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SOME EMBEDDINGS OF THE SPACE OF
PARTIALLY COMPLEX STRUCTURES

C. FERREIRA and A. MACHADO

Abstract: Let E be a Euclidean n-dimensional vector space. A partially complex
structure with dimension k in F is a couple (F,J), where F C F is a real vector sub-
space, with dimension 2k, and J: F' — F is a complex structure in F', compatible with
the induced inner product. The space of all such structures can be identified with the
holomorphic homogeneous non symmetric space O(n)/(U(k) x O(n — 2k)). We study a
family (Grt(E))¢ejo,[ of equivariant models of this homogeneous space inside the orthog-
onal group O(E), from the viewpoint of its extrinsic geometry. The metrics induced by
the biinvariant metric of O(FE) correspond to an interval of the one-parameter family of
invariant compatible metrics of this homogeneous space, including the Kéahler and the
naturally reductive ones. The manifolds G:(F) are (2,0)-geodesic inside O(F); some of
them are minimal inside O(FE) and others are minimal inside a suitable sphere. We show
also that the model Fi(E) inside the Lie algebra o(E), corresponding to the compatible
f-structures of Yano, is (2, 0)-geodesic and minimal inside a sphere.

1 — Introduction

It has been known for a long time that a large class of compact symmetric
homogeneous spaces can be isometric and equivariantly embedded in a convenient
Euclidean space with an image that is minimal on a sphere (cf., for example
Kobayashi [3] and Takeushi & Kobayashi [7]). These examples have been regarded
later by Ferus [1] from the viewpoint of the notion of symmetric submanifold.
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More recently Uhlenbeck [8] used a slight modification of this method in order
to embed the complex Grassmann manifold as a totally geodesic submanifold of
the unitary group.

In this article we look to some interesting equivariant embeddings of a compact
non symmetric homogeneous space, the space of partially complex structures.
Following Salamon [6], given a Euclidean n-dimensional space E, a partially
complex structure on E, with complex dimension k, is a couple (F,.J), where
F' is a 2k-dimensional real vector subspace and J is a complex structure on F
compatible with the inner product. There is a natural transitive action of the
orthogonal group O(FE) on the set of partially complex structures that realizes it
as a homogeneous manifold O(n)/U (k) x O(n —2k) and it is well known that this
manifold can be equivariantly embedded into the Lie algebra o(E) by associating
to each couple (F,J) the skew-adjoint linear map A\: F — E that equals J on F
and is 0 on F+. The image F(F) of this embedding is the set of all skew-adjoint
linear maps A such that A3 = —\ a set whose origin goes back to the notion of
f-structure of Yano [9]. The set of all partially complex structures on E, with
complex dimension k, is a complex manifold in a natural way (cf., for example,
Rawnsley [4]) and carries a one-parameter family of non homothetic invariant
metrics, all of them compatible with the complex structure; among these ones
there are two specially important, the Kahler metric and the naturally reductive
one. The metric induced in Fj(F) by the ambient space is of course one of these
invariant metrics but it is not any of the two we have referred.

Although the embedding that we denote by Fj(F) has been considered by
several authors, it seems that its extrinsic geometry has not received sufficient
attention. In section 3 we will show that this manifold, with its complex structure
(Jy), has some interesting extrinsic properties: it is minimal inside a sphere and
its second fundamental form hy verifies hy o (Jy X J)) = hy, a relation that
is opposed to the usual condition of circularity or pluriharmonicity and that is
referred as “(2,0)-geodesic” in Rigoli & Tribuzy [5]. Moreover, and although
this has of course an intrinsic nature, we remark also that F;(E) has a traceless
covariant derivative of the complex structure, in other words, it is a semi-Ké&hler
manifold in the sense of Gray [2] or cosymplectic as in Salamon [6].

We obtain in section 4 a new family of equivariant embeddings of our mani-
fold, now into the orthogonal group, by taking the image Gy (E) of the homoth-
etic manifold tFy(E) by the exponential map of this group, for each real t # 0
mod . In fact, for each such ¢, the map Fi(E) — Gri(E), A — exp(t)), is a
non homothetic equivariant diffeomorphism that can be easily described explic-
itly. The complex structure of Fj(F) induces a complex structure on each Gy (E)
that is compatible with the Riemannian metric that comes from O(F), a met-
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ric that belongs to the one-parameter family referred above. The metrics of the
one-parameter family that are associated to each one of the manifolds Gy (E),
modulo homothety, constitute a one side unbounded interval and include the two
most important ones, the naturally reductive metric, for t = :l:%7T mod 27, and
the Kahler metric, for t = +§ mod 27. Similarly to F(E), each manifold G (E)
is semi-Ké&hler and (2, 0)-geodesic inside O(E) (not as a submanifold of the whole
Euclidean space L(E; E)). We constat the existence here of some phenomena of
minimality: For each value of n and k, such that n > 2k > 2, Gx;(FE) is minimal

inside O(E), when cos(t) = — 2225 and Gy;(F) is minimal inside a sphere cen-

T n—k—1°
tered at a Idp, when cos(t) = —£tL and @ = 2=35=1. We remark also that, when
n = 3k — 1, the values of t such that Gy, (F) is minimal inside O(E) are the ones

that correspond to the naturally reductive metric.

2 — Notations and prerequisites

In this section we will fix some notations and recall some well known facts
that we will use latter.

If £ and F are Euclidean or Hermitian spaces, we will consider in the vector
space L(E;F), of all linear maps £ — F, the Hilbert—Schmidt inner product.
If X € L(E; F), the adjoint linear map of A will be denoted by A*. The vector
subspaces of L(E; E) whose elements are the self-adjoint linear maps and the
skew-adjoint ones will be denoted by Lg,(F; E) and L_s(F; E), respectively.

Let E be a Euclidean space. The intrinsic geometry of the orthogonal group
O(FE) C L(E; E), with its natural biinvariant metric, can be deduced from the
extrinsic one; in fact, this biinvariant metric is precisely the one that is induced
on O(F) as a Riemannian submanifold of L(F; E'). We will use several times the
fact that, for each £ € O(F), the orthogonal projection from L(FE;E) onto the
tangent space T¢(O(F)) is given by m¢(a) = %

We will now recall a well known isometric embedding of the Grassmann man-
ifold into Lso(E; E) (cf., for example, Ferus [1]). The set Gri(E) C Lso(E; E)
(0 <k <dim(F)),

Gri(B) = {\ € Lu(B; B) | A? =\, Tr(\) =k} ,

can be regarded as a model for the Grassmannian of the k-dimensional vector
subspaces of F, by means of the identification of each vector subspace F' with the
orthogonal projection 7 from E onto F, and, for each A € Gri(F), the tangent
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vector space is
Ty(Gri(E)) = {a € Lu(B; B) | aoA+Aoa=a} .

When E is a Hermitian vector space, the Grassmannian Gry(E) is only a real
submanifold of L(FE; F) but it has a natural complex structure, namely the one for
which the action of the general linear group GL(FE) is holomorphic. This complex
structure is defined by the structure linear maps Jy: Tx(Gri(E)) — Ta(Gri(E)),
Do) =ia(2) — Id).

3 — The first embedding of the space of partially complex structures

Let E be a Euclidean n-dimensional space. By a partially complex structure
on E we mean a couple (F,J), where F' C E is an even dimensional vector
subspace and J : F — F' is a complex structure, compatible with the inner
product (cf. Salamon [6]). This compatibility can be characterized by the fact
that J: F' — F' is an orthogonal isomorphism or, equivalently, by the equality
J* = —J. We will associate, to each partially complex structure (F, .J), the linear
map A € L(E; E) that equals .JJ on F and vanishes on F-, in other words, the one

that has matrix {g 8] (here and henceforth, whenever a vector subspace F' C E

is implicitly associated to a situation, we will assume that a matrix of linear maps
must be interpreted in terms of the orthogonal direct sum F = F @ F1). Then ),
like J, is skew-adjoint and A3 = —); in fact —\? is the orthogonal projection onto
F and J is the restriction of A to F. Reciprocally, given A € L(E; E) such that
A3 = —X and X is skew-adjoint, then —\? is self-adjoint and idempotent, hence
the orthogonal projection onto a vector subspace F' C F, and the restriction J,
of A to F', maps F onto F' and is easily seen to be a complex structure on F
such that A\ corresponds to the couple (F,J). This allows us to identify the set
of partially complex structures with the subset F(E) C L(E; E),

FB) = {Ae L(B;B) | A*=-) M\ =2},

whose elements are the compatible f-structures in the sense of Yano [9], and the
set of those whose associated vector subspace has real dimension 2k with

Fe(B) = {A € LB E) | A* = =), X" = =\, Tr(\?) = ~2k} ,

that is of course open and closed in F(E). There is a natural transitive action
of the Lie group O(F) on each Fj(F), that associates, to each £ € O(FE) and
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to each linear map A, corresponding to the couple (F,.J), the linear map X\’ that
corresponds to the couple (F”,J'), such that F' = {(F) and {/p: F — F' is
complex linear, with respect to the complex structures J and J’; in fact, as it is
readily seen, we have \' = £ A &* (from now on, we will often omit the composition
sign). The fact that this transitive action is smooth and the compactness of O(FE)
allow us to deduce:

Proposition 1. For each integer k such that 0 < 2k < n, Fy(F) is a compact
submanifold of L(E; E).

Each Fi(E) is open and closed in the union F(E), that is hence also a compact
manifold. In fact, the Fj(E) with 2k < n are connected components of F(E),
because the action of the connected subgroup SO(E) on each of them is also
transitive, and, by a similar reason, if 0 < 2k = n, Fi(F) is the union of two
connected components.

Proposition 2. The manifold F(FE) has dimension 2nk — 3k® — k and, for
each \ € Fi(FE), corresponding to the couple (F,.J), the elements of the tangent
vector space Tx(Fi(E)) are the linear maps o € L(FE; E) that verify any of the
following two equivalent conditions:

a) a* =—a and a X’ + X al+Na=—q;

b) The matrix of «v is [31,1 0%’2 ], with o1 1: F' — F skew-adjoint and anti-
2,1

linear (with respect to J) and a2 = —a3 ;.

Proof: The isotropy subgroup at A is the set of elements £ € O(FE) whose
1,1

.. 0 . . .
matrix is [ ¢ }, with &1 : F — F unitary, with respect to J, and
2,2

0
§22: F+ — Ft orthogonal; its dimension is hence k% + %;7%71) The
dimension of the orthogonal group being @, we deduce that the dimen-

sion of the manifold F;(E) is equal to 2nk — 3k? — k. The fact that each
A\ € Fi(E) verifies \* = —X and A3 = —\ implies, by differentiation that each
a € T\(Fi(FE)) verifies condition a). If o € L(E;E) verifies condition a) and
Qi o2

21 022
o9 2 are skew-symmetric and that aq2 = —a%yl and, from the second one, that

ago = 0 and —ay + JajJ = 0, hence Jay1 = —aq,1J, so that we have

has matrix , then one deduces, from the first equality, that a1 ; and

condition b). We remark now that the space of linear maps ay1: F — F that
are skew-adjoint and anti-linear has dimension k2 — k, because the space of all
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skew-adjoint linear maps has dimension 2k? — k and the space of those that are
skew-adjoint and C-linear has dimension k2. Hence the dimension of the space
of linear maps a: E — E that verify condition b) is 2nk — 3k% — k, the same as
the dimension of the tangent space T (F;(E)) and this terminates our proof. m

It is well known that F(F) is diffeomorphic to the closed complex subman-
ifold of the complex Grassmannian Gr(Ec), of the complexified E¢ of E (with
the associated Hermitian inner product), whose elements correspond to the com-
plex vector subspaces that are orthogonal to their conjugates (the isotropic sub-
spaces) and that, as such, F(F) inherits a complex structure, that is invariant
under the action of O(E) (Rawnsley [4], Proposition 2.1). This diffeomorphism
¥ associates, to each A € F(F), corresponding to the couple (F,J), the orthog-
onal projection from E¢ onto the ¢ eigenspace of the complex linear extension
J: Fc — Fg. For our purposes, it will be enough to exhibit ¥ as a smooth
immersion from F(F) into Gr(Ec), in order to characterize the linear maps
Irn: THN(F(E)) — Th(F(FE)) that define the complex structure of F(E).

Proposition 3. The map V: F(E)—Gr(Ec) is defined by ¥(\)=—1(A*+i)),
where, as usual, we use the same letter to denote a linear map E — E and its
complex linear extension Ec — E¢. The map V¥ is hence a smooth immersion.

Proof: Let A € F(FE) correspond to the couple (F,.J). The fact that the
complex structure J is compatible with the inner product of £ implies that the
complexified Fg is the orthogonal direct sum of the subspaces F{: and F{!, whose
elements are respectively the i eigenvectors and the —i eigenvectors of the complex
linear extension J: Fr — Fr. Hence, the orthogonal projection from F¢ onto F(:
is %(Id —i.J) and the fact that —A\%: E¢ — Fg is the orthogonal projection form
E¢ onto Fr implies that the orthogonal projection of E¢ onto F(. is —% (Id—i J) \?
ie., —%()\2 + 1)), because JA\? = —\, whence our characterization of ¥(\). By
differentiation we obtain DVUy(a) = —1(a X+ Aa + ia), and, looking to the
imaginary part of the second member, we deduce that ¥ is an immersion. =

Proposition 4. For each A\ € F(E), corresponding to the couple (F, J), there
exists a complex structure Jy of the tangent vector space T)(F(E)), defined by
Ja(a) = (Idg + A?) a XA — A« or, in matricial terms,

a1 arz] —Jon —Jop| _JainJ —Jaonp
Q21 0 Q21 J 0 04271 J 0

The family (J)) defines F(E) as a complex manifold and is, in fact, the only
one that makes the smooth immersion ¥ : F(E) — Gr(Ec) holomorphic. The
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complex structure on F(F) is compatible with the inner product that comes from
the ambient space Lgq(F; E) and with the action of O(E).

Proof: Recalling the matricial characterization of the tangent vector space
in Proposition 2 and the fact that J* = —J, we deduce that the matricial char-
acterization of Jy defines indeed a linear map Jy: Th(F(E)) — Th(F(E)) and
that Jy o Jy = —Id. The intrinsic characterization of Jy(«) is a simple con-
sequence of the matricial one. We have hence an almost complex structure in
F(F) and, in order to conclude that it is indeed a complex structure, it will
be enough to prove that the immersion ¥ is holomorphic. In order to do that,
we use matrices relative to the direct sums E = F & F' and E¢c = Fc @ F(é-,
as well as the intrinsic characterization of the complex structure of the Grass-

mann manifold in section 2: If o € T)\(F(E)) has matrix {Zl’l a(l)’2], then
2,1
a1 Jogo+i 061,2]

— _1 i ix —4
DV)(a) = —5(a A + Aa + i) has matrix —3 [a2,1J+ia271 0

and W(A) = —3(\* +iA) and 2¥(\) — Id have matrices § {Id_zj 0} and

0 0
[_éJ —(.)Td} so that Jy)(D¥a(a)) = i D¥y(a) o (2¥(A) — Id) has matrix
- N Zoiéi ; -t Jalg o2 , that is also the matrix of Dy (Jy(«)),
—0a, 2,1

hence Jy(\)(DV¥x(a)) = DW¥,y(Jx()), as we want. The fact that the complex
structure is compatible with the inner product that comes from the ambient
space follows easily from its matricial characterization and its compatibility with
the action of O(FE) comes from its intrinsic characterization. m

Let us remark that some authors (cf. Rigoli & Tribuzy [5]) use the —i eigen-
space of the complex extension of J, instead of the i eigenspace, and obtain hence
the conjugate complex structure in F(E).

It is well known that there are two specially interesting Riemannian metrics in
F(E): The first one, the naturally reductive metric, can be characterized by the
condition that, for each fixed element A € F(F), the map Ry: O(E) — F(E),
& — EXEF, should be a Riemannian submersion; the second one, the Kéahler
metric, can be obtained from the metric of the complex Grassmann manifold
Gr(Ec) by the requirement that ¥ : F(E) — Gr(Ec) should be an isometric
immersion. Unfortunately, with the exception of some degenerate cases, the
Riemannian metric in F(F) that comes from the ambient space Ls,(F;E) is
neither of these two, even modulo homothety. Let, in fact A € F(FE) correspond
to the couple (F,.J) and let us use the corresponding direct sum E = F @ F+
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to exhibit matricial characterizations. We have then, in what concerns each of
these metrics:

The linear map D(R))1q: L_so(E;E) — Ty(F(FE)) applies each «, with
a1l a1 a1 —Jan —Jaip

, SO
Qo1 Q22 g1 J 0
that its kernel H) is the set of such a with a1 a C-linear map, a;2 = 0 and
ag1 = 0, and the orthogonal complement My of H) is the set of skew-adjoint
1,1 Q12
21 0
2041’1 J —=J 1.2

ag 1 J 0
whose image have the norm multiplied by different positive constants.

matrix [ , into a A — A, with matrix {

linear maps o whose matrix is [ } , with o1 ; anti-linear. The image of

such a € M) has matrix { } , so that there are elements in My

We have seen, in the course of the proof of Proposition 4, how the linear
maps DW,: T\(F(E)) — Ty(n)(Gr(Ec)) are defined in matricial terms and this
shows, as before, that there are elements in T (F(E)) whose image have the norm
multiplied by different positive constants.

Another way to verify that the induced metric in F(F) is not a Ké&hler metric
is to compute the covariant derivative of the complex structure. The formula
that we will obtain for the referred covariant derivative and the computation of
the second fundamental form of F(F) inside L_s,(F; E) will show the existence,
after all, of some relationships between the metric and complex structures.

First of all, the matricial characterization of the tangent vector spaces ob-
tained in Proposition 2 implies readily that, for each A € F(FE), corresponding
to the couple (F,J), the orthogonal projection 7y : L_s,(E;E) — Th(F(E))
Bra P2
P21 P22

and this allows us to deduce the following in-

associates, to each § € L_,,(F; E) with matrix , the element with

$Bii+IBiad) B
B2,1 0

trinsic characterization of my:

matrix

Proposition 5. If A € F(FE), the orthogonal projection my: L_sq(E; E) —
T\(F(E)) is defined by m\(3) = J(ABA —3X2BA2 —2)2 3 —23)2),

The second fundamental form hy: T\(F(E)) x T\(F(E)) — Tx(F(E))* can
be computed through the use of the formula hy(a, 3) = Dmy(«)(B). This leads
to the intrinsic characterization of hy(«, 3) in next proposition, from which the
matricial one follows through a long, but straightforward, computation.

Proposition 6. The second fundamental form of F(F) inside L_g,(E; FE) is
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defined by

1
hy(a, B) = 3 (aﬁ)\+)\ﬂa—3a)\ﬁ)\2—3)\aﬁ/\2—3>\2ﬂa)\—3)\25)\a—

—2a>\ﬁ—2)\aﬂ—25a)\—2ﬁ>\a>

and, in matricial terms,

<|:041,1 041,2} {51,1 31,2D N [Ml,l 0 }
a1 0 |7 [Be1 O 0 22’
1

p1 =5 <_a1,1 Jpii—biapJarnt+arpfBenJ+JBipas +

+J 12621+ Br2a01 J) ;

p22 = —ag1J Bro—B21Jars .

As horrible as the previous formulas may seem, they allow us, nevertheless,
to conclude:

Proposition 7. The second fundamental form hy of F(E) verifies the con-
dition

ha(Ja(@), In(B)) = ha(a, ) .

Proof: Use the matricial formulas for h) and Jy in Propositions 6 and 4. n

Let us remark that the previous condition, that is the opposite of the usual
condition of circularity or pluriharmonicity, translates the fact that the embed-
ding of F(E) into L_s,(E; E) is (2,0)-geodesic, in the sense of Rigoli & Tribuzy
[5]. This condition plays also an important role in Ferus [1], where it is referred
as “equation (4)”. It is also straightforward to compute the trace of the second
fundamental form from its matricial characterization.

Proposition 8. For each A € F(FE), corresponding to the couple (F,.J), the
trace of the second fundamental form hy: Ty(F(E)) x Tx(F(E)) — Ta(F(E))*
is —W A. Hence, the manifold Fi,(F) is minimal on the sphere centered on
0 and with radius v/2k .

Proposition 9. Let A € F(F) correspond to the couple (F, J). The covariant
derivative VJy: Th\(F(E)) — L(T\(F(E)); Tx(F(E))) of the complex structure
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of F(FE) is defined in matricial terms by
([041,1 041,2} {ﬁm 51,2]) . [ 0 —o1,1 B2
azr 0 7 |[Be1 O B2,1 011 0

Proof: For each A € F(E), let Jy: L_s(E;E) — L_s,(E; E) be the lin-
ear map defined by Jy(3) = (Idg + A?) 3\ — Af3, a linear map that extends
the complex structure Jy : Th(F(E)) — Ta(F(F)), by the intrinsic characteri-
zation of this one given in Proposition 4. In matricial terms, .Jy is defined by
{ﬂu 51,2} H {—Jﬂm —J P12

B21 P22 Bo,1J 0
DJx(a)(B) = (aX+Xa) BA+ (Id+ N\?) Ba—a B, whence, if a,3 € T)\(F(E))

have matrices | ! al’ﬂ and [51’1 61’2], then DJ(«)(3) has matrix
asp 0 B21 O

} and, differentiating the intrinsic formula,

|:J041,2 agyJ —ai1 P11 — a2 B2 —a1,1 P12
B2,1 01,1 B — o1 B2

(recall that a1 and (1 are anti-linear, with respect to J). Using the formula

VJx(a)(B) = DIx(a)(B) + Ta(ha(a, B)) — hale, JA(5))

as well as the matricial characterizations of J and h), one obtains the stated
matricial formula for V.Jy(a)(5).

One of the consequences of the preceding formula is that we have V.J) (@) (@) =0,
when the matrix of a € T)(F(E)) has one of the following forms [al’l 0] or

0 0
[ao a(l)’Q } . The fact that, as one verifies easily, T»(F(E)) has an orthonormal
2,1

basis with each element of one of these forms implies:

Proposition 10. The bilinear map T)\(F(E)) x Tx(F(E)) — Th(F(F)) de-
fined by (o, B) — VJx(«)(B) is traceless, hence F(E) is a semi-Kahler manifold
(Gray [2]).

Proof: The condition that the above bilinear map is traceless is known to
be equivalent to the fact that the Kéhler form is coclosed (this is essentially [2],
formula 4.6). m
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4 — A family of embeddings into the orthogonal group

Let again E be a Euclidean n-dimensional space. In section 3 we embedded
the space of partially complex structures into the vector space of skew-adjoint
maps E — FE, obtaining as image a submanifold F(FE) C L_4(E; E). We will
verify now that, by taking the image of the homothetic copies t F(FE) by the
exponential map of the orthogonal group, we obtain a family of non isometric
embeddings into O(E), whose induced metrics include the Kéahler metric and the
naturally reductive one.

For each partially complex structure (F,.J) and each ¢t € R, we will denote
Ji: F — F the orthogonal isomorphism defined by

Ji = cos(t) Idp +sin(t) J ,

whose adjoint map, J; = cos(t) Idp — sin(t) J, is the inverse of J;, and we will
denote & : E — FE the orthogonal isomorphism whose matrix, relative to the

Ji 0 .
0 Idp.| The fact that, by differ-

entiation, we obtain J; = J; o J implies that J; = exp(¢J) so that, in particular,

orthogonal decomposition E = F @ F* is

Js1t = Js o Ji. We will also use often, without further reference, the formulas
Je + JF = 2cos(t) Idp, Jy — JF = 2sin(t) J. In the same spirit, if A € F(E),

with matrix [ }, is the element corresponding to the couple (F,J), we ver-

0 0
ify readily that & = Idg + sin(t) A + (1 — cos(t)) A2, a formula that implies, by
differentiation, that £ = & o X so that & = exp(t \).

Proposition 11. For each t € R, such that sin(t) # 0, there exists a diffeo-
morphism A; from F(E) onto a submanifold G(E) C O(E) defined by

A(\) = exp(tA) = & = Idg +sin(t) A + (1 — cos(t)) A%,

whose inverse A;': Gi(F) — F(E) is defined by A;'(€) = 2£si_n(1)

Proof: The matricial characterization of A;(\) = & implies that, if we denote
Gi(E) the image of the map A;: F(E) — O(E), we have a well defined smooth
map Gi(F) — F(F) defined by & — ﬁn(t)(g — ¢*) and that this map is a left
inverse to A;. m

We will denote Gy (FE) the subset of G;(F) whose elements correspond to the
couples (F,J) such that F' has real dimension 2k; each Gy (F) is open and closed
in G¢(E) and, by restriction of Ay, we obtain diffeomorphisms F(E) — Gy (E), so
that Gy (E), like Fi(E), is a compact submanifold with dimension 2nk — 3k2 — k.
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The formula for A; shows that it is equivariant so that, as with F(FE), the natural
transitive action of O(F) in each Gy (E) is the action by conjugation. We will
now identify intrinsically the elements of Gy (E):

Proposition 12. We have

Gu(B) = {e€0(B) | €-¢ = (2cos(t) + 1) (€ — Idp)}
={ce0B)| &~ Idp = (2cos(t) +1) (€ — )}

and Gyt (F) is the subset of Gi(E) whose elements have trace n — 2k (1 — cos(t)).

Proof: The equivalence between the two conditions comes by composing
both members of the equalities either with £ or with 5*. The fact that each
¢ € Gi(E) belongs to O(E), verifies £2 — ¢* = (2cos(t) + 1) (€ — Idg) and has
trace n — 2k(1 — cos(t)) is a trivial consequence of the matricial characterization
of the linear map £ that corresponds to a couple (F,J), if we recall that a skew-
adjoint map is traceless. Let us assume now that & € O(E) verifies £? — ¢* =
(2cos(t) +1) (¢ — Idg). Taking the adjoint to both members we obtain £*2 — ¢ =
(1 4+ 2cos(t)) (¢* — Idg) and defining then A\ = ﬁn(t) (& — &%) we deduce that
A= —Xand A\* = — ), so that A € F(E); computing then A;(\) = Id+sin(t) A\ +
(1 — cos(t)) A2, we obtain &, hence ¢ € G4(E). u

A specially simple case is the one with ¢ = i%’r mod 27; the manifold G;(FE)
is just the set of cubic roots of the identity in the orthogonal group. Also, for
t = £5 mod 27, another important case as will be seen later, the manifold G;(F)
is contained (in general strictly) in the set of fourth roots of the identity in this

group.

Proposition 13. Let A\ € F(E) correspond to the couple (F,J) and let
£ = A(XN) € Gi(E). The isomorphism D(A)x: T\(F(E)) — Te(Ge(E)) is defined
then by

D(A¢)a(o) = sin(t) a4+ (1 — cos(t)) (a X+ A a)

or, in matricial terms, by

[041,1 a1,2} . 2sin(t> {608(5)041,1 Jij2 012 ‘
a1 0 2 g1 Jyso 0

Proof: The intrinsic formula comes readily by differentiation of A;(\) =
Idg + sin(t) A + (1 — cos(t)) A? and the matricial one follows if we recall the
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fact that ;1 is anti-linear as well as the identity sin(t) Idp + (1 — cos(t)) J =

2sin(%) cos(%) Idp + 2sin?(%) J = 2sin(%) Jijp-

Proposition 14. Let £ € G,(E) correspond to the couple (F,J). The tangent
vector space T¢(Gi(E)) is then the set of all 3 € L(E; E) whose matrix relative to

the direct sum E = F @ F has the form [gl’l 66’2], with $11: F — F anti-
2,1

linear and skew-adjoint and (375 = —(321 J; (this last equality being equivalent
to B34 = —Ji Bi2)-

Proof: If 3 € T¢(Gi(E)), let v, with matrix Zl’l a(l)’Q , be the element of
2,1
T\(F(FE)) whose image by the isomorphism D(A¢)y is 5. Then £ = sin(t) a1

is anti-linear and skew-adjoint, because this happens to a1, and

. (t * . ([t «
(2 Sm(2>Jt/2 04172) = -9 sm(2> az1 Jyyg =

A * *
= -9 s1n<2> Qg1 Jt/2 Jt = —52,1 Jt .

Ore

All we have to remark now is that, if 2k is the real dimension of F', the fact
that the vector space of all anti-linear and skew-adjoint maps F' — F' has real
dimension k? — k implies that the space of all linear maps 8 € L(E; E) whose
matrix verify the conditions above has dimension 2nk — 3k — k, equal to the
dimension of the manifold G;(E) at £. m

Remark 1. The matricial characterization of the tangent vector space
T\(Fi(E)) referred in Proposition 2 implies that this space is the orthogonal

direct sum of two vector subspaces, invariant by the isotropy subgroup of O(E),
aq.1 0

namely the ones that correspond to matrices with each of the two forms 0 0

and { 0 o
a271 0
(homothety classes of) invariant Riemannian metrics on Fi(F), namely those

that are obtained by maintaining the orthogonality of the two subspaces and the
inner product in the second one and multiplying by a positive factor the inner
product in the first subspace. One of the consequences of the matricial character-
ization of the isomorphism D(A;)y in Proposition 13 is that the original metric
in Fi(F) and the ones that are induced by the non isometric diffeomorphisms A¢
are, roughly speaking, half the spectrum of these invariant ones, namely those
that correspond to a multiplicative factor less or equal to one. It would be inter-
esting to find other natural embeddings of Fi(E), inducing the other half of the
spectrum.

}. This fact implies the existence of a one-parameter family of
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Proposition 15. When t = :t%7T mod 27, the Riemannian metric induced in
Gi(E) by the ambient space is the naturally reductive one, modulo homothety.

Proof: Let £ € Gi(E) correspond to the couple (F,J) and let A € F(E) be
the corresponding element. In section 3 we identified the orthogonal complement
M, of the isotropy Lie algebra H) C o(F) as the set of skew-adjoint maps
o11 Q12

whose matrix has the form [
Q21 0

}, with a1, anti-linear and we showed

that the image of such element in T)(F(E)) had matrix 251’1j _J(;lm}
2,1

By composition with the isomorphism D(A¢)x: Th(F(E)) — T¢(Gi(£)) we obtain
an isomorphism Mg = My — T¢(G,(F)) associating, to each o with matrix

t _
[041,1 0(1,2}7 the element with matrix QSin(%) [2COS(2) a1t Jij2 Jon 2 ,
Q21 0 Q21 J Jt/g 0

so that, recalling that J and J;/, are orthogonal isomorphisms, we conclude that
this isomorphism is homothetic when |cos(1)| = 3. u

Like F(F), the manifold G;(FE) is also a complex manifold in a natural way
that may be characterized by the condition that the diffeomorphism A;: F(FE) —
Gi(E) should be holomorphic. Using the matricial characterization of the deriva-
tive of this diffeomorphism in Proposition 13 and the matricial characterization
of the structure linear maps of F(F) in Proposition 4, we deduce immediately the
following matricial characterization of the structure linear maps of the complex
manifold G,(E):

Proposition 16. For each ¢ € G,(E), corresponding to the couple (F,J), the
structure map Jg: Te(Gi(E)) — Te(Gi(E)) is defined, in matricial terms, by

i gl -t

By equivariance, we know that the complex structure of G;(F) is invariant by
the action of O(F). The matricial characterization of the structure maps in the
preceding proposition shows that this complex structure is also compatible with
the Riemannian structure of G;(F) that comes from the ambient space.

In order to calculate the second fundamental form of G,(F) inside L(E; E),
we need a formula for the orthogonal projections onto the tangent vector spaces:

Proposition 17. For each { € Gi(FE), corresponding to a couple (F,J), the
orthogonal projection m¢: L(E; E) — T¢(Gi(F)) is defined, in matricial terms rel-
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ative to the orthogonal direct sum E = F & F~+, by [%’1 71’2} — {61’1 51’2},

Y21 2,2 B2 O
where f11 = § (1 — i +Jmad = I d), Bz = (2 — Jevsa).
Bo1 =35 (Y21 — i Jt)-

Proof: The matricial characterization of T¢(G¢(E)) in Proposition 14 implies
easily that 7¢(7) should have a matrix of the referred type, with 81 the orthogo-
nal projection of v ; onto the vector subspace of L(F'; F') whose elements are the
skew-adjoint anti-linear maps and with the couple (31 2, #2,1) the orthogonal pro-
jection of the couple (712,72.1) onto the vector subspace of L(F*; F) x L(F; F4)
whose elements are the couples (01,2, 32,1) with 879 = —B321 Ji". The fact that
Te(Gi(E)) C Te(O(F)) implies that m¢(7y) is also the orthogonal projection onto
Te(Gi(E)) of the orthogonal projection of v onto T¢(O(FE)), this last projec-
imai—dhia e me2— I

2L a =7t 2o
section 2. The fact that we have already (y12 — Ji731)" = V12 — 721 Jf =

tion with matrix , by the formula referred in

—(y21 — 1 2Jt) Ji implies now, by our initial remarks, the correctness of the
stated formulas for 312 and (321. In what concerns (i1, we remark that the
orthogonal projection of % (ma—Je Yia J¢) onto the space of anti-linear maps is

(a0 = Tt o) + TOa = T vy Ji) T) =

=

1
1 <’y1,1 +Jy11d — (cos(t) Id + sin(t) J) YA (cos(t) Id + sin(t) J) —

- (cos(t) J — sin(t) Id) Y1 (cos(t) J —sin(t) Id)) =

1 * *
=1 (71,1 —vaitImad = I J)

and the fact that this projection is readily seen to be also skew-adjoint implies
that it is also the orthogonal projection onto the subspace of anti-linear skew-
adjoint maps. m

Proposition 18. For each £ € G,(E), corresponding to the couple (F,J), the
second fundamental form of G;(E) inside L(E; E), he: Te(Gi(E)) x Te(G(E)) —
Te(Gi(E))*, is defined, in matricial terms, by

<|:/ﬁ1,1 ﬂl,z] [’Yl,l ’71,2D N |:M1,1 M1,2]
Boq 0 |7 [721 O H2,1  H2,2
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1 .
p11 = Tsin(D) (2 (ﬂl,l Y1+ 71161 J) + 2sin(?) (51,2 V2,1 + 71,2 52,1) +

+ (1 + cos(t)) (J Br27v21 + Br2v21d +J V12021 4+ V1,2 62,1 J))

1 * *
pe =g (51,1 Jivi2 +71 ] ﬁm)
1 * *
p21 =5 (52,1 Jivi1 + 2,1 J; 51,1)
Ho2 = __ (—521712—721512+ﬁ21JfW12+’>’21Jt*512) .
) 2(1—COS(t)) ) ) ) 5 ) ) ) )

Proof: First of all, and in order to be able to differentiate, we write down a
non matricial formula for the orthogonal projection computed in Proposition 17.
In fact, using the matricial characterizations:

2IdE—§—f*_{IdF 0} £+§*—2005(t)IdE [0 0 }
2(1—cos(t)) [ 0 0]’ 2(1— cos(t)) 0 Idp.

§—& [J 0} (1—2cos(t) & — &+ 2cos(t) Idp |:Jt 0}
2sin(t) |0 O 2(1—cos(t)) 10 0

we can write

1

me(7) = 16(1— cos(t))?

(21dg —&§—&") (v =) 2Idg —§ =€) +

+ I €O =) =€)+

1 . )
+m(2IdE—£—€ )'v(€+§ —2cos(t)IdE> T

B Tgpm—ey; E £+ & —2cos( )IdE)’)/(QIdE—f—f*)_

— COS

— COS

7
_ 2(1—2cos YE—¢&F —|—2cos()IdE)7* (g+£*_2cos(t)IdE>_
7

S T &~ 2cos(t) Idig ) v* ((1 = 2cos(t)) & — € + 2cos(t) Idp ) .

- COb
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By using the formula h¢(8,7) = D7e(8)(y), we can now write

(1) = oo P+ ) (=) 21— €= ) -
- e e~ € =€) (=) (84 +
+ T A=A (=) =€) +
+ T €~ €) (=7 (8= -
~ Sae (4 )7 (66— 2eos() 1) +
+ S e e~ €= €)1 (3 + 5 +
b (B4 )y (2 — €~ €) -

8(1— cos( )2

T (1= cos(t 2(€+§*—2cos )IdE)fy(ﬁ+g*)_

 8(1— cos(t 2<1_2COS )8 — 5) (54—5*—2005(15)[(1]5)_

" 8(1— cos(t 2( (1 —2cos(t)) § — £ + 2cos(t) IdE> v (ﬂ+g*> _
1

N m B+ By <(1 —2cos(t))§ — & + 2cos(t) IdE) —

_ 8(1—Clos(t))2 (f + 5* — QCOS(t) IdE) ,7* ((1 _ 2COS(t)) B ﬁ*)

and the matricial characterization follows by a long but straightforward compu-

tation, using the identities 3 — 4 cos(t) + cos?(t) = (1 — cos(t)) (3 — cos(t)) and
sin(¢) _ 14-cos(t)

1—cos(t) —  sin(t) -

The preceding formula for the second fundamental form of the manifold G;(F)
inside the Euclidean space L(F; E) will be useful, in particular, in calculating the
covariant derivative of the complex structure:

Proposition 19. For each { € G,(F), the covariant derivative of the complex
structure VJe: Te(Gi(E)) — L(T¢(Gi(E)); T¢(G:(E))) is defined by the condition
Bra 51,2} and {71,1 71,2}

that, whenever 3,7 € T; F)) have matrices
8.7 € TH(GE)) o e
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. cos(t) 0 —Ji B11 M2
h t 7
ng(ﬁ)(y) as matrix sin(t) |21 B Je 0

manifold Gi(E) is always semi-Kéhler and, in the case where t = £7 mod 2,
Gi(E) is even a Kéhler manifold.

}. As a consequence, the

Proof: For each £ € Gi(F), corresponding to the couple (F,J), let

Je: L(E;E) — L(E;E) be defined, in matricial terms, by [zl’l 11’2] —
2,1 72,2
_7J 73’1 _JO’Yl’Q , a linear map that is hence a prolongation of the structure
2,1

map Je @ Te(Ge(E)) — Te(Gi(£)). Using the second and third matricial char-
acterizations referred in the proof of the preceding result, we get the intrinsic

characterization
_ 1 . « 1 ¥
Te) = Fan 0oty &+ €~ 2o 1) 7 (€ =€) = 5ms (=€)
that allows us to write, by differentiation,
T 1 * *
DJe(B)(v) = Tsin(?) (1= cos(t)) (B+B")v(E-€)+
1 . * 1 x
+ 4sin(t) (1— cos(t)) (5 + &7~ Zeos(t) Id) V(B=5) - 2sin(t) B=5)7-

Using the formula VJ¢(8)(v) = DJe(8)(7)+Je(he(8,7))—he(B, Je(7)), as well as
the matricial characterization of the second fundamental form in Proposition 18,

we obtain the stated matricial formula, after a long but straightforward calcu-

lation. This matricial formula implies, in particular, that we VJ¢(3)(8) = 0,

P11 0} or
0 0

{ 0 51,2}7 and the fact that T¢(G;(£)) has an orthonormal basis with each

P21 0O
element of one of these forms implies that the bilinear map (8,v) — VJe(8)(7v)

is traceless, so that we have a semi-Kéhler manifold. It is clear that we have
even a Kéhler manifold whenever cos(t) = 0, that is to say, whenever ¢t = £
mod 27. n

whenever the matrix of 3 € T¢(G:(F)) has one of the two forms {

We compute next the second fundamental form of G;(E) when we take the
orthogonal group O(FE) as ambient space, instead of the whole space L(E; E).

Proposition 20. Let € Gi(E) correspond to the couple (F,J). The second
fundamental form h¢: Te(Gi(E)) x Te(Gi(E)) — Te(O(E)), of Gi(E) inside O(E),
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is then defined, in matricial terms, by

([ %) 3 wD—P A

0 22

N 1

M1l = Isin(l) ((1 + COS(t)) (Jﬂm Y21 + Br2ve1d + I 120821 + 712621 J) +
+ 2 cos(t) (51,1 yad Ity b11d Jt))

~ 1 . .

H2,2 = 41— cos(d)) (ﬂQ,l(JZt —Id) 12 +72,1(J5 — 1d) 51,2) .

Hence, G,(E) is (2,0)-geodesic inside O(F), in the sense that ﬁg(.]g(ﬁ), Je(v)) =
he(B,7) -

Proof: The fact that Eg(ﬁ,’y) is the orthogonal projection of h¢(3,) onto
the tangent space T¢(O(FE)) implies, by the formula referred in section 2, that
he(B,7) = 3(he(B,7) — € 0 he(B,7)* 0 €) so that, with the notations of Propo-

sition 18, he(f,7) has matrix [g“ gw}’ with firy = L(paa — Jipiy i),
2,1 M22 ’

fitp = %(M1,2 —Jipza), P21 = %(MZ,l — M2 Jiy) and  [igp = %(Mn - M§,2)‘
The stated formulas follow in a straightforward way, if we recall the charac-
terization of the tangent space T¢(G;(E)) in Proposition 14. The equality
?Lg(:]g(,@), Je(v)) = Eg(ﬁ,v) has a trivial verification, if we recall the matricial
characterization of the structure maps J¢ in Proposition 16. m

By a straightforward computation, we can determine the trace of the preceding
second fundamental form:

Proposition 21. Let E have dimension n and let £ € Gy(F) correspond to
the couple (F,J). The trace of the second fundamental form he, of Gj,;(E) inside

O(FE), has then a matrix ’0(1)’1 8 , P11 = —"_2k+(2”;f(;)1)cos(t) J J;. Hence, if
k > 1, there exists t such Gp;(F) is minimal inside O(FE), namely the one defined
n—2k

by the condition cos(t) = — =525

As a special case, we realize that, when k£ > 1 and n = 3k — 1, the manifolds
Gri(E) that are minimal inside O(E) are the ones with ¢ = +2F mod 2, hence
the ones that have the naturally reductive metric.

It is easily seen that, for each a € R, the manifolds Gy (E) are contained in
spheres centered at a Idg so that it is natural to ask when are these manifolds
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minimal in such spheres. This is known to be equivalent to the fact that the
trace of the second fundamental form h¢, of Gy (F) inside L(E; E), is a multiple
of £ —a Idg and our last proposition, whose proof is again straightforward, shows
that the answer is “sometimes yes”.

Proposition 22. Let E have dimension n and let £ € Gy (E) correspond to
the couple (F, J). The trace of the second fundamental form he¢, of Gi(E) inside

L(E; E), has then a matrix [Pu 0 }’

0 P22
n— 2k —(n—k—1) — (n — 2k) cos(t)
- ke — kldp .
pLi= T 2sin(t) . P22 o
As a consequence, if k > 1, the manifold Gy(F) is minimal in a sphere centered
at aldg, for a = %’f—l and cos(t) = _%.
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