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THE EVOLUTION DAM PROBLEM
FOR NONLINEAR DARCY’S LAW AND
DIRICHLET BOUNDARY CONDITIONS *

A. LYAGHFOURI

Abstract: In this paper, we study a time dependent dam problem modeling a non-
linear fluid flow through a homogeneous or nonhomogeneous porous medium governed
by a nonlinear Darcy’s law. We prove existence and uniqueness of a weak solution.

Introduction

The dam problem consists of finding the flow region and the pressure of fluid
flow through a porous medium €2 under gravity. The free boundary represents the
region separating the wet and the dry part of the porous medium. Assuming the
flow governed by a linear Darcy’s law and taking Dirichlet boundary conditions
on some part of the boundary, this problem has been widely studied from several
points of view both for the stationary and the evolutionary case.

For the stationary case, the first results are due to C. Baiocchi ([5], [6]) who
solved the case of rectangular dams by introducing the so called Baiocchi’s trans-
formation, which leads him to consider problems of variational inequalities. Then
he established existence and uniqueness results. Although this method is not
adaptable for the general case, many authors ([7], [8], [16], [23]), used same
techniques to treat questions related to heterogeneous or three dimensional rect-
angular dams.

Few years after, the steady problem has been studied in the general case
by HW. Alt ([2], [3], [4]), H. Brézis, D. Kinderlehrer and G. Stampacchia [9],
J. Carrillo and M. Chipot [15]. An existence theorem has been proved and the
uniqueness of the solution established up to a certain class of disturbing functions.
The regularity of the free boundary was also investigated.
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The evolution dam problem has been solved first by A. Torelli ([24], [25])
in the case of a rectangular domain. He used a similar transformation to the
Baiocchi’s one, which allowed him to reduce the problem to a quasi-variational
inequality problem. He obtained, in this way, results of existence, uniqueness
and regularity of his solution. Unfortunately, this method is not adapted for the
general case.

Later, it was G. Gilardi [19] who proved an existence theorem for a weak
formulation of the evolution dam problem when the porous medium is assumed
to be a general Lipschitz bounded domain of R™. In [18] E. Dibenedetto and
A. Friedman proved an existence theorem in a general way by an other method,
both for compressible or incompressible flow. Moreover they proved uniqueness
for rectangular dams. The question of uniqueness of the solution, in its generality,
remains open until solved by J. Carrillo [14].

In this study, we consider an incompressible fluid flow governed by a gener-
alized nonlinear Darcy’s law relating the velocity v of the fluid to its pressure p
by:

v=—-A(z,V(p+x,))

where A is a function defined in Q x R"™ and = = (x1,...,x,) denotes points in
R™.

The prime example of nonlinear Darcy’s laws for a homogeneous porous
medium (see [17]) corresponds to the g-Laplacian: A(x, &) = [£]972&. For hetero-
geneous media we have the following measurable perturbations of the ¢-Laplacian:
Az, €) = |a(z)-£]97 2 a(x) - €, where a(z) is a measurable positive definite matrix
representing the permeability of the medium at x. Note that when ¢ = 2, we
rediscover the well known linear Darcy Law.

In addition, we would like to consider a model of Dirichlet boundary condi-
tions. The paper is organized as follows: In section 1, we begin by transforming
the problem usually stated in terms of the pressure function into a problem for
the hydrostatic head v = p + . The dry part is described by a bounded func-
tion g. Then we give a weaker formulation to our problem. In section 2 and
3 we prove an existence theorem by means of regularization and by using the
Tychonoff fixed point theorem. In section 4, we prove some properties of the
solutions. In particular for any solution (u,g), u is bounded and .A-subharmonic
and g is continuous in time variable. In section 5, we assume that ¢ < n + 1,
Az, &) = A(£) and A(e) - v < 0 on the bottom of the dam. Then from section 4,
we derive a monotonicity property for g. Making use of this result, we prove
a comparison theorem and with the help of the continuity of g we deduce the
uniqueness of the solution.
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1 — Statement of the problem

The dam is a bounded locally Lipschitz domain € in R™ (n>2) (see Figure 1).
The boundary I' of 2 is divided in two parts: an impervious part I'y and a pervious
one I'y which is assumed to be nonempty and relatively open in I'. Let now T
be a positive number, @ = Q x (0,7) and ¢ a nonnegative Lipschitz function
defined in Q. We define:

21:F1X(O,T), ZQZFQX(O,T), ZgI(FQX(O,T))ﬂ{(p>O}
and Y4 =T2x(0,7))N{e=0}.

Fig. 1

We shall be interested with the problem of finding the pressure p and the
saturation y of the fluid. For convenience, we set: ¥ = ¢ + z,, v = p + =, and
g = 1 — x. Starting from the nonlinear Darcy’s law, the mass conservation law
and taking a Dirichlet boundary condition on X5, the flow is governed by the
following equations:

) u>a,, 0<g<1, glu—z,)=0 in Q

)

) div(A(, Vu) — g A@,¢)) +9 =0 in Q
i) wu=1 on ¥
)

)

11

(1.1) .

iv) ¢(-,0)=go in Q

(.A(ZC, Vu) — g Az, e)) v=0 on X

v

vi) (.A(x, Vu) — g Az, e)) v<0 on X4
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where e is the vertical unit vector of R”, i.e. e = (0,1) with 0 € R"~!, v denoting
the outward unit normal to 92, gg is a given function satisfying 0 < gg < 1 and
A: Q@ x R* — R™ is a mapping that satisfies the following assumptions with
some constants ¢ > 1 and 0 < a < 8 < 00:

(1.2) {the function z +— A(z,§) is measurable V¢ € R", and
1.2

the function £ —— A(x,§) is continuous for a.e x € Q0 ,

for all £ € R™ and a.e. x € ()

(1.3) Az, 8) - & = afg]?
(1.4) Az, &) < Blel"

for all £, ¢ € R™ such that £ # ( and a.e. z € Q2

(15) (A, &) - A@,Q)) - (€= Q) >0,
(1.6) dr>1: div(A(z,e)) € L"(Q) .

The condition (1.1)i) means that we look for a nonnegative pressure p and
g(+,t) characterises the wet region Q(t) at time ¢. (1.1)1iii) means that the trace
pressure at the bottoms of fluid reservoirs is equal to the one of the fluid and
equal to the atmospheric one when the boundary of €2 is in contact with the air.
(1.1)iv) is an initial data. (1.1)v) and (1.1) vi) are due to the fact that the flux
of fluid vanishes on ¥; (since I'; is impervious) and is nonnegative on ¥4 where
the fluid is free to exit from our porous medium.

From the strong formulation (1.1), we are led to consider the following weak
formulation:

Find (u,g) € L0, T, W"4(Q)) x L°°(Q) such that :
) u>zp, 0<g<1 glu—z,)=0 aein Q;
(P) i) u=1vY on Xg;

i) /Q(.A(m, Vu) — g A(e,e)) - VE + g€ dudt + /ng(x) ¢(2,0)dx <0

VEEWH(Q), €=0on X3, £>00nXy, &(z,7)=0 ae.in Q.
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2 — A regularized problem

We first introduce the following approximated problem:

Find u. € WH9(Q) such that: wu. =1 on %y,
/Q Az, Vi) -VE + e Jual " uep-& + Ge(ue) (& — Alw, €)-VE) da dt =

:/ﬂGs(us(m,T))‘f(x,T)dx—/990(90)5(%0) dx

VEEWH(Q), £=0on %y,

where G.: L1(Q) (resp. L1(Q))) — L>®(Q) (resp. L>°(Q2)) is defined by

0 if V— Iy > €
(2.1) Ge(v) = l—(v—xp)fe if 0<v—z,<c¢
1 if v—x, <0.

Then we have:

Theorem 2.1. Assume that @ is a nonnegative Lipschitz continuous function
and that A satisfies (1.2)—(1.5). Then, there exists a solution u. of (P¢).

Proof: It will be done in three steps:
Step 1: We define
V:{vewl’q(Q) / v=0 on 22} and K:{UEWl’q(Q) / v=1 on 22} .

For w € K, we consider the map:
Aw): WH(Q) — R, € (A(u), &) = / A, Vu)-Véte [ug 2 ug & do dt .
Q

Then the operator A defined by A: u € K —— A(u), satisfies:

Lemma 2.2. If we denote by (W14(Q))’ the dual space of W4(Q), we have
i) For every u € K, A(u) € (W19(Q));
ii) A is continuous from K into (W19(Q))’;

iii) A is monotone and coercive.

Proof: (see [20] for example).
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Step 2: For v € WH4(Q), we consider the map: f,: Wh4(Q) — R,
£ —s / G:(v) (A(m, e)-V{—ft) dx dt +/ Ge(v(z,T))&(x,T) — go(z) &(x,0) dz .
Q Q

It is clear that f, € (W'9(Q))". Using Lemma 2.2, we deduce (see [20]) that for
every v € W14(Q) there exists a unique u. solution of the variational problem

(2.2) u: € K, (Aue,€) = (fo,€) VYEEV.

Step 3: Now, let us consider the map F. defined by: F.: W14(Q) — K,
v +— u. Let us denote by B(0, R(¢)) the closed ball in W14(Q) of center 0 and
radius R(e). Then we have:

Lemma 2.3.
i) 3R(e) >0/ F.(B(0,R(¢))) C B(0,R(¢));
ii) F.: B(0,R(s)) — B(0, R(¢)) is weakly continuous.

Proof: i) Note that u, — 1 is a suitable test function to (2.2), so:
(2.3) /QA(Q;,V%) Ve + € |uet]? dar dt =
= /QA(x,VuE) SV + € Jue| T2 ugy - by da dt
v /Q G(v) Az, €) - V(1. — ) dar dt
— | Ce0) e =)ot — [ go(e) (e =)z, 0)
+ /Q Go(o(,T)) (e — ), T) dz .

Using (1.3), (1.4), (2.1), (2.3) and Hoélder’s inequality, we get for some con-
stants ¢;

min(a,a)/@ |Vu|? + |ug|Tdx dt < ¢ \UE\({; + co|ucli,g +c3 -

By Poincaré’s Inequality, this leads for some constants ¢; to [uc|{ ,<¢} |u5|(f:]1+
chluelt g + ¢ from which we deduce that: |uc| 4 < R(e) where R(e) is some con-
stant depending on €. So we have: F.(B(0, R(¢))) C B(0, R(¢)). More precisely,
we have proved that: F.(Wh4(Q)) c B(0, R(e)).
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ii) Let (v;)icr be a generalized sequence in C' = B(0, R(¢)) which converges
to v in C weakly.

Set ul = F.(v;) and ue = F.(v). We want to prove that (ul);c; converges
to u. weakly in C. Since C is compact with respect to the weak topology, it
is enough to show that (ul);c; has u. as the unique limit point for the weak
topology in C. So let u be a weak limit point for (ut);c; in C. Using the compact
imbedding: W4(Q) — L9(Q), one can construct a sequence (u%)ren such that
{ix/k €N} C I, ul* — u weakly in Wh4(Q) and u* — u strongly in LI(Q).
Choose ul* — u. as a suitable test function for (2.2) written for u’* and w..
Subtract the equations, so that

(2.4) /Q (Az, Vuit) — Az, Vue)) .V(ugc — ) +
+ E(W 1972wl — Jugg9™ uet) (u* — u)y do dt =
= / (G (viy,) — GE(U)) (A(CL‘,B) V(ul* —ug) — (ul — us)t) dz dt
+/ (v, (2.T)) — Ce(v(w, T))) (u* — ue)(, T) da

Now we have by (1.4), (2.1), Hélder’s inequality and the fact that [u—u.|; , <
2R(e):

(2.5) /Q (Geviy) = Ge(v)) (Al €) - V(ul = ) = (ulf — ), ) da dt‘ <

<ci(e) - |viy, —vlg -

26) | [ (Gelva(@.T)) = Gelv(a, 1)) (u — o) @, ) da| <

< ea(e) | (v, — ) (7]

.
Now due to (1.5), (2.4)—(2.6) and the compact imbeddings: W4(Q) — L4(Q)
1
and W'~ 0%(Q x {T}) — LI(Q x {T}), we get:

lim (A(ﬂs, Vulk) — A(z, Vug)) V(ul* —u)dedt =0,
k—+o00 JQ
(2.7)
kEIfoo Q(|u 1972 0% — Jug|9 ust) (u —ue)pdrdt =0
Using (2.7), we deduce that (see [11]) there exists a subsequence of (ui*) also
denoted by (u*) such that Vu* — Vu. and ul — ug a.e. in Q. Taking into
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account the boundedness of (ul) in WH4(Q), we get: Vul* — Vu. weakly in
LY(Q) and u — u. weakly in LI(Q). So we have u. = u and u, is the unique
weak limit point of (ul) in C. Thus vl = F.(v') — ue. = F.(v) weakly in C.

€

Hence the continuity of F; holds. =

At this step, applying the Tychonoff fixed point theorem on B(0, R(¢)) (see
[22]), we derive that F. has a fixed point. Thus (P.) has at least one solution. u

Let us now show that our sequence (u.) is uniformly bounded in L>°(Q). More
precisely we have:

Proposition 2.4. Let u. be a solution of (P.) and let ¢y > 0. Then we
have for any ¢ € (0,e0) and H such that H > max(gg + max{z,, (2/,2,) € Q},
max{l/’(l’a t)v (Z‘, t) EiZ})

(2.9) Tn <u. <H aein Q.

Proof: i) Since (u. — H)" is a suitable test function for (P.), we have by
(2.1) and the choice of H

(2.10) /QA(Q:, Vo) - V(ue — H)* + eluet 92 er (ue — H)F o dt =
_ / Ge(ue) (Alw,e) - V(ue — HYF — (ue — H)) da di
Q

- /Q g0(x) (ue — H)*(x,0) dw + /Q Ge(ue(x,T)) (ue — H)* (2,T) dz

=~ [ 90(a) (we ~ H)*(@,0)do <0

Then we deduce from (1.3) and (2.10)/a|V(u5—H)+\q—|—5\(us—H)f]qd:v dt <0,
Q

which leads to |V (u. — H)"| = |(ue — H)| = 0 a.e. in Q. Thus (u. — H)* =0
and u, < H a.e. in Q.

ii) We denote by ()~ the negative part of a function. Then & = (us — x,)~ is
a test function for (P.) and one has by taking into account (2.1):

(2.11) /Q.A(x, Vue) - V(ue — 2p) " + € |uct| T 2 et - (ue — x); dadt =

= / (ue — xp) (2, T) dx + / A(z,e) - V(us — )~ dadt
Q Q

_ /ng(x) (ue — ) (2,0) dz — /Q(u5 — )y drdt
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Integrating by part the last term of (2.11), we obtain
(2.12) / (A, Vi) = A, Vo) )- (Ve Vag) e | (ue )| dadt < 0.
[’U@Smn]

Using (1.5) and (2.12) we conclude that u. > x, a.e. in Q. u
Now we give an a priori estimate for Vu, and u.;.

Proposition 2.5. Under assumptions of Proposition 2.4, we have for any
e € (0,¢0):

(2.13) / (oz |Vue|?+ ¢ |uat|q) dedt < C,
Q

where C' is a constant independent of €.
Proof: Using the fact that u. — v is a suitable test function, we get
(2.14) /Q.A(x, Vue) - Vue + € |ug|! de dt =
= /Q.A(m, Vue) - Voo do dt + /Q € [uet| T2 ugy - by da dt
+ /Q G (1) Az, €) - V(e — ) da dt — /Q G () (ue — ) dar dt
+ [ Geluee, ) (0 = )@ T)do = | go(a) (ue = ¥)(z,0)da
+

y
First let us set: E.(y) = / (1 — H.(s))ds and H.(s) = 1 A S? We have
0
0<(1-H.(y)y<EA(y) <yVy>0 and using (2.9), we get

(2.15) / —G(u2) (ue — ), da dt =
Q
= / —Ge(ue) (ue — xp)¢ dx dt +/ Ge(ue) prdx dt
Q Q
0
= f/ — E.(us — x) dx dt Jr/ Ge(ue) o dx dt
Q Ot Q

= /Q[Ee(ug(a;,O) — a;n) — Eg(ug(a:,T) — xn)} dx—l—/QGg(ug) prdrdt < C .
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Next, by (2.9) the last two terms of (2.14) are bounded. So using (1.3),
(2.14), (2.15) and Holder’s inequality, we derive for some constant C' > 0:

0< U < C@O+UM + Uel/q/) where U, = /(a\Vus\q + € |uet|?) da dt.
Q
Hence we get (2.13) since ¢,¢' > 1. n

In the following proposition, we show that u. satisfies an inequality similar to
(P)ii).

Proposition 2.6. Let u. be a solution of (P.). Then we have:
| Al Vi) V€ il e &+ Gl (6 — A, ) VE) drd +
(2.16) + [ o) €, 0)dw <0
Q

VEEWM(Q), €=0on¥3, £>0 onYy, &(2,T)=0 ae €.

Proof: Let £ asin (2.16). For any ¢ > 0, (5 A &), where p, = u. — 2, is a
test function for (P.). So we can write

/QA(JS,VuE)-V<%/\§> —A(x,e)-V(%/\ﬁ) —i—e|u5t|q_2u5t-<%/\£>td$dt+
+/QHE(u€—xn)A(x,e)-v<%Ag) dz dt —/QHg(us — ) (%/\f)tdxdt—

= /Q(l —90(30))-(%6 /\§>(x,0) dz .

The first integral in the left side of this equality can be written as

Ue — Ty

/ (.A(l‘, Vue) — A(z, V:cn)) -V + < |uet|? do dt +
[ue—zn <&¢] d J

+ / (.A(:E, Vue) — Az, e)) VE € ue| T2 uer & da dt
[ue —2n>06€]
Using (1.5) and the fact that 1 — go(x) > 0 a.e. x € Q, we obtain
(2.17) / (Ae, Vue) — A(w,€)) - V& + & fueel "z & d it +
[ue —zn >0¢]

+ [ Ml =) Al V(% ng) doat - | et =) (5 n¢) dwar<

< /Q (1 - go(@)) €(x,0) da .
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Let us show that:

(2.18) %in% H.(ue — zp) Az, €) - V(ue — A §> dx dt =
—vJQ

J
:/ H.(u: — zp) A(x,e) - VEdz dt
Q

Ug — Tn

4

(2.19)  lim | Ho(u. —xy) (
—0JQ

A §> dx dt = / H (uz; — xp) & dadt .
t Q
Indeed, taking in account (1.6) we can use the divergence formula to get:

Ug — Tn

/QHe(ue—:Un)A(ac,e)-V< 5 /\§> dx dt =

Ue — Tp

= —/QdiV(Hg(uE - xn).A(x,e)> . ( A f) dx dt

+ H.(u: — zp) A(x,€) - v - (us —n /\5) do(x,t) .

a0 0
Since & A Ye™Fn ¢ a.e. on [u: > x,] when 0 goes to 0, we obtain by the
Lebesgue theorem,
. Ue — Tp
lim [ H:(us — zp) Az, €) - V( A f) dedt =
—0JQ 1)
= — diV(He(ue—xn)A(x,e))-Edwdt +/ H.(uc—xp) A(z,e)-v-Edo(x,t) =
Q 0Q

:/Hg(ug—xn)A(a:,e)-ng:rdt,
Q

which proves (2.18). Similarly we establish (2.19).
So combining (2.18)—(2.19) and letting 6 — 0 in (2.17) we obtain (2.16) since

/QE(OU,O)d:c:—/Qgtd:cdt.-

3 — Existence of a solution

Theorem 3.1. Assume that @ is a nonnegative Lipschitz continuous function
and that A satisfies (1.2)—(1.6). Then there exists a solution (u,g) of (P).

The proof will consist in passing to the limit, when e goes to 0, in (P.).
To do this we shall need some lemmas.
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First from definition (2.1) of G, and estimates (2.9), (2.13) and (1.4), we de-
duce the existence of a subsequence ¢}, of ¢ and functions: u € LI(0, T, Wh4(Q)),
g€ LY(Q), Ay € LY(Q) such that:

(3.1) Ug, — U weakly in  L(0, T, W(Q)) ,
(3.2) Az, Vue,) = Ay weakly in LY(Q) ,
(3.3) Ge,(ug,) = g weakly in L9(Q) .

Then we can prove:

Lemma 3.2. Let u, g be defined by (3.1) and (3.3) respectively. Then we
have:
i) u=1 on X9, u >z, a.e in Q;

ii) 0<g<1ae inQ.

Proof: We consider the set K1 = {v € L0, T, Wh4(Q)) / v > z,, a.e. in Q,
v =1 on Yp}. K is closed and convex in L?(0,T, W14(Q)), then it is weakly
closed. Since u, € Ki, u € K; and i) holds. In the same way, we prove that
gEKy = {weL9(Q)/0<wv<1ae inQ} and ii) holds. m

Lemma 3.3. Let u, g be defined by (3.1) and (3.3) respectively. Then we
have:

(3.4) glu—=z,) =0 ae in Q.

Proof: First, note that (3.4) is not an obvious result as it is in the stationary
case (see [17]), since we do not know, a priori, whether u. converges strongly to
u in L(Q) because the imbedding L4(0, T, W14(Q)) — L4(Q) is not compact.
To overcome this difficulty, we are going to prove a strong convergence of the
sequence (Ge, (ug, ))r in a suitable space.

Next, we have for § € D(Q), 6 > 0 and p., = ue, — zp

0 < / Gy (uey) (e, — x0) O da dt =
Q

= (1_H€k(p€k))p€k0dxdt < 5k'|9‘00'|Q| .
QN[0<pe,, <eg]

(3.5) lim / Ge, (ug,) (ug, —xp)0dxdt =0 .
k—+o00 JQ
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To get (3.4), it suffices to prove that:

(3.6) lim / Ge, (ug,,) (ug, — xp) Odxdt = / g(u—x,)0dxdt .
k—+o00 JQ Q

For this purpose we introduce the function: w,, = e ]uekth_Q Uet + Gz, (Ug, ).
From (2.13), since ¢’ > 1, we have:

(3.7) ek [tept|T 2 Uy — 0 strongly in L9(Q) .
Then from (3.3) and (3.7) we deduce that
(3.8) we, =g weakly in L7(Q) .
We are going to prove that:
(3.9) we,t — g¢  weakly in L7 (0,7, W17 (Q)) .

So, let us show that g; € L7 (0,7, W19 (Q)). Let ¢ € D(0,T, Wol’q(Q)). Since &
is a test function for (P, ), we obtain, after letting k& — +o0 in (P, ), and taking
into account (3.2), (3.3) and (3.7)

/ g&drdt = — / (AO - g.A(:C,e)) V¢ dz dt
Q Q
from which we deduce (see [10]) that g, = — div(Ag—gA(z, e)) € LY(0, T,IW ~14(Q)).
Now we have in the distributional sense:
We, ¢ =—div (A(x, Vue, ) — Ge, (ue,) Alz, e)) and wg, ¢ — div (g.A(a:, e)— AO) =g
weakly in L9 (0,7, W=19(Q)) .
So (3.9) holds.

At this stage let us introduce the space W defined by: W= {ve L7(0, T, LY(Q))/
v € L9(0, T, W~19(9))} which is a Banach space for the norme: [[v| o104 )T
va||Lq/(07T7W,1,q/(9)). Since L9 (Q) and W17 (Q) are reflexifs, the imbedding
LY(Q) — W~L4(Q) being continuous and compact (see [1]), we deduce that
(see [20]), the imbedding

(3.10) W — L7 (0, T, W19 (Q)) is compact .

Now, the sequence w,, € W and it is bounded in W by (3.8) and (3.9). So up to
a subsequence still denoted by ¢j,, we have w,, — w weakly in W. But it is easy
to see that w = g. We then deduce from (3.7) and (3.10)

(3.11) Ge,(ug,) — g strongly in L0, T, W=19(Q)) .
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Finally, to conclude, it suffices to remark that: (us,—xy )0 — (u—2,)0 weakly in

Lq(O,T,WOI’q(Q)). Then by (3.11), we get (3.6). Consequently/ g(u—xp)0 dedt=0
Q

V6 eD(Q), 0 >0 and since g(u — x,) > 0 a.e. in Q, we get (3.4). u

Remark 3.4. We have (see [20]) the imbedding W — C°([0, T], W14 (Q))

then g € CY([0, 7], W19 (Q)). In section 4, we shall improve this regularity and
prove that g € C°([0,T7], LP(Q)), Vp € [1, +oo].

Lemma 3.5. Letu, Ag and g be defined by (3.1), (3.2) and (3.3) respectively.
Then we have:

(3.12) /Q(Ao—g.A(x,e))-V(u—¢)§dmdt:/Qg(cp§)tdxdt VEeD(0,T) .

Proof: Let ¢ be a smooth function such that d(supp(,¥2) > 0 and
supp¢ C R™ x (74, T — 1) for T > 75> 0. Then there exists 79 > 0 such that:
V1 e (—10,7), (,t) — ((x,t — 7) is a test function for (P, ). So we get, for
all 7 € (—70,70), after letting k go to +oo

(3.13) /Q (Ao, 1) — gl 1) Alz,€)) - V(a1 — 7) dardit —

B 887(/Qg(x’t+7)f($,t)dxdt) -0
since

/Qg(q:,t)gt(x,tT)dxdtzaaT(/Qg(az,t)C(x,tT)dxdt)

= g(/c)gg(x,t—l—T)C(m,t)dxdt) .

Now it is easy to see that (3.13) still holds for functions ¢ in L4(0, T, W4(Q))
such that ¢ =0 on X9 and ( =0 on Q x ((0,79) U (T — 70, T)). So if we consider
€€ D(10, T —710), £ >0 and set: ( = (u—1)&, we have V71 € (—70,70)

10) [ ((Aowt) = gl 0) Alw.€))-9 (=) €) = o0 €) ) (.1~ 7) o =

oG
= or (1)

with G(r) = /Q 9@, t+7) (u = ) &) () dav di.
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From (3.14) we know that G € C'(—7, 7). Moreover by Lemmas 3.2 and
3.3, we get G(1) > 0=G(0) V7 € (—70,70). So 0 is an absolute minimum for G
in (—79,70) and

(3.15) gf(()) ~0.

Combining (3.14) and (3.15) we get (3.12) for all £ € D (79, T — 79), £ > 0. »

Thanks to Lemma 3.5, we are going to prove a result which allows us to pass
to the limit in (Pg,).

Lemma 3.6. The sequence (u.,) (resp. A(x,Vuy,)) converges strongly to u
(resp. A(x,Vu)) in L0, T, W4(Q)) (resp. L7 (Q)).

To prove Lemma 3.6, we need a lemma:

Lemma 3.7. Let u and Ag defined by (3.1) and (3.2) respectively. Then we
have

(3.16) /QA(x,vu)-vgdxdt_/QAO(x,t)-vgdxdt V¢ e LU0, T, Whi(Q)) .

Proof: Let § € ©(0,T), # > 0. Choose §{ = (ue, — ) 0 as a test function for
(P.,) and write (3.12) for £ = 6. Subtract the equations, we obtain:

(3.17) / 0 A(x,Vue,) - Vue, dx dt =
Q
= /QHAO -Vudzdt + /Q(A(a:,Vuek) — Ao) -V 6 dx dt
— /st |u5kt]q_2 ugkt((ugk — 1) 9>t dx dt
+ /Q Az, €) - (Gey(ue,) V(ue, =) — gV (u— 1)) O dzdt
~ || Gerliey) (e, = v)0) dwat — | (o0 dwat
By (3.2) we have:

(3.18) lim | (A, Vue,) = Ao) - V0 dwdt = 0.
k—+o0 Q
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Remark that
/ €k ’uekt‘qiz Ugyt - ((Uek - "(/1) 0) dx dt =
Q t

:/Qek |tue,t|? 0 dx dt—|—/@sk |u€kt|q_2 Ugyt Ugy, Or Ao dt—/@ek |u€kt|q_2 Uyt (¢ 0)¢ dx dt.

The first term of the above equality is nonnegative. Moreover using (3.7) and the
fact that u., is uniformly bounded, we get:

(3.19) Tm — / e eyl ey ((ue, —)6) dwdt <0
From (3.4), we deduce:
(3.20) / A(,e) - (G (uey) Ve, — ) — g V(u— 1)) Odu dt =
_ /Q 0G., (1) Az, €) - V(ue, — ) da dt
- /CQ(GEk(uak) ~9) Al ) - V(o 0) da di .

By (3.3) the last term of (3.20) goes to 0. Applying the divergence formula, we
get:

(3.21) ‘/Q 0G., (us,) Az, e) - V(ug, — xp)dx dt’ =

_ ‘/Q 0 Az, e) - v(/omm(ug’“_zn’gk) (1 He,(9) ds) dz dt’

§6k</ 9\div(A(m,e))|dwdt+/ 9|A(az,e)-y|da(a:,t)> .
Q 80 (0,T)

We obtain from (3.20)—(3.21):

(3.22) kgrfoo/ A(w,€) - (Ge, (ue) Ve, — ) — gV (u— 1)) Odwdt = 0.

The last two terms of the right hand side of (3.17) can be written:
(3.23) / Ge, (ue,) ugk — 1) G)t dx dt — / g(p8)idadt =
Q
= — /Q Ge, (ue,,) (ug, — xp) O dx dt — /Q Ge, (ug,,) (ue, — xp)e 0 dx dt

- /Q(Gek (uey) = 9) (90); dadt
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Arguing as in (3.5), the first term of the right side of (3.23) converges to 0.
Integrating by parts, we can see as in (3.21) that the second term goes also to 0.
Using (3.3), we get

(3.24) kgrfw —/QGEk (ue,) ((uek — 1) H)tdx dt — /Qg(gp 0)dxdt =0 .

Combining (3.17), (3.18), (3.19), (3.22) and (3.24) we conclude that:
(3.25) m/ 0 A(x,Vue,) - Vue, dedt < / 0 Ao(z,t) - Vudzdt
Q Q
Vo e®(0,T), §>0.

Let now v € L4(0, T, W4(2)) and 6 € ©(0,T) such that § > 0. Using (1.5)
we have:

/Qe (A, Vuz,) = Az, V) - (Vue, = Vo)dzdt >0 ¥k eN
which can be written for all £ € N:
(3.26) /Q 0 A(z,Vu.,) - Vue, dodi — /Q 0 A(z,Vu.,) - Vodzdi —
—/Q@A(:L',Vv) -V(ug, —v)dxdt > 0.

Passing to the limit sup in (3.26) and taking into account (3.1)—(3.2) and (3.25),
we get:

(3.27) /Qe (Aol 1) — A, V0)) - Vi(u —v) dedt > 0.

If we choose v = u+ A€ with £ € L4(0, T, WH4(Q)) and X € [0,1] in (3.27) we
obtain, after letting A go to 0 and taking into account (1.2) and (1.4)

/ 0 (Ao(e.t) — A(x, Vu)) - Védrdt =0 Y6 €D(0.T), 0>0,
Q

VE e L90, T, Whi(Q))
and by density we get (3.16). m

Proof of Lemma 3.6: Taking { = fu in (3.16) with § € ©(0,T), we get

(3.28) / 0 A(x,Vu) - Vudzdt = / 0 Ao(z,t) - Vudzdt .
Q Q
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Using (3.25) and (3.28) we obtain:

(3.29) lim/QO.A(a:,Vusk) Vg, dedt < /QO.A(Q:,Vu) -Vudzxdt .
Combining (3.1)—(3.2) and (3.28)—(3.29), one can prove easily:

(3.30) hm/ Az, Vue,) — Az, Vu)) - V(te, —u)dzdt <0 .

Now, since Vu,, — Vu weakly in LI(Q), we conclude by (3.30) because A
satisfies the Browder’s property (Sy) (see [12]), that Vu,, — Vu strongly in
L9(Q). Moreover the mapping LI(Q) — L7 (Q), v — A(-,v) being continuous,
we deduce that A(z, Vue, ) converges strongly to A(z, Vau) in L9 (Q). Now by the
Poincaré Inequality one can see that u., converges strongly in L4(0, T, W14(Q)). u

Proof of Theorem 3.1: It is clear that (P)i) and (P)ii) follow from
Lemma 3.2 and Lemma 3.3. Let £ € WH9(Q), ¢ = 0 on X3, £ > 0 on ¥4 and
&(z,T) =0 a.e. in . Letting k go to 400 in (2.16) written for £ and using (3.3),
(3.7) and Lemma 3.6, we get (P)iii). This achieves the proof of Theorem 3.1. m

Remark 3.8. Note that the Lemma 3.7 is sufficient for the proof of
Theorem 3.1, however the result of Lemma 3.6 is more precise.

4 — Some properties

Let us first prove a technical lemma which generalizes Lemma 3.5.

Lemma 4.1. Let (u, g) be a solution of (P), let ve W14(Q) and F € Wﬁ)’coo(RQ),
such that:

) F(u— ,0) € L9(0, T, W9(0);
( .’L'n,’U) € Wl,q(Q);

ii)
iii) F(z1,20) >0 for a.e. (z1,20) € R?;
)

OF 8
iv) either — (21, 22) >0 a.e. (21,22) ER?, or — (21, 22) <0 a.e. (21, 22) ER2.
07 62’1

Then we have V¢ € D(Q2x(0,T)):
(4.1) / (A( ,Vu) — gA(z, e)) . V(F(u — T, V) 5) + g(F(O,v) §)td:n dt =
—/ (x, Vu) — g.A(:c,e)) -V(F(w—a:n,v)ﬁ)+g(F(¢—a:n,v)§)tdxdt.
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Particularly, if F\(¢) — x,,v)§ = 0 on X9, then

(4.2) /Q(A(a:, Vu) — g Az, e)) . V(F(u — T, V) 5) + g(F(O,v) §)tdac dt =0 .

Proof: Arguing as in the proof of Lemma 3.5, we get for £ € ® (R"x (19, T-10)),
£€>0,70>0and ( = (F(u—xp,v) — F(p —xp,v))§
4.3 Az, Vu(z,t)) — g(z,t) A(z,e) ) - V(F(u — xy, Jt—
(43) [ (A, V(1) = gl 0) Az, ) -V (Flu =0, 0) )t = 7) +
+ g(z,1) (F(O,v)f)t (x,t—7)dedt —

- Az, Vu(z,t)) — g(x,t) A(z,e) ) - V(F(Y — xp,0) &) (,t —T) —
Q
—g(flf,t) (FW - xnﬂ)) g)t (.’L’,t—’?’) dedt =

0
= EG(T)

with G(7) = / g(x, t+7) (F(u—zpn,v)—F(0,v)) &) (z,t) dr dt. Since the integrals
Q

on the left hand side of (4.3) are continuous functions on 7, we deduce that
G € C'(—79, 7). Using the monotonicity of F and (3.4), we can see that 0 is an
extremum for G in (—79, 79) and

(4.4) %(0) =0.

From (4.3) and (4.4) we deduce the Lemma. u
From Lemma 4.1, we have:

Corollary 4.2. Let (u,g) be a solution of (P). Then:

_ A
/ Az, Vu) - V<min(w, 1) 5) dx dt =0
Q
Ve>0, Vk>0, VE€eD(R"x(0,T7)) such that £€>0, £=0 on X3 .

Proof: It suffices to choose F(z1, z2) = min(@, 1) in Lemma 4.1 and to
take in account (3.4). m

Corollary 4.3. Let (u,g) be a solution of (P). Then we have u € L>(Q).
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Proof: Since u > x, a.e. in @, it suffices to prove that u is bounded above.
So let H be a constant such that:

H > max(max{xn, (2, x,) € ﬁ}, max{w(x,t), (x,t) € iQ}) :

Let £ be a nonnegative function in ©(0,7"). Then if one apply Lemma 4.1 with
F(21,22) = (21 —22)" and v = H — x,,, we get by taking in account (3.4) and the
choice of H:

(4.5) /5 :L‘Vu— ))-V(u—H)+dacdt:O.

Since (u— H)" =0 on X3, we deduce from (1.3) and (4.5) that u< H a.e. in Q. m

Theorem 4.4. Let (u,g) be a solution of (P). Then we have in the distri-
butional sense:

(4.6) div(.A(:U, Vu) — g Az, e)) +g:=0.
Moreover, if div(A(z,e)) > 0 in ©'(Q), we have:
(4.7) div(g Alz, e)) —g = diV(A(w, Vu)) >0

Proof: i) Taking ££ € D(Q) as a test function for (P), we get (4.6).
ii) Let £ € D(Q), £ > 0, then from Corollary 4.2, we have for ¢ > 0 and k = 0:

(4.8) / A(z,Vu) - (mm( EJUn, 1) §> dedt=0.

Note that £ = 0 on 0Q), so

(4.9) /QA(az,e)-V<<1—min(u_€mn, 1))5) dedt <0 .

Adding (4.8) and (4.9), we get:

1/ ( x,Vu) — .A(ZE V;Un)) (Vu — Va,)dzdt +
QNu—zn<e]

- [omin(t=2

1) (A(x, Vu) — Alz, vxn)) Védrdt <

—/ A(z,e) - VEdxdt .
Q
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Using (1.5), we get (4.7) by letting ¢ — 0 in the last inequality. m

We have g € CO([0,T], W17 (2)) (see Remark 3.4). The following theorem
proves strong continuity of g:

Theorem 4.5. Let (u,g) be a solution of (P). Assume that A(z,e) = A(e)
is a constant vector for a.e. x € ). Then we have:

(4.10) g€ C%[0,T),LP(Q) Vpe[l,+oo].

Proof: Using the result of Remark 3.4 and the fact that g is bounded, we
deduce that, for any fixed ¢, we have:

(4.11) g(x,t+h) - g(x,t)  weakly in LP(Q), Vpe (1,+00).

—0

Now let p € (1,400) and Q) = {x € Q/ d(z,0) > Sh}, then

(4.12) /Q<gp(a:,t—i—h) — Pla,1)) de| <
< /Qgp(a:,t+h)dx— [ it hyda
+ /Qh (@t + 1)~ @@+ hA@©),D) da
4 /Qh gp(a:—i-hA(e),t)dx—/Qgp(x,t)d:c .

It is not difficult to show that, the first and the last terms in the right side of (4.12)
converges to 0, when h — 0. Using the following inequality: |a? — 0P| < pla — b
Va,be[0,1] Vp > 1 and (4.7), the second integral of (4.12) can be written:

(4.13)

/Qh (@t + 1) — (e + h A(e), 1)) da

<
Sp/ﬂh(g(x—i-hfl(e),t) —g(:n,t—i—h)) dx .

Combining (4.11) and (4.13), we get g(x,t + h) = g(x,t) strongly in LP(2
Vp € (1,400) and thus g(z,t + h) p—” g(x,t) strongly in LP(2) Vp € [1,+00[. u
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5 — Uniqueness of the solution

In this paragraph we assume that
(5.1) Az, §) =A(E) VEER” ae.xe and A(e)-v<0 onTy

where v denotes the outward unit normal to I'y.

Let us introduce the following notations:

o1 :i2ﬁ21 :(Tgﬂr1) X (O,T) ,

(5.2) o
02:23024:(1“2 X (0,T))ﬂ{(p>0}ﬂ{(p:0} .

We shall assume that o1 and o3 are (1,¢') polar sets of @ (see [1]). Recall that
when ¢ > n+1, the only (1, ¢) polar set of @Q is the empty set. So we also assume
that ¢ <n +1.

Then we first state some technical lemmas related to the entropy condition
(1.1) vi) and to the monotonicity of g. Next, we derive a comparison result which
allows us to prove the uniqueness of the solution of (P).

Lemma 5.1. Let (u,g) be a solution of (P). Then we have:

(5.3) /Q (A(Vu) — A(e)) -V + (A~ )" (Ale) - V€ — &) drdt <0
VEECDR" x (0,T)), £€>0, £€=0on%,U%; VYAel[0,1].

Proof: First note that since ¢ is a test function for (P) and (1—¢g)" =1—g,
we have (5.3) for A = 1.

Next, let ¢ > 0. Applying Corollary 4.2, for k = 0, we get /.A(Vu)-
Q
V(min(*=*2, 1)§) drdt = 0. Since min(*=%2, 1)¢ = 0 on 92 x (0,7T), we have

3 £

/A(e) - V(min(*=*2, 1) {) dr dt = 0. Subtracting the second equality from the
Q

)

first one, we obtain:

/Q min(u I, 1) (A(V) - A(e)) - Ve dardt +
1
41 /Q s §(A(Vu) — A(Va,)) - (Vu— Va,) dedt =0 .

9

But the second integral of the above equality is nonnegative by (1.5), then we
deduce (5.3) for A = 0 by letting e — 0.
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Now, we can assume, without loss of generality, that ¢y = d(supp(§),
YU 23) > 0.

Let us extend u (resp. g) outside @ by x, (resp. 1) and still denote by wu
(resp. g) this function.

For ¢ € (0,e0/2), let p. € D(R™) with supp(p:) C B(0,¢) be a regularizing
sequence and let f. = p.* f, the regularized of a function f. Using (5.3) for A =1
and A = 0 we deduce that

(5.4) / oy AT VE g (A(e)- Ve~ &) drdt <0,

(5.5) /"X(OT)((A(VU))E — Ale)) - VEdzdt <0
For A € [0, 1], we deduce from (5.5):
5:6) [ g (AT = A0)) - VE+ (A g0) (Ale) - VE~ &) dwdr <0

Note that (5.5) and (5.6) are still true for functions of the type K¢ with K > 0
and K € VVl(l)Cq(R" x (0,T)). Whence we deduce for K = min((\ — g-)*/d, 1),
o> 0:

(5.7) (A(Vu)e = Ale) ) V& + (A=ge) (A(e) V(KE) ~ (K€, ) dardt =

R"x(0,T) (

= [ (AT~ A@)-T(KE) + (A = ) (Ale)- V(KE) — (K&, dudt
nx(0,7)

+ [ oo (AT = A@)) 9 (1= K)€) dedt < 0.
Set I — /R ICET® (Ale) - V(K€) — (K€),) drdt = I} + I3 with

Il = /HX(QT)()\ —g2) min((A— g.)7/8, 1) (A(e) - VE ~ &) dudt

B= [ onP 0 (A(e) -9 (min (3~ 9)*/5. 1))

- (min(()\ —g:)" /9, 1))t> da dt

_ _% o (min((x\—gg)+, 5))2 (A(e) . vg—&) drdt .

Using the above equalities and Lebesgue’s theorem, we get (5.3) by letting
successively § — 0 and € — 0 in (5.7). m
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Lemma 5.2. Let (u,g) be a solution of (P) and let g € L*°(Q) such that:
(5.8) 0<g<1 and div(gA(e))—g =0 in D(Q) .

Then we have: Yk >0, VAel1l—H(k), Ve >0,
69 | {A(W) 9 (min (I 1)) b - 0) (A V- 6e) +

+ (A=) (Ale) - V& — &) } drdt < C(u,k,&)

v§7§17§2€©(Rnx(07T))7 6207 51207 §:§1:0 on 21U23, 52:0 OHaQ,

where H denotes the maximal monotone graph associated to the Heaviside func-
tion and

Cu,0,6) = — /Q (A(Vu) ~ A(e)) - Ve, dodi
(5.10) = lim Q{ (A(Vu) - Afe)) - V(min(u ;x” 1)) } ¢ dzdt

Clu,k,&) =0, Vk>0.

Proof: From (5.8), we have immediately: VA € R, V& € D(R™ x (0,7))
such that & =0 on 9Q

(5.11) /Q()\ —8)* (A(e) - Ve — &) dadi = 0.

Since min(w, 1)€ =0 on X for all k > 0, we deduce from Corollary 4.2,

(5.12) / A(Va) - <m1n<(_wn_k)+, 1) 5) dedt =0 .

£

Adding (5.11) and (5.12), we deduce (5.9) for k£ > 0 since in this case A = 0.
Using (5.12) for £ = 0, £ = & and the fact that min(*—", 1)& = 0 on
002 x (0,T), we get:

(5.13) /Q{ (A(Vw) — A(Van)) - ¥ <mm<“ o, 1)) } €1 dudt +
+/{ — A(Vay)) 'Vfl}-min<u_€m", 1) dedt =0 .
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Now, letting € — 0, in (5.13), we obtain:
(5.14) / (A(Vu) — A(e)) - V& do dt =
Q

= —lim Q{(A(Vu) ~ Ale)) .v<min<“ _Ex” 1))}51 d dt .

Hence if we add (5.11), (5.12) and take into account (5.3) written for £ = &;
and (5.14), we get (5.9) for k=0. u

Lemma 5.3. Let (u,g) be a solution of (P) and let § € C*(R) N C%}(R)
such that #(0) =0, 6 > 0,6 < 1. Then we haveVk >0,VAe1l—H(k),Ve > 0:

W, 1) (16 (u—2)) g) dz dt—

(5.15) /Q (.A(Vu)—AA(e))-V(min(
~ [9-N* (4@ VE~&) dodt > 0
Q

VEEe DR x (0,T)), £>0, (1—9(u—xn))g:o on ¥, .

Proof: Let B =R" x (0,T)\X4. Since o1 and o3 are (1, ¢q/) polar sets of Q,
then without loss of generality one can assume that £ € D(B) and d(supp(£), X4) =
gg > 0.

For € > 0, let us consider H.(u — z,,) = min(*=»

==, 1). Applying Lemma 4.1
with F(z1,22) = H:(z1) and F(z1,22) = 6(21) He(21), we get since g = 0 almost
everywhere H.(u — x,) # 0:

(5.16) /QA(Vu) - v((1 O (u—,)) € Holu— m) dudt =0 .
Using (5.16) and taking into account (15) and (5.1), we get
(5.17) /Q{ (VW) - A(0)) - ¥ ((1 —O(u—z,)) g) } Ho(u — 2) dodt <
< [~ ) (1=0tu=2,)) €dolat).
Letting & — 0 in (5.17), we get

(5.18) /QA(Vu) : V((l —0(u — l’n)) §> dxdt <0 .
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Applying Lemma 4.1 with F'(21, 2z2) = 1 —6(21), we obtain since F(0, z2) = 1,
(5.19) / g(Ale) VE—&) dudt = / A(vu)-v((l —0(u—,)) 5) dzdt <0
Q Q

for any £ € ®(B) such that £ > 0, (1—60 (u—z,,)) £ = 0 on 39 and d(supp(§), X4) =
gg > 0.

Let us extend g by 0 outside @ and still denote by g this function.

For € € (0,e0/2), let p. € D(R™ x (0,T)) be a regularizing sequence with
supp(p:) C B(0,¢€). Set g- = pe x g.

From (5.19), one derives easily for any A € R and for K = min((ge—\)"/4, 1),
6 >0,

(5.20) /R IRCESPY (A(e) - V(KE) - (K€),) dwdt < 0.

Arguing as in the proof of Lemma 5.1, by letting successively § — 0 and € — 0
in (5.20), we get (5.15) for k = 0.

Assume that k£ > 0. Then A =0and (g — \)* =g.

Since s — min(@, 1) is a nonincreasing function, we obtain by applying
Lemma 4.1:
k—(u—x,))"
/ (A(Vu) — gA(e)) -V(min<( (u = 2n)) , 1) . (1 —0(u— $n)> §> +
Q €

k
—i—min(g,l)g& dedt = 0

which can be written by taking into account (5.15) for £ = 0 and the fact that
g-(u—zy)=0ae. in Q:

| A9 (m (=20 (10 () s) ~9(Ale) VE~&) drdt =

g
_ <min<]:,1> —1)/629(,4(6)-%—&) dzdt > 0.

Hence the lemma follows for k£ > 0. n
Then, we can prove:

Theorem 5.4. Let (u1,g1) and (ug, g2) be two solutions of (P). Let B be a
bounded open subset of R™ such that either BNT = () or BN T is a Lipschitz
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graph. Then we have for i = 1,2:

(5.21) /Q{((A(Vui)—A(Vum))—(gi—gM)A(e)>-Vv—i—(gi—gM)Ut}da:dt <0
Voe®D(B x (0,T)), v>0, supp(v)N(X;UX3)=0,
where u,, = min(uy, u2) and gy = max(g1, g2).

Proof: Let us consider (ui,g1) and (u2,g2) as two pairs defined almost
everywhere in ) x @ in the following way:

(5.22)  (u1,91) (resp. (uz, g2)) :
(xvtay78) — (ul(xvt)vgl(xat)) (resp. (u2(y7 5)792(y>3))) :

Let v € ®(B x (0,T)), v > 0, supp(v) N (X1 UX3) = 0. Let p15 € D(R),
pis > 0, /Rpl,(;(t) dt =1, supp(p1,5) C (—6,0) and let pa5 € D(R"), p2s5 > 0,

/ p2.5(x) dx =1, supp(p25) C B(xs,6) where 5 — 0 when § — 0, is such that:
R'n

(523) ps(*57)

If we set ((z,t,y,s) = v(*F2, 55) p1 5(552) p2,s(*52), then for § small enough,
C€D(Bx(0,T)x Bx(0,T)) and satisfies for ¥ = 9Q x (0,7T):

0 V(z,y) € (BNQ) x (B\Q).

(5.24) (=0 on ((Z1UX3)xQ)U(QxX).
Then, for almost every (y,s) € @ we can apply Lemma 5.2 to (u1,g1) with

k = ’LLQ(y, S) — YUn, )‘ = g2(y7 S)? f(.’ﬂ,t) = C('r7t7y78)7 §1<$7t) = C(xatayVS) a‘nd
& (x,t) = 0. So, denoting V, = (8%1, s %), we get after integrating over Q:

(5.25) /QxQ{A(V’”Ul) Vs (min<((u1 —ap) — (ug — yn))+’ 1) C) .

3

+(g2—q1)" (A(e) -Va( — §t>}daz dtdyds <
< /QC("LH, U2 — Yn, ¢)dyds .

Similarly, for almost every (z,t) € @, we apply Lemma 5.3 to (usg,g2) with
0 =0, k=u(x,t) —xn, A= gi1(z,t), &(y,s) = ((x,t,y,s). Then we have after
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integrating over @), since g; does not depend on y and ( =0 on @ x X:

(5.26) /QXQ —{A(Vyuz) Y, (min(((ul — ) — (up — yn))+, 1) C) _

€
—(g2—g1)" (A(e) -Vy( — CS> } drdtdyds < 0.

Since wu; does no‘gr depend on ¥y, wue does mnot depend on =z and
min(((”rw”)f(”*y”)) ,1)¢=0o0n (X x Q)U(Q x X), we easily derive that:

5

(5.27) A(Vau1)-V,, <min<((“1_$">‘(“2_y”))+, 1) g‘) drdtdyds = 0,
QxQ €

(5.28) — A(Vyug) -V <min<((u1m")(u2yn))+, 1) C) dedtdyds = 0.
QxQ €

Now since (Vg + Vy)u1 = Vyur and (Vi + Vy) ug = Vyus, we get by adding
(5.25), (5.26), (5.27), (5.28) and taking in account (1.5)

(5.29) /QXQ{ <(A<(Vm +V,)u) — A((Va + V) UQ)) (Ve + V) g) .
(=) =)

3

; 1) +(g2—g1)" (A(e)-(VﬁVy)C—g—cs)} de dt dy ds <

< / Cut, tz—yn, ¢) dy ds —
Q

- /QX(Qm[qu ]){(A(qul) ~A(€)) - Va <min<“1 - In 1)) } Cdadt dyds .

Using (5.10) and the Lebesgue theorem, we get

/QC(ul, g —ym, C) dy ds =

= lim Qm[qun]{/Q{(A(VM)A(e)) Ve <min<“1;x", 1>>} Cdx dt} dy ds

whence by letting ¢ — 0 in (5.29), we obtain:

(5.30) /ng ({ (A((vw +9y)u) — A((Va + V) uz)) (Ve + V) g} .

= zxn—yn])+(gz—gl)+(«4<e)-(vx+vy>c—gt—cs)> dvdtdyds < 0.
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At this stage, let us introduce the following change of variables:

Jr-l-y:z t-l-S:T x—y:U t—s
2 ’ 2 ’ 2 ’ 2

Moreover, let:

=0.

u1(z,7,0,0) =ui(z+ o0, 7+0), n(z,70,0)=g1(z+0, 7+6),
tg(z,7,0,0) =uz(z — o, T —0), g2(z,7,0,0) = ga(z — 0, T—6)
71(277—7 079) = 7(2; +o, 7+ 9), ’72(’277-)0-? 9) = ’7(2 — 0, T — 6) ;

where y is the characteristic function of Q). Then, from (5.30) we have:

/R2n+2 e 72{ (X([al —lp 2 QU”D ' (A(vz'&l) - A(vzﬁ2)>> -Vou+
+ (g2 —g1)" (A(e) -V, — vT) } P15 p2s dzdrdodd < 0.

Hence, by letting 6 — 0, we get (5.21). u

Lemma 5.5. Let (u1,g1) and (ug, g2) be two solutions of (P). Let B be a
bounded open subset of R™ such that either BNT = () or BNT is a Lipschitz
graph. Let g € L*°(Q) such that:

(5.31) 0<g<g ae inQ, div(gA(e))—7g,=0 inD(Q).

Then we have for i,j € {1,2}, i # j:

(5.32) /Q{ ((A(W,-)—A(Vum)) +(gj_g)+,4(e)) .vu—(gj_g)mt} dedt < 0
VoeD(Bx(0,T)), v>0, supp(v)N(ciUXy)=10.

Proof: We consider (u1,¢91) and (ug, g2) as two pairs of functions defined in

QxQ like in (5.22). Let v be as in (5.32), let p;1 5, €D (R), p1,5, >0, /pm1 (t)dt=1,
R

Supp{p1 (51) - (_61751) and let P25, € @(Rn)’ P25, = 0, /RnPQ,(SQ(x) dr =1,

(p1,
supp(pa,s,) C B(xs,, 62) where x5, — 0 when d; — 0, is such that: pys,(*5%) =0
V(z,y) € (B\Q) x (BN Q). Then for §; and J; small enough, let us define
¢ € D(Bx(0,T)xBx(0,T)) by: C(z,t,y,8) = v(ZL, B2) py 5 (52) pas, (55).
Then we have:

(5.33) (=0 on (ExQ)U(Qx(c1UXy)) .
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Now, since supp(v)N(o1UX4) = 0, we can find n such that 0 <n < min _ ¢,
supp(v)NE3

if supp(v) N X3 # (. Then there exists § € C*®(R) N C%!(R) such that §’ > 0
and 0(r) =01if r <0, O(r) =1if r > n. If supp(v) N X3 = 0, we take 0 = 0.
Consequently, for §; and d2 small enough, we have

(5.34) (1-0(us=92)C=0 on (ZxQ)U(QxTs).

Using (5.34), for a.e. (y,s) € @, we can apply Lemma 5.2 to (uj,¢1) with

k = u2(y7 3) —Yn, A= QQ(y,S), E(x7t> - §2<$7t) = C(x7t7yas)a fl(x7t) =0
and § = 7. So we get after integrating over Q:

(5.35) /QXQ{A(qul) Vaz (Fs(uhuQ) C) +

+ (92 —§)+(A(e) -Vl — (t>}dx dtdyds < 0

where F.(uq,u2) = min(((ul_z”) (u2—yn))" , 1).  Similarly, for a.e. (z,t) € Q,
we apply Lemma 5.3 to (ug, g2), Wlth k= wui(x,t) — xn, X\ = g(x,t), {(y,s) =
¢(x,t,y,s). Then we have:

e [ —{ (AT u2) ~ 5A)) - 7y (o, ) ¢ (1~ 002 = 32) ) -

— (92 — §)+(A(e) “Vy( — Cs) } drdtdyds < 0.
By Corollary 4.2, we get:
(5.37) / A(Vaur) - Vg (Fg(ul, us) g) dadtdyds =0 .
QxQ
Then we get by adding (5.35) and (5.36):
/ {(A(vxm) — A(Vyu)) - (Vo + V) (Felun,u2) ) +
QxQ
-9 (A (Va4 V)¢ - G - cs)}dxdtdyds -

—/ A(Vaur) vy(Fe ur, un g) dz dt dy ds
QxQ

+ Vyus) VI(FE U1, U C) dxdtdyds
QXQ

+/ Vyuz) - Vy (FE uy, u2) 0(ug — yp) C) dx dtdyds
QxQ

+ ) Vy (F6 ur,uz) (1 — 0 (ug — yn)) () dedtdyds < 0
QXQ
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which leads by taking into account (5.31), (5.34), (5.37)

(5.38) /QXQ{(A((VxﬂLVy)lu)A((VerVy)uz))'(VerV )(F. (ul,uz)C)}+
(92~ )" (A€) - (Vo + V)¢ = G = ) dadtdyds +
[ (AT V1) 10) ~5A©) - (T2 4+ 9,) (802 B2 = 1) )

- (A((Vx +Vy) u1) —?A(e)) (Vz+Vy) ( (ul,uQ)C) drdtdyds < 0.

Let us denote by I(e, d1,02) the first integral in (5.38) and by Ia2(e,d1,62) the
second one. Using (1.5) we get by letting successively do — 0, 67 — 0, — 0

(5.39) /Q (A(Vur) = A(Vum)) - Vo + (92— )" (Ale) - Vo = v) dudt <

< llgl_}élf(5lllino(6hm L(e, (51,(52))> .

Now letting do — 0, we get:

(5.40) I (E 51) = 611111 IQ(E 51,(52)

2—)

—/ /{ (Vus) g_}A(e)) -V(min(w, 1) 0 (us2 —xn)vpl,ch)

- (.A(Vul) gA(e )) (mln(wl_qu)JF, 1) UPL61> } dz dt ds ,

bhs)

where w1 =ui(z,t), g=9g(z,t), ua =ua(z,s), g2 = g2(z,s), v=o(z, P16,
p1.6,(152). By taking into account that (1—6(us(z, s)—zn)) v(z,t, s) p1s, (552) =
v (z, t) € Y9, Vs € (0,7), we deduce from Lemma 4.1 with F(zl,zg)
min(%, 1) (1 —6(22)) and v = ug — xy:

// A(Vui) — g1 A(e)) .

_ +
. V(min(%, 1) (1 — O(ug — xn)) vp1,51> drdtds = 0

[an}
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and therefore, from (5.40), we get by taking into account that g < g; and that
6(0) = 0:

(541) I2(€,(51) =

/ / A(Vug) — g2 Ale )) <m1n<(u1_€u2)+, 1) O(ug — xy) Upl,(h) dz dt ds

—/O/Q<A(Vu1) g1 A(e )) (mln((ul_guw_, 1) O(ug — xy) vp1,51> dr dtds .

Apply Lemma 4.1 to ug with v = uj —xy,, F(z1,22) = min(@, 1) (1—6(z1))

and F(z1,29) = min(@, 1). Subtract the equations, we get by taking in
account the fact that #(0) =0, g2 - (u2 — z,) = 0 a.e. in @ and since

i<mm(<“1“/’W ) _mm<<w<x,t>—w<xvs>>+, 1>> 006z, 5)—2n) v prs,

9 9

is a test function for (P):

(5.42) // (Vug)—g2 A(e )) <m1n ((u1 —;2)* , 1) O(ug—xy) v p1,51> dr dtds =

_// (Vug) — g2 Ale )) <m1n((w(x’t)_w(m’s>)+,1> 0(¢p(z,s) —xn)vm,al)

2 <mm<<w<x,t> — ()"
0Os €

+ g2

, 1) O((x,s) — xy) UPL&) dzrdtds .

In the same way, we have by applying Lemma 4.1 to u; with v = ugs — z,,
F — min(&=22" 1)
(21, 22) = min(*~=—>—,1) 6(z2)

(5.43) // (Vui)—g1 Ale )) (mln(( 1—u2)+71> H(UQ—CCn)’UpLgl) drdtds =

€

_// (Vur) — grA(e )) <mm((¢(a:,t)—€¢(x,s))+’1> (9(1/)(3},8) —:cn) vp1,51>

t o (mm<(¢(x 1) gl/f(a:,s))+’ 1) 9(1/)(95,3) - xn> UP1,61> dr dtds .
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Combining (5.41)-(5.43) we get since g; does not depend on s and g2 does not
depend on t:

(5.44) I(e,6) = /(OT)2 /Q {(A(Vug)—A(Vu1)> +

+ (g1 — g92) Ale) - v<min((¢($,t)—w(x, ' : 1> 0(1/)(90, 5) — :En> v)

g

(2 2) <min((¢(x,t)—¢(a:, D) o(o5)- ) )} v dardt ds.

3

Then by letting 6; — 0 in (5.44) we obtain obviously I(e) = limg, 0 I2(g,01) =0
and therefore from (5.38)—(5.40) we deduce (5.32). »

From the above lemma we can prove the following result:

Lemma 5.6. Let (u1,g1) and (ug, g2) be two solutions of (P). Let B be a
bounded open subset of R"™ such that BNT = () or BN T is a Lipschitz graph.
Then we have fori=1,2:

645) [ {((AV)=AT10) ~(00) A(©)) -Vegi—gno) e f dott < 0

Voe®D(Bx(0,T)), v>0, supp(v)N(oc1UX3)=0.

Proof: Let v € D(Bx(0,7)), v > 0 and supp(v) N (o7 U Xg) = 0. Let
0. € W (Q) defined by 0.(z) = (1 — 229D+ st O, = {z € Q/ d(z,00) < €}

)

and let g as in (5.31). Then, from Lemma 5.4, we have for i = 1,2
(AP = AT 1)) = (0= ) AC)) - T+ (0= ) . <
< [ (AT = AT 0) = (01— 030) A(©) F002) + (35— ) (00} i =

= [ ((4Tw) ~ ATu) + (01 =57 A©) 9 00.) — (0, 9) (08 ) v

+/Q((gj —9i)" — (g f§)+) (A(e) V(vb.) — (v es)t) dz dt

=, o (@90 = (0= 9)%) (A V(0)~(000)) by Lemma 5
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< max(1, ) (\Qex(O,T)ll/z ((/Q

1
+ — vdx dt) .
€ Ja.x(0,T)

From Hélder and Poincaré inequalities, we deduce the existence of a constant
C such that:

/Q{ ((.A(Vu@) — A(Vum)) —(9i —gm) A(e)) Vv + (9 — 9m) vt} drdt <

1/2 1/2
\Vv\Qda:dt)/—i—(/ jvn? da dt) /)
(0,7) Qe %x(0,T)

e X

< max(1, 8) ((Tl/2 Q|12+ £1/2 C) .

1/2 1/2
: <</ |Vv|? dxdt) /—1—(/ |Ut\2dxdt) / >>
Qe x(0,7) Qe x(0,7)

which leads to (5.45) by letting € go to 0. m

Lemma 5.7. Let (u1,g1) and (ug, g2) be two solutions of (P). Let B be a
bounded open subset of R"™ such that BNT = () or BN T is a Lipschitz graph.
Then we have for i =1,2:

66) [ {((ATu)= AT )~ (ai=000) A©))- Vot (=gar) e pdde < 0

VoeD(Bx(0,T)), v>0, supp(v)N(Z1UX4)=0.

Proof: Let v be as in Lemma 5.7. Let 8 be a smooth function such that
0(0)=0,0<6<1and v(1 -6t —=x,)=0o0nX. Let O, Q. and g as in the
precedent proof, one derives for 7,5 = 1, 2:

[ (AT = AT w)) = (0= ) A©)) - T+ a1 = gar) e e <

< / ((gj—gi)Jr—(gj—g)Jr) (.A(e)-v (v 0- (1—9(uj—a?n))) —(vﬁg)t> dx dt .
Qe x(0,T)

We conclude by using Holder and Poincaré inequalities and letting € go to 0. =
From the previous lemmas, we can easily state the following theorem:

Theorem 5.8. Let (u1,91) and (ug, g2) be two solutions of (P). Then we
have for i =1,2:

(5.47) /Q{((A(Vui)—A(VumD—(gi—gM)A(e)>-Vv—i-(gl-—gM)vt}d:):dt <0

Vvoe®(Bx(0,T7)), v>0, v(r,0) =uv(z,T)=0 ae. inf.
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Proof: Let v like in (5.47). By taking into account that oy and oy are (1,¢)
polar sets of @), there exists a sequence (v.) such that: v. € D(Qx(0,T)\(c1U03)),
ve > 0, v. — v in WH4(Q). By means of partition of the unit we can write:
Ve = Ug,1 + Vo1 + We1 Where ug 1, vo1 and w1 satisfy respectively Lemma 5.4,
Lemma 5.6 and Lemma 5.7, whence we get for ¢ = 1,2

[ (V) = ATun)) = (95 = 920) A@)) - Vo + (91— ap) et < 0

and by letting ¢ — 0, we obtain (5.47). u
Now we have the following uniqueness result:

Theorem 5.9. Assume that (5.1)-(5.2) satisfied, then there exists one and
only one solution of (P).

Proof: Apply (5.47) to a function v € ©(0,7"), v > 0, we get:
d
/(gi—gM) ve dr dt < 0 which leads to p /(gM—gi) dr <0 in ©'(0,T), i=1,2.
Q Q

Taking into account (4.10), we deduce that g; = g2 = gps a.e. in Q. From Theo-
rem 5.8 we have now for i = 1,2

(5.48) /Q(A(Vui) — A(Vun)) - Vodzdt <0 YoeD(@x (0.7)), v>0.

By approximation, (5.48) still holds for v = u; — u,, and then we get by (1.5),
since u1 — ug = 0 on X9, U1 = ug = Uy, a.e. in Q. This achieves the proof. n
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