearly, the function C), . is monotone nonincreasing.
Since

?2£<P(Tl*z—)\v)+vvz> < 52)12 ?2£<P(Tl*y—>\v)+va Z> = Cv,z<)‘)
lyll<1
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for every x € X, ||z|| = 1 and for every A € R, A > 0, it follows that the
function C), . satisfies all the required properties provided that we prove that
limy_, 1 oo Cy 2(A) = 0.

Since Cy_, is a monotone nonincreasing function, it is obvious that in order to
prove that limy_, 4 C, -(A) = 0, it is enough to show that for every ¢ > 0, there
exists p > 0 such that C, ,(p) <e.

To this end, let € > 0, and set ¢’ = 5.

As in Lemma 20, set B ,(¢') = {z € X | (Prra—no)+v; 2) < ¢’} for every | € N
and n € N; also set A, (') = {z € X| (P(rrz—nv)+v, 2) < g’ for every | € N} for
every n € N.

Clearly, Ay (¢') = Nien Bin(€') for every n € N; by Lemma 20, the sets B; ,,(¢'),
l € N, n € N, are closed, so Ay, (&) is a closed set for every n € N.

By Lemma 19, X = (J,,cny An(€'); thus, by the Baire category theorem, at least
one of the sets A,(¢’), n € N, has nonempty interior. Accordingly, there exist
n €N, zg € X, and 0 > 0 such that x € A, (¢) whenever z € X, ||z — z¢|| < 0.

Thus, (P(Tl*(xﬁ(;y),myrv, z) <& foreveryl e Nand y € X, |ly|]| < 1.

Set p = 27”

Taking into consideration that

1 1
= Ty (x0 + 0y) — < Trao| <

o o

Ti'y = sup [Txy| = sup
1<k<I 1<k<I

1. 1.
!TkJUo!:gTz (w0 + 6y) + < T} xo

1 1
< suplg‘Tk(xo—i-(Sy)‘—i- sup — 5

1<k< 1<k<l 0
for every [ € N, y € X, and using Lemma 4-b), we obtain that
<P(Tl*y727"’u)+v’ Z> = <P(6Tl*y—2m))+va Z> < <P(Tl*(:co+5y)+7}*a:o—2nv)+vv Z> <
< <P(Tl*(:v0+5y)fm;)+v7 Z> + <P(Tl*mofm))+va Z> <é+é=¢

for every le Nand y € X, |ly|| < 1.

Accordingly,
= " n <eg.
Cu,=(p) sup ?3§<P(Tl Y- 2yt z> <e
Iyl <1

b) Assume that F is not a norm closed set in X. Then there exists z in
the norm closure of F in X such that the sequence (7},2)nen does not con-
verge individually on E. Then, by Theorem 15, the doubly indexed sequence
(|Twz — Ton|) (nm)enxn does not converge individually to zero on E; that is,
limsup,, ) (| Tz — Tiz| A w) # 0 for some w € E, w > 0, w # 0.
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Set v = limsup, ) (|Thz — Tz A w).
Since 0 < v < w, it follows that

lim sup(\Tna: — Thx| A v) = lim sup<|Tn:c — Trx| ANw A v)
(n.k) (n.k)

= (limsup(|Tnx — Tpx| A w)) ANv="v.
(n.k)

Accordingly, sup,>; (|72 — Tiz| Av) = v for every [ € N.
k>l

Taking into consideration that E has property P, we obtain that there exists
z € El, 2 >0, such that (v,z) # 0. Set a = (v, 2).

Let C, . be the function described at a), and let ¢ € R, 0 < ¢ < %, be
small enough such that Cy.(2) < /3. Then, there exists y € F such that
o =yl < &2

By Lemma 16, there exists Iy € N such that <P(th:lo Ty Ty —ev)+ O z) <
k=lo
a/3 for every t € N, t > .
Since
P L 2) <
{ (Vi ITa@—y)~Ti(e—y))—Lllz—gllv) ** 2) <
k=lo
< (P
<( (2(V!_,, [Tela—y))~Lla—yliv) " 2)
1
=(P ,2)<Cuzl =— ),
< (Vi 1Tk @)]) =l 0) " Z> - ”“(25)
and since
t t

V 1T = Tial <V (|Tue =) = Tuto = )| + Ty~ Tia)

n=lo n=lop

k=lo k=l
t t

< ( \ [Tue =) = Ti(a - y)\) +(V [Ty - Thy)
n=lo n=lg
k=lo k=lo

for every t € N, t > [, it follows that

<P((th:lo |Tnx—Tkx|)—26v)+v’ Z> =

k=lo
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P t t )

(VY rty Ta@—9)~Ta(@—9) )+ ot 1Tny—Tgh—220) " 2)
k:lo k:lo

P

(Vi ITa@—)~Tke—9))—e0) (Vi [Tay—Trsl)—ev) ™" 2)
k=lo k=lo

P P

(Vg [Tale—y)~Tr(a—y))—=0) T Z> +< ((V'miy 1Tay=Tiy)—ev) " Z>
k=lo k=lo

P P

(Vi ITn(a—9)~Ti(a—y)l) = Llle—yl0) " 2)+( (Vi ITay=Tiel)—e0) " %)

k=lo k=lp

1 2
< Cv,z<> TR

2e 3 3

for every t € N, t > .
Thus,

Su P v, 2 < —<a.
t61£1)< ((vthZO |Tnx*TkI|)725v)+ >— 3

t>lo k=lo

On the other hand, by Lemma 17, we obtain that

sup( P v z> =,z)=«a.
te§< (V'oty [Tra—Tial)—2e0) ¥ 2) = (0 2)
t>lg k=lg

We have obtained a contradiction; accordingly, we conclude that F is a norm

closed set in X. m
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