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ABOUT STEADY TRANSPORT EQUATION II —
— SCHAUDER ESTIMATES IN DOMAINS
WITH SMOOTH BOUNDARIES

ANTONIN NOVOTNY

Presented by Hugo Beirao da Veiga

Abstract: This paper is a continuation of our work [7]. We investigate steady
transport equation
Az4+w-Vz+az=f, A>0,

in various domains (bounded or unbounded) with sufficiently smooth compact or noncom-
pact boundaries. The coefficients w and a are “sufficiently smooth” functions, “small”
in appropriate norms. There is no transport of z through the boundary. Under these as-
sumptions, we study existence, regularity, uniqueness and asymptotic behaviour (when
the domain is unbounded) of solutions in spaces of Holder continuous functions. The
corresponding estimates are derived. The results presented here have found a series of

applications in the compressible fluid dynamics.

1 — Introduction

This work is a continuation of our previous paper [7], where we have studied
existence, uniqueness, asymptotic behaviour and regularity of solutions to the
steady transport equation in Sobolev and homogenous Sobolev spaces, and their
duals. Here we investigate the steady transport equation

(1.1) Az4+w-Vz+az=f,

(A > 0) in Holder spaces of continuous functions, in various types of domains
Q) C R™. The same results, we derive for this equation, are valid also for systems,
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cf. [7] equation (1.3). In such a case, the unknown quantity is the vector field
z2=(21,...,2m), m = 2,3, ... and w, a are the matrix fields w = (w;;), a = (a;x),
i,k=1,...,m, 7 =1,...,n. The generalization, which is easy, is left to the reader.

The study of the equation (1.1) is based on the apriory estimates for z in
Sobolev spaces formulated in [7] (see also [2] when  is bounded), on the inter-
polation arguments and on several fundamental properties of Slobodeckij spaces
(which are the Besov spaces of a particular type) — see Triebel [9], or Bergh and
Lofstrom [3]. All these tools are recalled in Section 2.

For a large class of domains Q2 (bounded or unbounded) — see Section 2 — it
is proved, that for the right hand side f in a suitable Holder space and for given
coefficients w, a “small” in suitable Holder spaces (moreover, w has to be such
that its normal component vanishes at the boundary), the equation (1.1) admits
just one solution z in the same Holder space as that one of the right hand side
f. Moreover, the corresponding estimates hold. For this theorem, see Section 3,
Theorem 3.1 and for its proof, Section 4. In Section 5, we investigate the decay
of solutions at infinity when the domain is unbounded. We put a particular stress
to the exterior domains and to the whole space. The results are formulated in
Theorem 5.1.

These are the main achievements of the present paper. The results are directly
applicable to the investigation of the steady compressible flows, see [4] or [8]. As
far as the author knows, they have been missing in the mathematical literature.

2 — Notations and preliminary results

2.1. Functional spaces

e By Bpg(z), we denote the ball in R™ with the center x and the radius R,
BE(z) = R"\Bg(x); Br(0) is denoted shortly by B and Bf(0) by BF.

e Let 2 be a domain in R™ with the boundary 02 and with v the outer normal
to it, or the whole R™ (n > 2). We denote by C*(Q) a space of the infinitely
differentiable functions on  and by C§°(Q) a space of infinitely differentiable
functions (up to the boundary) with compact support in Q. C§°(€2) is the space
of smooth functions with compact support in 2. When equipped with the usual
weak topology, it is denoted by D(Q); by D'(2) we denote its dual space, the
usual space of distributions. By S(R™) we denote the space of rapidly decreasing

functions equipped with the system of seminorms sup,cgn |p(z) V7/z(x)| where
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j =0,1,... and p(x) are the polynoms on R"; §(Q2) is the space of restrictions
on Q of the functions belonging to S(R™). The space of all continuous linear
functionals on S(R™) is the space of tempered distributions by S’(R"™).

e By C*(Q) or C*°(Q), k = 0,1, ..., we denote the Banach space of differen-
tiable functions (up to the boundary) up to order k, with the finite norm

k
(2.1) [2ler 0 = Y sup [V z(2)]
]:0 e

(in the definition we suppose that the boundary 9 of Q possesses at least C*
regularity).

By the Holder space C**(Q), k = 0,1,..., « € (0,1), we denote a Banach
space of differentiable functions up to order k up to the boundary, with the finite

norm

(2.2) |Zlewn = |2lek @ + Ha0(VF2)
where

(2.3) Ha0(z) sup J2(z) = 2(y)| :

z,yeN |l’ - y|a

In this definition we have supposed that the boundary 92 has at least C*® regu-
larity. We often use the Banach space Cg "*(Q) which is defined as the completion
of C5°(Q) in the norm CH< i.e.

Hck,a

(2.4) Co(Q) =Cge () <

it is a subspace of C**(Q) equipped with the norm (2.2). Similarly Cé YR =
Cg’a(]R”) is a completion of C°(R") in the norm | - |¢k.. Notice that C¥*(Q) =
CY*(%2) for Q a bounded domain.

e By LP(Q) = WOP(Q), 1 < p < oo, we denote the usual Lebesgue space with
the norm || - [|o,, and by W*P(Q) (resp. Wég’p(Q)), k =1,2,..., the Sobolev spaces
equipped with the norms

k
(2.5) I llkp =D IV 20 -
§=0

Index zero denotes zero traces.
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e By W*P(R"), 0 < s < oo, s noninteger, 1 < p < 0o, we denote so called
Slobodeckij spaces. They are Banach spaces of distributions with the finite norm

(2.6) [2llwsrre = ll2lljs),p + Wep(2)
where

’V[S]z(x) - v[slz(y)) 1/p
(2.7) W p(2) = (/Rann 7= g dx dy) :

Here, we have decomposed s in such a way that
(2.8) s = [s]+{s},

with [s] an integer or 0 and 0 < {s} < 1. See e.g. [9], p.36 for more details.

e By HP(R"), 0 < s < 00, 1 < p < 00, we denote a space of all tempered
distributions S§’'(R™) with the finite norm

(2.9) Iz

e = [F [l R

Here, we have denoted by F'z the Fourier transform of z

1 T
(2.10) Fz = (2W)n/ne ¢ 2(x) dx

and by F~! its inverse. These spaces are called the spaces of Bessel potentials
(see [9], p.37).

e We usually simplify the notation of norms with respect to the domain. If the
domain is €2, then e.g. ||-|[xp,o is denoted simply by ||-[[xp, |- |cr.o g is abbreviated
by | - |ck.a. If the norm refers to another domain than €2, then it appears as a
further index of the norm, e.g. || - |5 r» means the norm in W*P(R™), etc.

Remark 2.1. We recall several important properties of the above spaces:
(i) H*P(R™) = W*P(R") for 1 < p < oo and s = 0,1, ... algebraically and
topologically, see [9], p.87—88.
(ii) S(R™) is dense both in H*P(R"™) and W*P(R") (1 <p <00,0< s < o0)
see [9], p.48.

(iii) If G is a bounded domain and z € L*°(Q2). Then z € LP(Q) for any
1 <p< oo and

(2.11) Jim 2l = l2llo00
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see e.g. [5], p.84.

(iv) If p > n then we have continuous imbedding for the Sobolev spaces
(2.12) WhP(R™) ¢ cF-1(R7) |
with o/ = B2 (if 22 < 1) or with o/ € (0,1) (if 5 > 1), see e.g. [5],
p-293.

(v) For any open subset G C R™ (with sufficiently smooth boundary 0G, say
of the regularity '), the imbedding

(2.13) k(@) c k(@)

with 0 < a < o/ < 1, is compact, see e.g. [5], p.39.

2.2. Interpolation

We recall a particular case of what is called the K-method or the real method
of interpolation. We refer to Bergh, Lofstrom [3], p.38-42 or Triebel [9], p.62—-
63, for more details and proofs. For two Banach spaces Ag, Ay (for simplicity
suppose A1 C Ap with the continuous imbedding) with norms || - || 4, and || - || 4,,
respectively, we define a functor

K(t.a)=_inf (llaolla + laslla,) -

Here t € R! and the infimum is taken over all decompositions of a € Ay into the
sum of ag € Ag and a1 € A;.

Let 0 <6 <1and 1< p< oo. Then it is possible to define an interpolation
space [Ag, A1]p,p as the space of all elements of Ay with the finite norm

<, p dt\ /P
(2.14) lallaoao, = ([ (K@) F)

It can be shown that [Ag, A1]g, with norm (2.14) is a Banach space.
The main theorem of the theory of interpolation reads (see e.g. [9], p.63):

Lemma 2.1. Let 0 <0 <1,1<p<oo. Let Ay, Ay, Ay, A1 be Banach
spaces with the norms || - || 4y, || - llay, || - |40, || -+ ]4,, Tespectively, such that

A1 C Ay, A1 C Ag. Let L be a bounded linear operator which maps Ag into Ay
and Ay into Aj, i.e.

(2.15) 1£Lall 4y < Mollalla,, Mo >0,
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for any a € Ay and
(2'16) ”‘Ca”fh < MlHaHz‘h ) M; >0,

for any a € Ay. Then L is a bounded linear operator from [Ag, A1lg, into
[Ao, Ailgp such that

(2.17) 1£allag,a11o, < Mo~ MYllallag,ary,, -

0,p —

It is well known (cf. [3], Th. 6.2.4 and [9], p.90) that the Slobodeckij spaces
can be obtained by the interpolation of Sobolev spaces W*P(R™). We have the
following lemma:

Lemma 2.2. Let k=0,1,...,0 < a < 1. Then

(2.18) whter®n) = [WheR"), whtr®m)| ,

algebraically and topologically.

The next auxiliary result is needed in the proof of the existence theorem.

Lemma 2.3. Let z € C°(R"). Then, z € C%*(R") N W*P(R™) for any
a e (0,1), pe[l,00), and

(2.19) lim W, p)(2) = Ha(z) -

p—0o0

The statement of Lemma 2.3 remains true for any z € C%*(R") with compact
support in R™.

Proof: If z € Cg°(R™), then obviously z € Cy*(R®)NW*P(R™). Let e € (0,1)
and R > 1 such that supp z C Br. We have, for z # y:

L Je(e) )l Jee) — ()P
@20 GRE g S o gprer S

1 — p |0 P e
<< |Z(|?_ ngo)' + (22_:1 8; (m + &l — y)) D |z —yP P

where 0 < & < 1 are suitable real numbers. Hence
1 \"/P _
2R [z =yl

1\"/P
<)
€

< Wiap)(2) <
0,p,R™ xR™

z(x) = 2(y)

P— + €' 77/P (meas(supp 2))? |V 2| co

0,p,R" xR"
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for p “sufficiently large”. Passing to the limit p — oo, we get by (2.19)
(2.22) Hao(z) < pllrgo Wiap) (2) < Ha(z) + 19 0(2)

for any € € (0,1). Here C' is a positive constant dependent of z. Hence by € — 0,
we obtain
Wiap)(2) = Ha(z) as p—oo.

The lemma is proved. n

2.3. Domains

We say that Q C R” (n > 2) is of class DM k =1,2,..., 0 < o < 1, if and
only if

(i) 09 € CF';
(ii) for any 1 = 0,1,....,k, 1 < p < oo, there exists a continuous extension
(2.23) £: Q) N WP (Q) — b (R™) n WP (R™) .
Notice that the following domains  C R” are of class DF<';
(a) the whole space R™ and the halfspace R” ;
(b) the bounded domains Q with the boundary 9Q e C**’;

(c) an exterior domain to a compact reagion €. with the boundary 92, €
Ck,o/ :

(d) the pipes with the finite cross sections:
0= = {:U = (2",2): ' = (z1, ..., Zn_1), Tp € R,
0<6<a/| < d(an), ¢ €CP R}

(e) an exterior domain to a pipe described in (e), i.e. Q = R™\('.

All statements (a)—(e) can be proved in the standard way. We recall some
elements of these proofs for the sake of completeness. If & = R} = {(2/,z,),
' € R"1 2™ > 0}, we take the following extension:

u(x) if z, >0,

2.24 £ = { ktl
( ) u(=) Z Asu(x', —sxy,) ifz, <0,
s=1
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where \; € R! are such that

k+1
z:)\s(—s)’8 =1 forany 8=0,..k.
s=1

One easy verifies that V} V]2 (Eu) € O (R"™) or (€ LP(R™)) if and only if
Vo Viu e coe’ (RZ) or (€ LP(RY)), r1,72 = 0,1, ..., and corresponding estimates
hold, i.e.

(2.25) IVer Vo (EW)leor pn < Vi Vi uleo.or gy

n

V2 Vir (Ewllloprn < €l Vr Viiullopry -

This yields the statement for Q = R’ . If © is of one of the types (b), (c), (d),
(e), we proceed by the partition of unity to the local description of the boundary,
transforming thus the problems to the family of the similar extension problems on

the half-space and on the whole space. We thus get the existence of an extension
(2.23) which satisfies

‘5u|cl,a”Rn S C|u|cl,a”Q )
(2.26)
1€ulliprn < cllullipa -

For more details see [7], Ex. 2.1.

3 — Main Theorem

The main goal of the present paper is to prove the following theorem:

Theorem 3.1. Let k=0,1,..., a € (0,1), Q € D10 and

(3.1) weCH@Q), w-vpn =0 (G Q£RY), aeCl*@),
(3.2) feci@).

Then there exists 1 > 0 (dependent of k, «) such that we have: If

(3.3) MmO <A, 0=|Vwlck + |a|cra
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then there exists just one solution z € Ck*(Q) (3) of problem (1.1) satisfying the
estimate
1

.4 (e < - - (e .
(3.4) |2|¢r, _)\_%amck,

Remark 3.1. If Q is bounded, then the condition a, f € Cg *(Q) is equivalent
to a, f € CH*(Q). Let Q be an exterior domain or the whole space. The reader
easily verifies that a sufficient condition for a function a € C**(Q) to belong to
Cg’a(ﬁ) is e.g. |alck.a g, (e) — 0 as [§| — oo. Similar critera hold for other types
of unbounded domains.

4 — Proof of Theorem 3.1

We start with two remarks

e [t is enough to carry out the proof only for 2 = R™. The general case
Q) € D*10 can be treated by means of continuous extensions, see (2.23),
(2.26) and the reasoning used in the proof of Theorem 4.2 in [7]. The details
are left to the reader.

e It suffices to perform the proof only with f € C5°(§2). The general case
fe C’g **(€) can be then established by the density argument, (cf. (2.4)).

The proof with Q = R"™ and f € C§°(Q2) is devided into three steps. In the first
step, we recall the existence theorem in Sobolev spaces proved in [7] (see also [2]
for Q bounded). In the second step, we consider the equation A\z+w-Vz = f. We
establish for it, the existence theorem in Slobodeckij spaces, by using the result
from the first step and the interpolation of Sobolev spaces, cf. Lemma 2.2. Then,
the corresponding existence statement in Holder spaces follows by using the limit
process described in Lemma 2.3. The existence theorem for the complete system
(1.1) follows from the previous result and the Banach contraction principle.

(3) If £ = 0, the solution is apriory weak, i.e. it satisfies the integral identity
/z[/\¢>fw-v¢+(afdivw)¢] dx:/fd)dx
Q Q

for any ¢ € C§°(Q); in particular, it fullfils the equation (1.1) in the sense of distributions. On
the other hand, once z € C>*(Q), the identity (1.1) yields w - Vz € C%*(Q). Therefore, also in
this case, equation (1.1) is satisfied everywhere in .
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First step

Since f € C3°(Q), we have in particular f € W*P(Q) for any p, 1 < p < oco.
The following statement is proved in [7], Th. 5.1, Th. 5.8 and Remarks 3.1, 8.1:

Lemma 4.1. Letl=0,1,...,r=0,1,....,], 1 < p < o0, 2 =R"™ and
weC'®R"), acC@®") (1>1),

or

weC'R"), acC'®") (1=0),

and
fe WhP(R™) .

(a) Then there exists y1 > 0 (dependent of | and independent of p) such that
we have: If
10 <A,

where
— Vulocs +lale (21), 8o = [Vuleo +laleo (1=0).,
then the problem (1.1) possesses just one solution
z € WHP(R™)

which satisfies the estimate

(4.1 b < 5 -
(b) If supp f € Bgr, R > 0 and suppw € Bp, then supp z € Bg.

Second step

Let R > 0 and ¢g be a cut-off function ¢r(x) = ¢(z/R) where ¢ € C§°(R"™)
such that 0 < <1 and

(42) vy ={ "

0 in B?.
We easy see that
supp¥r € Bor, Yr=1 in Bg,
(4.3) supp V'Yr C Bap\Br, |V'¢¥r(z)|<cR™" (r=12,..).
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Consider first the equation
(4.4) Az4+w-Vz=F in R",
with F € C§°(R"), for unknown function z. Its approximation
(4.5) Azp+ (wygr) -Vzp=F in R"
is a transport equation for unknown function zg. Put

0.5 =IVWyR)ar (1>1), O.5=[V(wg)eo (I=0)
and
0, = |Vwlp-r (1>1), 8 =|Vwleo (1=0).

An easy calculation shows
(4.6) 927R — 52 as R—o0.

Applying Lemma 4.1 to the equation (4.5), we get for R “sufficiently large”,
existence of a universal constant v; > 0 (independent of p, R, w, F) such that it
holds: If v 9;%1 < \/2, then there exists a (unique) solution zp € W*+LP(R")
of problem (4.5), with arbitrary p € (1, c0).

Moreover supp zr € Bagr provided supp F € Bsg. This solution satisfies

estimates
1
12Rllkp < 7 1 Flkp »
— N1 Vg1
(4.7) 1*
l2rllk+1p € ———=— 1 Fllkt1p -
A=70p4

Writing (4.5) for the differences zg — zp (R’ > R > 0), we get
(48) )\(ZR — ZR/) = —Ypw- V(ZR — ZR/) + (z/JR — ’(/)R/) w-Vzp .

We calculate the following auxiliary estimates

"~ Jre Yrw- [V(zr — 2r)] |2r — 2/ P2 (2R — 2r/) dz =

1
= —/ div(ypw) |zr — zg |P dx
P JRrr

Tro..
< |ldiveleo + - Vipleo] ll2r = 2l
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and
- /Rn(il}R —Yr)w- Ve l2r — 2p P77 (2r — 2p) do <
1 —1
< clwleo [Vzrllop,B7 (||ZRHg7p7BR + ||ZR/||g’p7BR) :

The right hand side of the last inequality tends to zero as R, R' — oo, cf. (4.3)
and (4.7). Therefore, multiplying the equation (4.8) by |2r — 2r/[P72(2r — 2r/)
and integrating over R™, we get, that zp is a Cauchy sequence in LP(R™). Hence,
there exists z € LP(R"™) such that

(4.9) zr — z  strongly in LP(R™) ,

as R — oo. Obviously, z satisfies equation (4.4) in the weak sense. Moreover,
(4.7) suggests that the operator P which maps F onto zr (where zg is the solution
of the equation (4.5)), is a continuous linear operator of W*P(R") into W*?(R")
and of WK+LP(R") into WK+LP(R"). We therefore have by (4.7) and (2.17),
(2.18):
1
< ———— [[Fllk+aprn -
A=710k4
Recalling that [|bllx+a,p = [|bllkp + Wap(VFb) and that 2x has a compact
support, we get by (2.11) and (2.19), as p — oc:
1
(410) |ZR|C’€’O‘,]R" S O —— |f‘Ck7°‘,R” .
A—=70p4

2R 5+ op ke

From the imbeddings (2.12), (2.13), with p “sufficiently large”, and taking
into account the estimate (4.7)2, we deduce that for any Bp, there exist a chosen
subsequence {R;}32; (R; — 00 as i — o0), and a Z € C**(Bpg) such that

(4.11) zp, — Z strongly in C*%(Bg) .
In virtue of (4.9),
z=%Z a.e.in Bgr.

In the other words, z € C**(Bpg) for any R > 0. Moreover, in virtue of (4.10),
z satisfies the estimate

1
(4.12) |z|eka g, £ ———=—|Flcragn
A=7bp

uniformly with respect to R. This means, in particular, that

z e CHRM)
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and the validity of the estimate

1
(413) ’z|ck,a7Rn S R —"— |f|ck,a7Rn .
A=70p4
Third step
Consider a linear map
(4.14) L:qg— 2z,

formally defined as follows: for a given ¢, the function z is a solution of the
transport equation

(4.15) Az+w-Vz=f—-aq,

with f € CE(R™). If a € CP™(R™) and q € CI"™(R™), then ag € C¥*(R™). Hence
(4.14) defines a linear map of Cg “(R™) into itself. Moreover, it holds

’a/ q’ck,o&,R’ﬂ S C‘a’ck,aJRn ‘q’ck,aJRn 5 c > O 5

with ¢ dependent only of k, a. The estimate (4.13) applies to the equation (4.15).
It furnishes

—/
(4.16) (A =7 0,11) [2lema mn < [ flera rn + clalera mn [qlere gn -

This yields the contraction of £ provided
—!
clalera gn <A =1 054q -

By the Banach contraction priniciple (see e.g. Zeidler [10]), £ possesses a unique
fixed point ¢ = z which obviously satisfies equation (1.1). Now, the estimate
(3.4) follows directly from the inequality (4.16) written at the fixed point ¢ = z.
Theorem 2.1 is thus proved. n

5 — The decay of solutions

In this section we investigate the decay of solutions guaranteed by Theo-
rem 3.1. We limit ourselves to the case {2 = R™. The generalisations to the
arbitrary unbounded domains € € D0 are possible by the same reasoning. We
let them to the interested reader.
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Let m € (0,00) and © = R™. We denote by C%(R") = €% (R") the Banach
space of all continuous functions on R™ with the finite norm

(14 [z])™ 2

(5.1) [2leg, = sup

zER? co

By the Holder space C%;*(R") = C%*(R"), 0 < a < 1, we denote a Banach space
of continuous functions on R™ with finite norm

(5.2) #lege = Ik, + sup {1+ 16)™ o)}
where
(5.3) Ha,Bi¢)(2) = sup

Let v > 0, but fixed. We realize that

(5:5) “leg, and |-leg = sup {|1 1™ |y, o}
are equivalent norms in C9,(R") and

| - |cgia and
(5.6) [ Voe =1 leo, + 5seu]ég{(l + €)™ Haus, 0 ()}

are equivalent norms in C%*(R"); i.e.
c1l - feo, <+ ley, < cal - e,
(5.7) al oo < |- lone < cal - [
The coefficients ¢y, ¢z in (5.7) are positive and depend only of m, v and a.
Theorem 5.1. Let m € (0,00), o € (0,1), 2 =R" and
wel(Q), ael*®),
(5.8) feck Q).
Then there exists 7, > 0 (dependent of o, m) such that we have: If

(5.9) 70 <A, 0 = |Vwleo + |aleon
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then there exists just one solution z € C%%(Q) of the problem (1.1) satisfying the
estimate

c

(510) ‘Z|C'9ria S )\ _71 9/ |f|cg,ba .

Here ¢ > 0 depends only of a, m.

Proof: Let 9 be a cut-off function (4.2). For fixed £ € R™, we define

(5.11) Ve r(z) = ¢<m;§> » () = w<2(xR_€)) '
One easy sees that
in B

vea@) ={y 5 5oe
5.12
(5.12) T nla) = {1 in Br/a(§),

SEY T 10 in BR() .

Moreover

(5.13) supp Ve r C Bap(€)\Br(€),  supp Ve r C Br(€)\Bg/a(€)
and
(5.14) Ve r(@)], [Vder(@) <cRT (r=12.),

where ¢ > 0 is independent of R.

Let f € C%%(R") i.e. in particular, f € Cg’a (R™). Theorem 3.1 thus guarantees
the existence of a (unique) solution z € C%*(R"). Multiplying equation (1.1) by
1;57 r we find out that z = Z@Z& r satisfies the following equation

(5.15) N4 epw-VitaZ=fiher+zw-Vier in Bagp(€) .

The right hand side of equation (5.15) belongs to C%*(Bagr(€)) and its
CO%(Byg(€))-norm is estimated by

C
(5.16) | fleo.e mn + = |2|co.a, Byr(e) [Wlet Byp(e) s

with ¢ independent of R. The coellicient 0 (see (3.3)—(3.4)) for the equation
(5.15), reads Or = |V(w ¢ r)|co By p(e) T |alco.e B,y (e); 1t 18 less or equal than

~ 1
(517) 0 = C<|V’w‘co’Rn + E ’w|CO’Rn + |a]co,oo7Rn) .
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Theorem 3.1 applied to the equation (5.15) yields (after some calculation) the
following statement: there exists a positive number 7; (independent of R, a, &,
w, a, f), such that if 7, 8’ < A\/2, then it holds

I

m |f e, Rleow Bog(€)
1

(5.18) |Zlco.0 Byr(e) <
(with ¢ > 0 independent of R, «, &, w, a, f). This implies immediately

(5.19) |2]co.e By u(e) < . 710, | flcoe, Byne

Multiplying the last inequality by (1 + |£])™, we get

(520) (46" Fleg e+ (160" Mo ) <

< ﬁ {!f\cm,BQR + 1+ €)™ Ha BQR(g)(f)} :

Further, we realize that 8 — 6’ as R — oo. The supremum in (5.20), over all
¢ € R", furnishes, when using the equivalence of norms (see (5.5), (5.6)), the
estimate (5.10). Theorem 5.1 is thus proved. u

Remark 5.1.

e As we already pointed out, Theorem 5.1 can be reformulated for more gen-
eral weights (see (5.18) in [7]) and for any unbounded domain in the class
DY0. These generalisations, with evident modifications in the proofs, are
left to the interested reader. In particular, the theorem holds, as it states for
Q) an exterior domain of R" with 92 € C'. In this case, one has to assume,
in addition to (5.8), the supplementary condition w - v|sq = 0.

e Theorem 5.1 implies in particular: Any solution z € C%*(R") of the prob-
lem (1.1) with the right hand side f € C%%(R") and the coefficients w, a
satisfying (3.1), belongs automatically to the class C%*(R").
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