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ON A VARIATIONAL INEQUALITY FOR
THE NONHOMOGENEOUS DEGENERATED
KIRCHHOFF EQUATION WITH A FRICTIONAL DAMPING

C.L. FrRoTA and N.A. LARKIN *

Presented by Hugo Beirao da Veiga

Abstract: We study a unilateral problem for the nonhomogeneous degenerated
Kirchhoff equation with a frictional damping. Making use of the penalty method and
Galerkin’s approximations, we establish global existence and uniqueness theorems.

1 — Introduction
The one-dimensional nonlinear equation of motion of an elastic string

9%u P, E (L 2 9%u
1 gu_(Lo, 2 ds ) £Y =
1) P o (h+2L/0 S) 0

Ox?
was proposed by Kirchhoff [8]. Here h is the area of the cross section, L is the
length of the string, p is the mass density, Py is the initial tension and F is
Young’s modulus of a material. Another model for the motion of an elastic string

ou
—(s,1t
as (57 )

was given in Carrier [2]. The mixed problem for (1) was studied by a number
of authors, see Bernstein [1], Pohozaev [16], Lions [11], Ebihara—Medeiros—Milla
Miranda [4], Menzala [14], D’ancona—Spagnolo [3] and their references.

Most authors considered homogeneous case, when pg, Py, h and E are con-
stants. These restrictions allowed to obtain an a priori estimate independent of
t. When the initial data are analytic functions, it is possible to prove a global
in ¢ existence theorem, see Bernstein [1], Pohozaev [16], and D’ancona—Spagnolo
[3]. If the initial data are only from some Sobolev space, then the presence of a
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frictional damping allows to prove the global existence theorem for small initial
data, see Nishihara—Yamada [15].

In [11], Lions proposed to study the problem which modelled a nonhomoge-
neous material. In this case one does not have such a global estimate and, until
now, we know only local existence results, see Frota [5]. Our goal in this paper
is to consider a unilateral problem for equation (1), having a frictional damping,
in a case of a nonhomogeneous material; that is, p, Py, h and E are functions
of x, t; and the initial tension Py can be zero. We study the case when p(z,t)
is only nonnegative. It means that the material is composite and in some places
the density of the material is much times smaller then in others, or the string has
holes inside.

We formulate our problem as follows: Let €2 be a bounded open set of R™ with
a sufficiently smooth boundary I', @ = Q x (0,7), and ¥ =T x (0,7), where T
is a finite positive number. We denote by K the closed convex set of VVO2 2P +2(Q),
1 < p < o0, defined by

(2) K = {a € WOQ’QPH(Q); |Ac(z)| <1 and o(z) >0 a.e. on Q} .

Given M: Q x [0,T] x [0,00) = R, p: Qx [0,T] = R, f: Qx (0,T) — R,
¢o: 2 — Rand ¢1: Q — R, find a function u = u(z,t) satisfying

n 2
(3) /(putt—M<x, t,Z/ %(s,t) ds)Au+aut—f>(U—ut)d:Udt>0,
Q = J0l0s
Vv eK,
ou
(4) E(m,t)EK a.e. on [0,7]

and taking the following initial and boundary values

(5) u=0 on X=Ix(0,T),
ou .
(6) u(ac, 0) = ¢0($) ) E(xv 0) = ¢1($) n Q.
We observe that if u; € int(K) = interior of K, then u is a solution of the
equation
0%u - ou 2 ou .
p(x,t) W—M(z, t, ;/ﬂ O—Si(s,t) ds) Au—l—oza =f, in Q=Qx(0,7T)

and from (4) the velocity ?9—7; is positive. Moreover, one can note that the re-

striction |Awuy| < 1, does not have an explicit physical meaning. Nevertheless, it
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implies boundedness of |u| and |Vu| in Q. This, in turn, gives boundedness of
the internal energy of an elastic string whose motion is simulated by the above
equation.

When a function M is strictly positive and does not depend on z and t, a = 0
and p = 1, the unilateral problem (3)—(6) for n = 1, was studied by Lar’kin [9],
where global existence and uniqueness theorems were proved. Later this results
were generalized in Lar’kin-Medeiros [10], where  was a square in R?, and in
Frota [6] for dimensions n > 2. Local existence and uniqueness theorems for
(3)—(6) were proved in Medeiros-Milla Miranda [13].

In this paper we prove the existence and uniqueness of a global solution to
(3)—(6) without smallness conditions for the initial data and without geometrical
restrictions for 2. We need a positive coefficient « in order to have a sufficient
regularity of solutions when p is degenerated. It is known that if « = 0 and p > 0,
then the Cauchy problem even in a linear case is ill-posed. If p is strictly positive,
a can be equal to zero, see Frota—Lar’kin [7]. To prove a global existence theorem
without smallness restrictions for the initial data and f, we use properties of a
convex set to which belongs our solution. A choice of this set depends on growth
properties of a function M (x,t, |u(t)||?).

Another problem for the degenerate Kirchhoff equation is to prove a global in
t uniqueness theorem. In Ebihara—Medeiros—Milla Miranda [4], the local unique-
ness theorem was proved. In order to establish a global uniqueness result, we
again use properties of a convex set to which belongs our solution.

2 — Penalized problem

Let 8 be an operator from W22 *2(Q) into the dual space W~ 23541 () defined
by

(B(u),v) = /u vda:—i—/ ]Au|2p CAuAvdz

where h™(x) = max{—h(x),0}. We can verify that 3 is a monotone and hemi-
continuous operator,

(7) B(S) is bounded for each S bounded in W02’2p+2((2)
and
(8) Bu) =0 <= uek.

Under this conditions, we have the following existence result for the penalized
problem.
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Theorem 1. Let p € C1(Q), M € C(Q x [0,00)) be real functions and o
be a positive real number such that:

9) 0 <p(z,t), V(z,t)eQ with 0<pg<p(z,0), Voe,
(10) 0< M(z,t,)), V(z,t,\)€Qx[0,00),

(11) M(z,t,)) <C(1+ ),  V(z,t,)) € Q x (0,00) ,

(12) ‘?X(LM)‘EC(HV), V(z,t,A) € Q x (0,00), i=1,...n;

(13) 0<ap<2a-—|p(z,t)], V(z,t)eQ.

If f, f' € L?(0,T; L?(Q2)), ¢o € HL(Q) N H%(), ¢1 € int(K), then there exists
€0 € (0,1) such that for each € € (0,¢p) and v € N there is a function u,:

uye € L0, T; H} () N H2(Q)),
(14) e € L0, T; HY () N L2+2(0,T; Wy (),
u € L>®(0,T; L?()) ,

—_~ o~

satisfying the following initial boundary value problem
(PO (t) = M. e 1) Bu®) + @ (0), 0) +
(15) + = (Blupe(1),0) = (f(t),0)  ae on [0,T], YoeWy(Q),

uue(o) = ¢0($) ) ulye(o) =® ($) :

Here |-],(-,-) and || | ,((

,+)) denote the norm and the inner product in L*()) and
H}(Q) respectively, p,(z,t) = L + p(z,t) and py, C, ag are positive constants.

Proof: Let (wj)jen be a basis in W§’2p+2(Q), orthonormal in L?(f2). For
each m € N we define approximate solutions

uyem(x; t) = Z gl/ejm(t) wy (:L') 5
j=1
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where g,¢jm are solutions to the Cauchy problem for the following system:

(0 (8) e (1), 05 ) = (M (2, [t (D)]2) Aty (1), w5) +

+ a(u;/em(wij) + % <ﬁ(u;/em(t))7wj> = (f(t)7wj) ) 1<j<m,

(16) 3 tyern(0) = 360, 105) w5 = dom

ull/sm(o) = Z(¢17 wj) w] ¢1m .

For v > 0, (16) can be reduced to a normal system of m ordinary differential
equations, which has solutions at some interval [0, 73,]. This ensures the existence
of approximate solutions ,ep,.

Let V,,, = [wy, ..., wy,] be the m-dimensional subspace of VV2 2P2(()) spanned
by w1, ..., wn. Then we have the approximate equation

A0 (pult) (01, 0) = (M (b e (1) Aty 0) +

() + = (Blue(1)).0) = (F(H).0), V€ Vi

€

The next step is devoted to deriving a priori estimates of uyep,. From now on
C;, for i € N, denotes a positive constant independent of v, €, m and ¢.

A priori estimate 1. Taking v = 2u,,,(t) in (17), we obtain

(18) % (u(0), ()2 + 200 i (O 2 { B0 (1)), e (1) =

= (A0, (o (®?) 2 [ M (.. s (O]2) Aty (:8) (0 1)
+2(F(8), Uhem(®)) -

Using integration by parts, (11) and (12), we get

’2 [ M (8 Tt 1) St (2 2) 0, 0) d| <
Q

<G [”“vem( P2 o+ ([ (O + ltwem (D1 [t ()]
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On the other hand, by Young’s inequality we have

p
[ty (NP [t e (D)1 < p tyem O + ——

[ty (DI

+ 1 p + 1 rvem
2 P 1 2p+2

v = e (£)]|2P72
[upem (B)]I7 < p+1+ _’_1”7«‘ em (1)

! " 2 ~ 2p+2‘
Jtem I < 25+ (1)

Therefore,
(19) Q/QM(:U,t,Hum(t)n ) Dty (2,8) e (2, 7) | <

< G + G [[unem (D)7 + Co [|up e (D172
Since p € C*(Q), we conclude

(20) [ (2o (0), (e (8)2) ] < Cs + Cos [t ()22
and
(21) 2 (J(0), e (1)) < Cr + [F(B)2 + Cs [ (B) |2

From (18)—(21) we have

(90, ) + & i O + 2 (Bt 1) (1)) <

<Cy+ |f(t)‘2 + Cho ’Auuem( )|2p+2 + C11 ‘Auuem( )’2p+2
< C12 + ‘f( )|2 + C13 |Auuem( )|2p+2 .

After integration over t, we obtain

22) (pult) oo ) 120 [ i) st [ (5 (6)) () ds <

< Cis+ Chy /O A, (5)|2P 2 ds .
Using the identity h = h™ — h™, we can see that
(lawr2 — 1) = (Jaw? = 1) — |au? (1 - |Au/ )
(180 = 1) — jad[? [ (1 - |a/P?) " — (1 |a?) 7]
A2 1) + (1 |Aau?) A2

IN

IN

(
(1= 1au) 4 (1 au?) " |au?
<2(1-|Aad) jav?.
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Then
(23) A e (05825 ) = 1) < 2( B0 (£)), e (1)) -
We can rewrite this as follows

56 18O+ 3 18 Oy | = 10) < 2(Bl0 e (O), ()

hence, after integration in time from 0 to ¢, we have

1 t
Hew| [ 182 [ 1o g ] - i) [} <

2 t / /
< 2 [ (B (51t () ds

€

From this inequality and (22), one can see

(24) / | Aty (5)| 772 ds +/ 1AW, () 75522 ) s <
< Cig + 6017/ ’Au;/em(s)’2p+2 ds |
0
so it can be rewritten as follows

(1 _6017)/ ’Auyem( )|2p+2 d3+/ HAuljsm( )||igj;f2 ds < Clﬁ

If we choose ¢y = C , then, for 0 < € < €y, we have (1 —eCy7) > 0, and
consequently

) I (P s < O and [ (92 g ds <

We note that

}p—&-l

t
Au)P = AP + [ [[au)P] " ds
0

T t
< [‘AU(O)PIH-? —|—/ \Au’(t>|2p+2 dt| + (2p + 1)/ ‘Au(s)‘Qp—i-Z ds
0 0

t
= Oy + (2p + 1)/ Au(s)[2P+2 ds |
0
By Gronwall’s Lemma

|Au(t)[PF2 < |Au(0) 212 eCrr2T 4 ((2p+2)T /t A (1)[2P 2 dt
0
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therefore, we have from (25)

(26) |Auyem(t)| < 021 5

) (00, 0l 07 )00 [ Tl (1 2 [ (B(0a(5)) () s < O,
(28) ||uV€m(t)H2 < U3 and ||u1/em( )H2 <Cyu,

(29 8] gz s <o

LT (015w > 25T (Q))

A priori estimate 2. Differentiating (17) with respect to t, taking v =
2ull,.(t) and using monotonicity of 8, we come to the inequality

(30)  (pult), (e // 20+ (2, 8)) (Ul (3, 5))? da ds <
< (PO, (e 0)) +2 / o [t (8)]2) Aty (5), 1 (5)) ds
42 [ (F6) i 5)) s 2 / (S TSI 1) At 5), () s
42 [ (MG, Tatren ()P At (5, () s

Now we choose a real number v such that

(31) 0<7<%,

where ag is given by (13). Taking into account the first estimate, we can see
(32) 2 [ (M5, e (9)1%) St (5), () ds <
/ m (M@, 5, v ()]?) Aty (. 5)] dxds—l—’y/ i, ()| ds
< Ca+ [ () ds
and similarly,
32 [ (G e ) Atns), () ) ds <

<027+’7/ |u1/em )’2d57
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B2 [ (M Tt () At (5), () ds <

<028+7/ |ul/em )’2d57

(35) 2/ ), Uprer )) ds<029+’y/ (Ul (8)]? ds

Since ¢1 € int(K), we have (B(¢1m), ) = 0, Yy € W02’2p+2((2) and for m
sufficiently large. Then taking t = 0 in (17), we get

(Po(0), (e (0))*) < Cio 1t (O)]

From this and (9), we have

Po ‘uuem( )|2 < Cs ’uuem(o)| ’

and, consequently,

(36) ’uuem< )’ <Cs .
From (30), (32)—(36), we obtain

(00 (1), (e // (204 0/(2,5)) (Ul ()2 dr ds <

<033+4’7/ |ul/em )’2d5'

This inequality and (13) give

(ap —47) / lull, (s) |2ds<C'34,

hence, from (38), we conclude

(37) / lu, (s)|?ds < C3s .

The a priori estimates obtained imply the existence of a subsequence of
(Upem )meN, which we still denote in the same way, and functions u,e and xy.

such that
Upem A Upe in LOO(Oa T; H(} (Q) N H2(Q)) y

W — U in LPY2(0, T; WPPH2(Q)) |
Wy — Ul in L>(0,T; H}()) ,
Ul ey — U in L2(O T; LQ(Q))

B(W,em) = Xve In L2P+1(O T:; W~ 25551 (Q)) .

vem
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Moreover,
Upem — Upe 0 L2(0,T; HY(Q)) ,
U — UL in L*(0,T;L*(Q)) .

vem rvem

Letting m tend to oo, we obtain

(P (0) e(t) = M, e ()12) Bt 8) + @l (0), ) + (relt)s0) = (£(8),0),
a.e.on [0,T], Yve WF*?Q).
Obviously, u,.(t) satisfies the initial data (15). Using monotonicity and hemi-
continuity of 3, we can prove (see Lions [12]) that

2p+2

Xoe(t) = Bub(£)  in L31(0,T;W 255 (Q)) .

ve

This completes the proof of Theorem 1. n

3 — The main result

Theorem 2. Under conditions of Theorem 1, there exists a function u:

we L0, T; H (Q) N HX(Q)) ,

u' € L0, T; Hy () N L0, T; WP (@)
W(t) e K a.e on [0,T],

u" € L*(0,T; L?(2)) ,

(38)

which is a solution to the following problem

(p(8) () — Mt [u(®)[2) Au(t) + o' (1) - £(8), v—'(8)) 20,
(39) VveK, ae on [0,T],
u(0) =go, w'(0)=¢r.

Moreover, if

(40) ¢do(x) >0 ae. on  with |¢o| >0,
(41) M(z,t,0) =0 and M(x,t,\) >0, (z,t,\) € Qx][0,T] x (0,00) ,

then this solution is uniquely defined.
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Proof: For each v € N and € € (0,¢y), we have a function wu,. given by
Theorem 1. Therefore, u,. satisfies (14)—(15), which imply the following estimates

(42) ‘Auue(t)’ < K1 y

(43) HuVE(t)H S R2 ,

(44) lu,e ()] < K3,

(45) 1 6 22 oy s <
(46) / |u \2d5 < Ks ,

where k;, for ¢ =1, ..., 5, are positive constants independent of v, € and ¢.

If we fix v < oo, letting € tend to zero, taking into account (42)—(46) and
the monotonicity of 3, then we find a function w,, as a limit of a subsequence
(Uve)ee(0,e0)> Such that

u, € L=(0,T; HE(Q) N H2(Q)) ,
ul, e L0, T; HE ()N L2H2(0, T; WR*T2(Q)) and /,(t) €K a.e. on [0,T7],
uy € L2(0,T; L*(2))

—~

and
(v (1) () = Mt [lus (O]2) A () + iy (1) = F(2), v =i, (t)) =0
VvoeK, ae. on [0,7].
u(0) =do, u'(0)=01.
The sequence (u,),en has the estimates (42)—(46). Thus, taking the limit
in a subsequence as v tend to co, we find a function u which satisfies (38) and

(39). This completes the proof of the existence. To prove uniqueness, let v and

z be two distinct functions satisfying (38) and (39). Then ¢ = u — z satisfies the
following inequality

(o) @ 07) =2 [ (MCs, o)) (o), /() ds + 2a [ 1u/()] ds <
< /0 t(p’(s),(w’(s))z) ds+2 /O ([M(t,|u(s)||2)—M(t,||z(s)||2)] Az(s), 1//(5)) ds .
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On the other hand, using integration by parts, we have
t
=2 [ (M(s, Ju(s) ) A(s), '(5)) ds =
0
=2 S [ M o)) 520 G ) e
+2/0 ;/93—331 x, s, ||u(s) %(x,s)w(x,s)dxds,
and

2/Z/Mxﬂwn) o) 9o ,) o ds =
—Z//Mwﬂwu (e )@m
=3 (e 1 ( 0) ) =3 [ (o (5o ) o
=3 [ (G Il (G0 ) ) 2((w0)u9) .

Hence,

(o0 (/%) + 3 (e I, (50 ) ) + 20 [ oot <
/Z/a‘”” 55 5) v/ (2, 5) d ds
w2 [ (MG lu)?) = 2165, 12)15)] & <>w<0ds
+3 (ot 2( 9) Jas+ (o

1

+§n:/0t(aM u(s) ( )2> 2((/(s), u(s))) ds

=1
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Assumption (40) implies that all the solutions u of (38) and (39) have the
property

(47) [u®)|| >0, Vtel0,T],
see Frota—Lar’kin [7]. By virtue of (47) and (41), we find
0 < mo = min{ M (a1, [u(®)||*); (z,t) € Q},

from which it follows

mo [ (1) < znj( (¢, [lu )(%(t))z), Vte[0,T].

Then
(o, @) +mo [ + [ [ [20 (,9)] (82 )7 s <
<2 /( s [u(s) ) = M, 2(5)1)] As(s), w'(5)) s

Ol

+Z/(M’s|| ), (3‘”<>))ds
#3° [ 2((w0009)) (G oo, (520) ) o

Let us analize the right-hand side of this inequality. We choose 6 such that

g;i (x,8) ¢ (x,s)ds

(48) 0<9<%.

Therefore,

)2 [ ([MOs )P = Mo =) Ax(s), 0/ ) ds <

< [weias+o [ )P as,
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(50)
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2[5 [ O et

i=1 ¢

< [wids+o [ WP,
; [ (M), (g?f())) ts <0 [ Iws)as

2; [ (06)) (B o), (29 Yas <

t
<0 [ o) ds,

oy /
oz, (x,8) Y (x,s)drds <

where C' is a positive constant.
From (13) and (49)—(52), we obtain

(0, W/ 0)2) + o [000)1? + (a0~ 20) [ [0/ (5)Pds < € [ w()lds

This inequality, (48) and Gronwall’s Lemma give ||¢(¢)|| < 0 that implies
u = z. This completes the proof of Theorem 2. n
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